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Visit pearson.com/mylab/math and click Get Trained to make  
sure you’re getting the most out of MyLab Math.

Get the Most Out of
MyLab Math
MyLab™ Math is the teaching and learning platform that empowers instructors to reach 
every student. By combining trusted author content with digital tools and a flexible 
platform, MyLab Math personalizes the learning experience and improves results for  
each student.

•  Flexible platform—Your course is unique. Whether you’d like to build your own 
assignments, teach many sections, or set prerequisites, you have the flexibility to easily 
create your course to fit your needs.

•  Personalized learning—Each student learns at a different pace. Personalized learning 
pinpoints the areas each student needs to practice, giving every student the support they 
need—when and where they need it—to be successful.

❍  With Companion Study Plan Assignments you can assign the Study Plan as a 
prerequisite to a test or quiz, guiding students through the concepts they need to 
master.

❍  With Personalized Homework, students take a quiz or test and receive a subsequent 
homework assignment that is personalized based on their performance. This way, 
students can focus on just the topics they have not yet mastered.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



Trigonometry

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



Trigonometry

Mark Dugopolski
Southeastern Louisiana University

5e

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



Director, Portfolio Management: Anne Kelly
Courseware Portfolio Manager: Chelsea Kharakozova
Courseware Portfolio Management Assistant: Mary Catherine Connors
Content Producer: Angela Montoya
Managing Producer: Karen Wernholm
Producer: Erin Carreiro
Manager, Courseware QA: Mary Durnwald
Manager, Content Development: Kristina Evans
Product Marketing Manager: Stacey Sveum
Product Marketing Assistant: Shannon McCormack
Field Marketing Manager: Peggy Lucas
Field Marketing Assistant: Adrianna Valencia
Senior Author Support/Technology Specialist: Joe Vetere
Manager, Rights and Permissions: Gina Cheselka
Text and Cover Design: Jerilyn Bockorick
Full Service Vendor: Pearson CSC
Full Service Project Management: Pearson CSC, Sharon Cahill
Manufacturing Buyer: Carol Melville, LSC Communications
Cover Image: Pearson CSC

Copyright © 2020, 2015, 2011 by Pearson Education, Inc. All Rights Reserved. Printed in the United States of 
America. This publication is protected by copyright, and permission should be obtained from the publisher 
prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any 
means, electronic, mechanical, photocopying, recording, or otherwise. For information regarding permissions, 
request forms and the appropriate contacts within the Pearson Education Global Rights & Permissions depart-
ment, please visit www.pearsoned.com/permissions/.

PEARSON, ALWAYS LEARNING, and MYLAB are exclusive trademarks owned by Pearson Education, lnc., 
or its affiliates in the U.S. and/or other countries.

Unless otherwise indicated herein, any third-party trademarks that may appear in this work are the property of 
their respective owners and any references to third-party trademarks, logos, or other trade dress are for demon-
strative or descriptive purposes only. Such references are not intended to imply any sponsorship, endorsement, 
authorization, or promotion of Pearson’s products by the owners of such marks, or any relationship between 
the owner and Pearson Education, Inc., or its affiliates, authors, licensees, or distributors.

All Texas Instruments TI-84 Plus C Graphing Calculator graphs © copyright by Texas Instruments Education 
Technology.

Library of Congress Cataloging-in-Publication Data

Names: Dugopolski, Mark, author.
Title: Trigonometry / Mark Dugopolski (Southeastern Louisiana University).
Description: 5th edition. | Boston : Pearson, [2020] | Includes indexes.
Identifiers: LCCN 2018038979 | ISBN 9780135207338 (student edition)
Subjects: LCSH: Trigonometry–Textbooks.
Classification: LCC QA531 .D764 2020 | DDC 516.24–dc23
LC record available at https://lccn.loc.gov/2018038979

 ISBN 13: 978-0-135-20733-8
 ISBN 10: 0-135-20733-9

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



Preface  ix
Resources for Success  xiii

Algebraic Prerequisites  1
P.1  The Cartesian Coordinate System  2
P.2  Functions  14

P.3  Families of Functions, Transformations, and Symmetry  21

P.4  Compositions and Inverses  31
Highlights  41
Chapter P Review Exercises  43
Chapter P Test  44

Angles and the Trigonometric Functions  45
1.1  Angles and Degree Measure  46

1.2  Radian Measure, Arc Length, and Area  55

1.3  Angular and Linear Velocity  65

1.4  The Trigonometric Functions  73

1.5  Right Triangle Trigonometry  83

1.6  The Fundamental Identity and Reference Angles  99
Highlights  106
Chapter 1 Review Exercises  108
Chapter 1 Test  111

Graphs of the Trigonometric Functions  112
2.1  The Unit Circle and Graphing  113

2.2  The General Sine Wave  125

2.3  Graphs of the Secant and Cosecant Functions  137

2.4  Graphs of the Tangent and Cotangent Functions  143

2.5  Combining Functions  152
Highlights  159
Chapter 2 Review Exercises  160
Chapter 2 Test  162
Tying It All Together  162

v

2

P

CONTENTS

1
ht

tp
s:/

/w
ww.ja

m
ar

an
a.

co
m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



vi Contents

Trigonometric Identities  165
3.1  Basic Identities  166

3.2  Verifying Identities  176

3.3  Sum and Difference Identities for Cosine  184

3.4  Sum and Difference Identities for Sine and Tangent  191

3.5  Double-Angle and Half-Angle Identities  197

3.6  Product and Sum Identities  206
Highlights  215
Chapter 3 Review Exercises  217
Chapter 3 Test  218
Tying It All Together  219

Solving Conditional Trigonometric Equations  220
4.1  The Inverse Trigonometric Functions  221

4.2  Basic Sine, Cosine, and Tangent Equations  232

4.3  Equations Involving Compositions  244

4.4  Trigonometric Equations of Quadratic Type  252
Highlights  260
Chapter 4 Review Exercises  261
Chapter 4 Test  263
Tying It All Together  264

Applications of Trigonometry  265
5.1  The Law of Sines  266

5.2  The Law of Cosines  277

5.3  Area of a Triangle  287

5.4  Vectors  294

5.5  Applications of Vectors  304
Highlights  313
Chapter 5 Review Exercises  314
Chapter 5 Test  317
Tying It All Together  318

4

5

3

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 Contents vii

Complex Numbers, Polar Coordinates, and  
Parametric Equations  319

6.1  Complex Numbers  320

6.2  Trigonometric Form of Complex Numbers  328

6.3  De Moivre’s Theorem, Powers, and Roots  335

6.4  Polar Equations  341

6.5  Parametric Equations  352

6.6  Fun with Polar and Parametric Equations  358
Highlights  360
Chapter 6 Review Exercises  362
Chapter 6 Test  363
Tying It All Together  364

Online Appendix A: Solutions to Try This Exercises  
Online Appendix B: More Outside the Box  
Photo Credits  365

Answers to Exercises  A-1

Index of Applications  I-0
Index  I-3
Function Gallery  I-11

6

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



This page is intentionally left blank

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



ix

The fifth edition of Trigonometry is designed for a variety of students with different 
mathematical needs. For those students who will take additional mathematics, this 
text will provide the proper foundation of skills, understanding, and insights for suc-
cess in subsequent courses. For those students who will not further pursue mathe-
matics, the extensive emphasis on applications and modeling will demonstrate the 
usefulness and applicability of trigonometry in the modern world. I am always on 
the lookout for real-life applications of mathematics, and I have included many 
problems that people actually encounter on the job. With an emphasis on problem 
solving, this text provides students an excellent opportunity to sharpen their reason-
ing and thinking skills. With increased problem-solving capabilities, students will 
have confidence to tackle problems that they encounter inside and outside the math-
ematics classroom.

NEW TO THIS EDITION

 ■ Numerous explanations, examples, and exercises have been rewritten in response 
to comments from users of the fourth edition.

 ■ This edition contains many new nonstandard exercises, ranging from easy to 
challenging. There is nothing this author enjoys more than creating original 
exercises. (e.g. exercise 33, p. 274).

 ■ Section 2.5, Combining Functions, has been rewritten to put more emphasis on 
producing the graphs with a graphing calculator than drawing them by hand.

 ■ Section 3.2, Verifying Identities, has been rewritten so that there are six examples 
corresponding to the six-point strategy for verifying identities. The exercise set 
now contains four exercises corresponding to each point of the six-point strategy 
and they are labeled as such (e.g. exercise 15, p. 181). This arrangement will 
give students the opportunity to see how each point of the strategy can be used. 
In the mixed exercises that follow, students decide which point of the strategy 
will work on each exercise.

 ■ Multiplying trigonometric binomials and factoring trigonometric expressions 
have been moved from Section 3.2 to Section 3.1. Now Section 3.2 concen-
trates solely on verifying identities using the six-point strategy.

 ■ All graphing calculator screen shots have been redone using the TI-84 Plus CE.
 ■ A new section has been added to Chapter 6, Fun with Polar and Parametric 

Equations. With polar and parametric equations, producing interesting graphs on 
a calculator that would be impossible to draw by hand. This section contains only 
one exercise on page 360. This author will award a $100 prize to the first student 
who submits a correct solution. See page 360 for more details.

CONTINUING FEATURES
With each new edition, all of the features are reviewed to make sure they are provid-
ing a positive impact on student success. The continuing features of the text are 
listed here.

Strategies for Success
 ■ Chapter Opener Each chapter begins with chapter opener text that discusses a 

real-world situation in which the mathematics of the chapter is used. Examples 
and exercises that relate back to the chapter opener are included in the chapter.

 ■ Try This Occurring immediately after every example in the text is an exercise 
that is very similar to the example. These problems give students the opportunity 
to immediately check their understanding of the example. Solutions to all Try 

PREFACE
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x Preface

This exercises are in Online Appendix A, which can be found in MyLab Math or 
in the Instructor Resource Center. See p. 116.

 ■ Summaries of important concepts are included to help students clarify ideas 
that have multiple parts. See p. 235.

 ■ Strategies contain general guidelines for solving certain types of problems. 
They are designed to help students sharpen their problem-solving skills. See p. 180.

 ■ Procedures are similar to Strategies but are more specific and more algorith-
mic. Procedures are designed to give students a step-by-step approach for solv-
ing a specific type of problem. See p. 127.

 ■ Function Galleries Located throughout the text, these function summaries 
are all gathered at the end of the text. These graphical summaries are designed 
to help students link the visual aspects of various families of functions to the 
properties of the functions. See p. 131.

 ■ Hints Selected applications include hints that are designed to encourage stu-
dents to start thinking about the problem at hand. A Hint logo HINT  is used 
where a hint is given. See p. 218.

 ■ Graphing Calculator Discussions Optional graphing calculator discus-
sions have been included in the text. They are clearly marked by graphing cal-
culator icons  so that they can be easily skipped if desired. Although the 
graphing calculator discussions are optional, all students will benefit from read-
ing them. In this text, the graphing calculator is used as a tool to support and 
enhance conclusions, not to make conclusions. See p. 171.

Section Exercises and Review
 ■ For Thought Each exercise set is preceded by a set of ten true/false ques-

tions that review the basic concepts in the section, help check student under-
standing, and offer opportunities for writing and discussion. The answers to all 
For Thought exercises are included in the back of the Student Edition.

 ■ Exercise Sets The exercise sets range from easy to challenging and are 
arranged in order of increasing difficulty. Those exercises that require a 
graphing calculator are optional and are marked with an icon.

 ■ Writing/Discussion Exercises These exercises deepen students’ under-
standing by giving them the opportunity to express mathematical ideas both in 
writing and to their classmates during small group or team discussions. See p. 243.

 ■ Outside the Box Found throughout the text, these problems are designed to 
get students and instructors to do some mathematics just for fun. I enjoyed solv-
ing these problems and hope that you will also. The problems can be used for 
individual or group work. They may or may not have anything to do with the 
sections in which they are located and might not even require any techniques 
discussed in the text. So be creative and try thinking Outside the Box. See  
p. 244. The answers are given in the Annotated Instructor’s Edition only, and 
complete solutions can be found in the Instructor’s Solutions Manual. Online 
Appendix B contains 34 extra Outside the Box problems.

 ■ Pop Quizzes Included at the end of every section of the text, the Pop Quizzes 
give instructors and students convenient quizzes that can be used in the class-
room to check understanding of the basics. The answers appear in the Annotated 
Instructor’s Edition only. New for this edition, all Pop Quiz questions are avail-
able in Learning Catalytics to assess students in real time! See p. 252.

 ■ Linking Concepts This feature is located at the end of nearly every exer-
cise set. It is a multipart exercise or exploration that can be used for individual 
or group work. The idea of this feature is to use concepts from the current sec-
tion along with concepts from preceding sections or chapters to solve problems 
that illustrate the links among various ideas. Some parts of these questions are 
open-ended and require somewhat more thought than standard skill-building 
exercises. See p. 215. Answers are given in the Annotated Instructor’s Edition 
only, and full solutions can be found in the Instructor’s Solutions Manual.
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 Preface xi

Chapter Review
 ■ Highlights This end-of-chapter feature contains an overview of all of the 

concepts presented in the chapter, along with brief examples to illustrate the 
concepts.

 ■ Chapter Review Exercises These exercises are designed to give students 
a comprehensive review of the chapter without reference to individual sections 
and to prepare students for a chapter test.

 ■ Chapter Test The problems in the Chapter Test are designed to measure the 
student’s readiness for a typical one-hour classroom test. Instructors may also 
use them as a model for their own end-of-chapter tests. Students should be 
aware that their in-class test could vary from the Chapter Test due to different 
emphasis placed on the topics by individual instructors.

 ■ Tying It All Together Found at the end of most chapters in the text, these 
exercises help students review selected concepts from the present and prior chap-
ters and require students to integrate multiple concepts and skills. See p. 219.

 ■ Index of Applications The many applications contained within the text 
are listed in the Index of Applications that appears at the end of the text. The 
applications are page referenced and grouped by subject matter.
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pearson.com/mylab/math

Get the Most Out of
MyLab Math
Math courses are continuously evolving to help today’s students succeed. It’s more challenging 
than ever to support students with a wide range of backgrounds, learning styles, and math 
anxieties. The flexibility to build a course that fits instructors’ individual course formats—with a 
variety of content options and multimedia resources all in one place—has made MyLab Math 
the market-leading solution for teaching and learning mathematics since its inception.

Preparedness
One of the biggest challenges in Trigonometry is making sure students are adequately pre-
pared with prerequisite knowledge. For a student, having a firm grasp on foundational skills 
can dramatically increase success.

MyLab Math with Integrated Review can be used in corequisite courses or simply to help 
students who enter without a full understanding of prerequisite concepts. Integrated Review 
provides videos on review topics, Guided Visualizations illustrating concepts, and pre-made, 
assignable skills-check quizzes and personalized review homework assignments. Use along 
with our new Integrated Review Notebook to fully support students throughout their 
Trigonometry course.
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MyLab Math with Integrated Review for Trigonometry 5e  
by Mark Dugopolski (access code required)

MyLab Math is tightly integrated with each author’s style, offering a range of book-specific 
multimedia resources so your students have a consistent experience across text and 
technology.

Resources for Success

pearson.com/mylab/math

New! Guided Visualizations
Guided Visualizations bring math-
ematical concepts to life, helping students 
visualize the concepts through directed 
explorations and purposeful manipulation.  
Guided Visualizations accompany the 
Integrated Review topics and key concepts 
from the main text, allowing students 
to dynamically explore and think more 
deeply about key ideas in Trigonometry. 
Guided Visualizations and accompanying 
assessment exercises can be assigned in 
MyLab Math.

New! Worked Example Videos
Worked example videos engage and support students outside 
the classroom, covering all Integrated Review prerequisite topics 
and key examples from the book, hand-picked by the author. 
Lightboard technology creates a personal experience and simulates 
an in-class environment. Accompanying assessment questions in 
MyLab Math make these brand new videos assignable.

New! Integrated Review Notebook
This printed guide aligns to the Integrated Review topics and gives students 
a structured place to take notes as they work through the prerequisite 
objectives. Definitions, unique examples, and important concepts are high-
lighted. The notebook is available as a print supplement or in MyLab Math 
for download.
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Instructor Resources
Online resources can be downloaded from www.pearson.
com, or hardcopy resources can be ordered from your sales 
representative.

TestGen®

TestGen (www.pearsoned.com/testgen) enables instructors 
to build, edit, print, and administer tests using a computerized 
bank of questions developed to cover all the objectives of the 
text.

Powerpoint® Lecture Slides
(Download Only)
Classroom presentation slides are geared specifically to  
sequence the text. Available in MyLab Math.

Annotated Instructor’s Edition
(ISBN: 9780135207468)
This edition provides answers beside the text exercises for 
most exercises and in an answer section at the back of the 
book for all others. Groups of exercises are keyed back to 
corresponding examples from the section.

Instructor’s Solutions Manual
(Download Only)
This manual provides complete solutions to all text exercises, 
including the For Thought and Linking Concepts exercises.

Instructor’s Testing Manual
(Download only)
This resource provides six prepared test forms for each 
chapter of the text as well as answers. One test form is 
available for each section of Chapter P.

Student Resources
Additional resources are available to help students  
succeed.

Example Videos
These new videos provide comprehensive coverage of key 
topics in the text in an engaging format. Includes optional 
subtitles in English and Spanish. All videos are assignable 
within MyLab Math.

Student’s Solutions Manual
(ISBN: 9780135232927)
This manual provides detailed solutions to odd-numbered 
exercises in the text.

Integrated Review Notebook
(ISBN: 9780135207529)
This printed guide offers a structured place to engage with 
the foundational concepts of Trigonometry.  Each concept 
has a concise exposition followed by a guided example 
and practice exercises. Ideal for corequisite class time or 
independent study. 

Graphing Resources
Interactive tutorials and how-to videos are available for 
GeoGebra and TI-84 Plus, respectively. These resources 
and more can be found in the Graphing Resources tab 
in MyLab Math. Students will be able to launch GeoGebra 
Graphing Calculator from that tab or they can download the 
free app while completing their homework assignments.

pearson.com/mylab/math

Resources for Success
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Preparation is just as important in trigonometry as it is in sailing. In this 

 chapter we review some of the basics of algebra that are necessary for 

 success in trigonometry. Throughout this chapter, you will see that even basic 

concepts of algebra have applications in business, science, engineering, and 

even sailing.

WHAT YOU WILL 

LEARN

P
In the 1995 America’s Cup race the defending Young America kept up a good 
face, but from the start it was clear that the New Zealand entry, Black Magic, 
was sailing higher and faster in the 11-knot breeze and rolling swells. For 
two-and-a-half years the crew had done everything they could to prepare for 
that moment.

Gone are the days when raw sailing ability and stamina won races like the 
America’s Cup. New Zealand’s Black Magic sported a mathematically created 
design that reduced its drag and optimized its stability and speed.

P.1 The Cartesian Coordinate 
System

P.2 Functions
P.3 Families of Functions, 

Transformations, and 
Symmetry

P.4 Compositions and 
Inverses

Algebraic Prerequisites

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



2 Chapter P Algebraic Prerequisites

In this chapter we study pairs of variables and how they are related. For example, p 
might represent the price of gasoline and n the number of gallons that you consume 
in a month; x might be the number of toppings on a medium pizza and y the cost 
of that pizza; or h might be the height of a two-year-old child and w the weight. 
To  picture relationships between pairs of variables we use a two-dimensional 
 coordinate system.

A Two-Dimensional Coordinate System
Suppose that the cost of a medium pizza is $5 plus $2 per topping. Table P.1 shows 
a chart in which x is the number of toppings and y is the cost. To indicate that x = 3 
and y = 11 go together, we can use the ordered pair (3, 11). The ordered pair (2, 9) 
indicates that a 2-topping pizza costs $9. The first coordinate of the ordered pair 
represents the number of toppings and the second coordinate represents the cost. 
The assignment of what the coordinates represent is arbitrary, but once made it is 
kept fixed. For example, in the present context the ordered pair (11, 3) indicates that 
an 11-topping pizza costs $3, and it is not the same as (3, 11). This is the reason they 
are called “ordered pairs.”

Note that parentheses are used to indicate ordered pairs and also to indicate inter-
vals of real numbers. For example, (3, 7) could be an ordered pair or the interval of 
real numbers between 3 and 7. However, the meaning of this notation should always 
be clear from the discussion.

Ordered pairs are pictured on a plane in the rectangular coordinate system, or 
Cartesian coordinate system, named after the French mathematician René Descartes 
(1596–1650). The Cartesian coordinate system consists of two number lines drawn 
perpendicular to one another, intersecting at zero on each number line as in Fig. P.1. 
The point at which they intersect is called the origin. The horizontal number line is 
the x-axis and the vertical number line is the y-axis. The two number lines divide the 
plane into four regions called quadrants, numbered as in Fig. P.1. The quadrants do 
not include any points on the axes.

We call a plane with a rectangular coordinate system the coordinate plane, or 
the xy-plane. Every ordered pair of real numbers (a, b) corresponds to a point P in 
the xy-plane. For this reason, ordered pairs of numbers are often called points. The 
numbers a and b are called the coordinates of point P. Locating the point P that cor-
responds to (a, b) in the xy-plane is referred to as plotting or graphing the point, and 
P is called the graph of (a, b).

Toppings 
x

Cost  
y

0
1
2
3
4

$ 5
7
9

11
13

Table P.1 

Figure P.1

1–1–2–3–4–5 2 3

2

1

–1

–2

–3

–4

–5

4

5

4 5

3
Quadrant IQuadrant II

Quadrant IVQuadrant III

Origin

x-axis

y-axis

Plot the points 13, 52, 14, -52, 1-3, 42, 1-2, -52, and (0, 2) in the xy-plane.

Solution

The point (3, 5) is located 3 units to the right of the origin and 5 units above the x-axis 
as shown in Fig. P.2. The point 14, -52 is located 4 units to the right of the origin and 
5 units below the x-axis. The point 1-3, 42 is located 3 units to the left of the origin 
and 4 units above the x-axis. The point 1-2, -52 is located 2 units to the left of the 
origin and 5 units below the x-axis. The point (0, 2) is on the y-axis because its first 
coordinate is zero.

TRY THIS. Plot 1-3, -22, 1-1, 32, 15>2, 02, and 12, -32.

EXAMPLE 1 Plotting points

Figure P.2

y

x3–1–2–3–4–5

2

1

–1

–2

–3

–4

–5

4

5

4 5

3

(3, 5)

(0, 2)

(–3, 4)

+3

+5

(4, –5)(–2, –5)

P.1 The Cartesian Coordinate System
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 P.1 The Cartesian Coordinate System 3

Note that for points in quadrant I, both coordinates are positive. In quadrant II 
the first coordinate is negative and the second is positive, whereas in quadrant III, 
both coordinates are negative. In quadrant IV the first coordinate is positive and the 
second is negative.

The Pythagorean Theorem
To find a formula for the distance between two points in the Cartesian coordinate sys-
tem we need the Pythagorean theorem. The Pythagorean theorem gives a relationship 
between the legs and hypotenuse of a right triangle.

The Pythagorean Theorem In a right triangle the sum of the squares of the lengths of the legs is equal to the 
square of the length of the hypotenuse.

c
b

a

a2 + b2 = c2

The Pythagorean theorem is probably the most widely known theorem in math-
ematics. It was known to the Babylonians 4000 years ago and has been proven by 
such notables as Euclid, Leonardo da Vinci, and James Garfield (the 20th U.S. presi-
dent). You can find many proofs on the Internet. The first site that this author found 
contained 54 proofs.

If any two sides of a right triangle are known, the Pythagorean theorem can be 
used to find the third side, as shown in the next example.

Find the unknown side in each given triangle.

a. b. c.

c
4

3  

c
1

1  

2
1

a

Solution

a. The lengths of the legs are 3 and 4 and the hypotenuse is unknown. Use 
c2 = a2 + b2 with a = 3 and b = 4:

 c2 = 32 + 42

 c2 = 25

 c = {225 = {5

Since the length of the hypotenuse is a positive number, c = 5.

EXAMPLE 2 Applying the Pythagorean theorem
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4 Chapter P Algebraic Prerequisites

The Pythagorean theorem is still used by builders in squaring up foundations. 
They know that 3-4-5, 6-8-10, 9-12-15, and so on, are all right triangles. For example, 
a builder will measure 9 feet and 12 feet (the legs) on two boards that are supposed 
to meet at a right angle. If the diagonal (or hypotenuse) measures 15 feet, the builder 
can be certain that the boards meet at a right angle. Builders also use construction 
calculators that can determine the length of the hypotenuse when the lengths of the 
two legs are entered.

Simplifying Square Roots
The exact lengths of the missing sides of the triangles in Example 2 are 22 and 23. 
Values for these roots, such as 1.414 and 1.732, that you get from a calculator are 
approximate. Since these numbers are irrational, they can’t be expressed exactly in 
decimal form. In trigonometry we will often encounter square roots in their exact 
form. There are two rules to remember when working with square roots:

b. The lengths of the legs are each 1 unit and the hypotenuse is unknown. Use 
c2 = a2 + b2 with a = 1 and b = 1:

 c2 = 12 + 12

  c2 = 2

  c = {22

Since the length of the hypotenuse is positive, c = 22.
c. The hypotenuse is 2, one leg is 1, and the other leg is unknown. Use a2 + b2 = c2 

with c = 2 and b = 1:

 a2 + 12 = 22

  a2 = 3

  a = {23

Since the length of a leg of a triangle is positive, a = 23.

TRY THIS. The legs of a right triangle are 2 feet and 3 feet. Find the length of the 
hypotenuse.

Rule: Product  
and Quotient 

For any real numbers a and b

1. 2a # 2b = 2ab Product rule for square roots

2. 
2a2b

= Aa

b
  1b ≠ 02 Quotient rule for square roots

provided that all of the roots are real numbers.

Definition: Simplified  
Form for Square Roots 

An expression involving a square root is in simplified form if it has

1. no perfect squares as factors of the radicand,
2. no fractions in the radicand, and
3. no square roots in a denominator.

When using square roots to express exact results we use the product and quotient 
rules to write them in simplified form. (Note: In 1a, the radicand is a.)
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 P.1 The Cartesian Coordinate System 5

Removing a square root from a denominator is called rationalizing the denomi-
nator. The next example shows how the product and quotient rules are used to ratio-
nalize denominators and get radical expressions into simplified form.

Write each expression in simplified form.

a. 220 b. A5

9
 c. A32

5

Solution

a.  220 = 24 # 5 Identify 4 as a perfect square factor.

 = 24 # 25 Product rule for square roots

 = 225 Simplify 24 .

b.  A5

9
=
2529

 Quotient rule for square roots

 =
25

3
 Simplify 29 .

c.  A32

5
=
23225

 Quotient rule for square roots

 =
216 # 2225

 Product rule for square roots

 =
4 # 2225

 Simplify.

 =
4 # 22 # 2525 # 25

 Rationalize the denominator.

 =
421 0

5
 Simplified form

TRY THIS. Simplify 250, A 3

16
, and A12

7
.

EXAMPLE 3 Simplifying square roots

The Distance Formula
Consider the points A1x1, y12 and B1x2, y22 shown in Fig. P.3. Let d represent the 

length of the line segment AB. Now AB is the hypotenuse of the right triangle in 
Fig. P.3. The distance between A and C is 0 x2 - x1 0  and the distance between B and 
C is 0 y2 - y1 0 . Using the Pythagorean theorem we have

d 2 = 0 x2 - x1 0 2 + 0  y2 - y1 0 2.
The absolute value symbols can be replaced by parentheses, because 
0 a - b 0  2 = 1a - b22 for any real numbers a and b. Since the distance between two 
points is nonnegative, we have the following formula.

The Distance Formula The distance d between the points 1x1, y12 and 1x2, y22 is given by the formula

d = 21x2 - x122 + 1  y2 - y122.

Figure P.3

y

x

d

B(x2, y2)

A(x1, y1)

y2 – y1

x2 – x1

C(x2, y1)
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6 Chapter P Algebraic Prerequisites

The Midpoint Formula
When you average two test scores (by finding their sum and dividing by 2) you are 
finding a number midway between the two scores. Likewise, the midpoint of the 
line segment with endpoints 1x1, y12 and 1x2, y22 is found by dividing the sum of the 
x-coordinates by 2 and the sum of the y-coordinates by 2. See Fig. P.5.

Find the distance between 15, -32 and 1-1, -62.

Solution

Let 1x1, y12 = 15, -32 and 1x2, y22 = 1-1, -62. See Fig. P.4. The distance is the 
same regardless of which point is chosen as 1x1, y12, or 1x2, y22. Substitute these val-
ues into the distance formula:

 d = 21-1 - 522 + 1-6 - 1-3222

 = 21-622 + 1-322

 = 236 + 9 = 245 = 2925 = 325

The exact distance between the points is 325. Note that but 236 + 9 ≠ 236 + 29, 

but 29 # 5 = 29 # 25.

TRY THIS. Find the distance between 1-3, -22 and 1-1, 42.

EXAMPLE 4 Applying the distance formula

Figure P.4

y

x1–1–2 2 3

1

–1

–2

–3

–4

–5

4 5

d

(–1, –6)

(5, –3)

Figure P.5

y

x

M ,
2

M is the
midpoint of the
line segment.

A(x1, y1)

B(x2, y2)

x1 + x2

2
y1 + y2

The Midpoint Formula The midpoint of the line segment with endpoints 1x1, y12 and 1x2, y22 is

ax1 + x2

2
,  

y1 + y2

2
b .

Find the midpoint of the line segment with the given endpoints.

a. 11, -32, 15, 42 b. ap
2

, 0b , 1p, 02

EXAMPLE 5 Applying the midpoint formula

The midpoint formula is illustrated in the next example. Note the strange-looking 
coordinates in part (b). In trigonometry we will often perform arithmetic with the 
number p.
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 P.1 The Cartesian Coordinate System 7

Figure P.6

y

x

r

Center: (h, k)
Radius: r

(h, k)

(x, y)

Theorem: Equation  
for a Circle 

The equation for a circle with center (h, k) and radius r for r 7 0 is

1x - h22 + 1 y - k22 = r 2.

Sketch the graph of each circle.

a. x2 + y2 = 1 b. 1x - 122 + 1 y + 222 = 9

Solution

a. The circle has center (0, 0) and radius 1. You can draw the circle as shown in 
Fig. P.7 with a compass. To draw the circle by hand locate the points that lie 1 unit 
above, below, right, and left of the center as shown in Fig. P.7. Then sketch a circle 
through these points.

b. This circle has center 11, -22 and radius 3. Plot the center and the points that lie 
3 units above, below, left, and right of the center as shown in Fig. P.8. Then sketch 
a circle through these points.

 To support the conclusions of part (b) with a graphing calculator you must 
first solve the equation for y:

 1x - 122 + 1 y + 222 = 9

 1 y + 222 = 9 - 1x - 122

 y + 2 = {29 - 1x - 122

 y = -2 { 29 - 1x - 122

EXAMPLE 6 Graphing a circle

Figure P.7

x

y
(0, 1)

(1, 0)(–1, 0)

(0, –1)

x2 + y2 = 1

Center: (0, 0)
Radius: 1

Solution

a. To find the midpoint add the coordinates and divide by 2:

a1 + 5

2
, 

-3 + 4

2
b = a3, 

1

2
b

b. To find the midpoint add the coordinates and divide by 2:

°
p

2
+ p

2
, 

0 + 0

2
¢ = °

p

2
+

2p

2

2
, 0

¢ = °
3p

2

2
, 0

¢ = a3p

4
, 0b

TRY THIS. Find the midpoint of the line segment with endpoints 13, -22 and (5, 6).

The Circle
A circle is the set of all points in a plane that lie a fixed distance from a given point 
in the plane. The fixed distance is the radius and the given point is the center. The 
distance formula can be used to write an equation for a circle with center (h, k) and 
radius r 1r 7 02. A point (x, y) is on the circle shown in Fig. P.6 if and only if it satis-
fies the equation 21x - h22 + 1 y - k22 = r .

Using the definition of square root, we can write the following equation.

The form 1x - h22 + 1 y - k22 = r 2 is the standard form for the equation of a 
circle. If (h, k) is (0, 0), then the circle is centered at the origin and its equation is of 
the form x2 + y2 = r2. If r = 1, the circle is called a unit circle.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



8 Chapter P Algebraic Prerequisites

Figure P.8

y

x1–1–2 2 3

1

–1

–2

–3

–4

–5

4

(1, –2)

(1, –5)

(4, –2)(–2, –2)

(1, 1)

Center

(x – 1)2 + (y + 2)2 = 9

Write the standard equation for a circle with center 1-3, 52 and passing through (4, 5) 
as shown in Fig. P.10.

Solution

Since the distance between the center 1-3, 52 and (4, 5) is 7 units, the radius of the 
circle is 7. Use h = -3, k = 5, and r = 7 in the standard equation for a circle:

1x - 1-3222 + 1 y - 522 = 72

So the equation of the circle is 1x + 322 + 1 y - 522 = 49.

TRY THIS. Write the standard equation for the circle with center 12, -12 and passing 
through (3, 6).

EXAMPLE 7 Writing the equation of a circle

Figure P.10

y

x2–2–4 4 6

4

2

–4

8

10

8 10

6
(4, 5)(–3, 5)

–8–10

Center

 Now enter y1 and y2 as shown in Fig. P.9(a). Set the viewing window as shown in 
Fig. P.9(b). The graph in Fig. P.9(c) supports our previous conclusions. A circle 
will look round only if the same unit distance is used on both axes.

TRY THIS. Sketch the graph of 1x + 222 + 1 y - 422 = 25.

In the next example we write the equation for a circle from a description of the 
circle.

The Line
Any circle in the coordinate plane is the solution set to an equation of the form 
1x - h22 + 1 y - k22 = r 2. Likewise, any straight line in the coordinate plane is the 
solution set to an equation of another form.

Figure P.9

(c)

(a) (b)
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 P.1 The Cartesian Coordinate System 9

The graph of any linear equation is a straight line. A linear equation can be written in 
many different forms. The equations

x = 5 - y,  y =
1

2
 x - 9,  x = 4,  and  y = 5

are all linear equations because they could all be written in the form Ax + By = C.
There is only one line containing any two distinct points in the xy-plane. So to 

graph a linear equation we need locate only two points that satisfy the equation and 
draw a line through them. But which points do we use? Since all lines look alike, what 
distinguishes one line from another is its location. The best way to show the location 
is to show the points where the line crosses the x- and y-axes. These points are called 
the x-intercept and y-intercept.

Definition: Linear Equation 
in Two Variables  

(Standard Form) 

A linear equation in two variables x and y is an equation of the form

Ax + By = C

where A, B, and C are real numbers and A and B are not both zero.

Graph each equation. Find and show the intercepts.

a. 2x - 3y = 9 b. y = 40 - x

Solution

a. Since the y-coordinate of the x-intercept is 0, we replace y with 0 in the equation:

 2x - 3102 = 9

 2x = 9

 x =
9

2

To find the y-intercept, we replace x with 0 in the equation:

 2102 - 3y = 9

 -3y = 9

 y = -3

The x-intercept is (9>2, 0) and the y-intercept is 10, -32. Locate the intercepts and 
draw the line as shown in Fig. P.11. To check, locate a point such as 13, -12, which 
also satisfies the equation, and see if the line goes through it.

b. If x = 0, then y = 40 - 0 = 40 and the y-intercept is (0, 40). If y = 0, then 
0 = 40 - x or x = 40. The x-intercept is (40, 0). Draw a line through these points 
as shown in Fig. P.12. Check that (10, 30) and (20, 20) also satisfy y = 40 - x 
and the line goes through these points.

 The calculator graph shown in Fig. P.13 is consistent with the graph in 
Fig. P.12. Note that the viewing window is set to show the intercepts.

TRY THIS. Graph 2x + 5y = 10 and determine the intercepts.

EXAMPLE 8 Graphing lines and showing 
the intercepts

Figure P.13

Figure P.12

y

x10–10
–10

20

10

40

30

20 30 40 50

(0, 40)

(10, 30)

(20, 20)

60

50

(40, 0)

y = 40 – x

Figure P.11

(4.5, 0)

y

x1–1–2–3–4–5 2 3

2

1

–1

–2

–4

–5

–6

4 5

x-intercept

y-intercept 
(0, –3)

(3, –1)

2x – 3y = 9

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



10 Chapter P Algebraic Prerequisites

Graph each equation in the rectangular coordinate system.

a. y = 3 b. x = 4

Solution

a. The equation y = 3 is equivalent to 0 # x + y = 3. Because x is multiplied by 0, 
we can choose any value for x as long as we choose 3 for y. So ordered pairs such 
as 1-3, 32, 1-2, 32, and (4, 3) satisfy the equation y = 3. The graph of y = 3 is 
the horizontal line shown in Fig. P.14.

b. The equation x = 4 is equivalent to x + 0 # y = 4. Because y is multiplied by 0, 
we can choose any value for y as long as we choose 4 for x. So ordered pairs such 
as 14, -32, (4, 2), and (4, 5) satisfy the equation x = 4. The graph of x = 4 is the 
vertical line shown in Fig. P.15.

TRY THIS. Graph y = 5 in the rectangular coordinate system.

EXAMPLE 9 Graphing horizontal and vertical lines

Figure P.14

y

x1–1–2–3–4–5 2 3

2

1

–1

4

5

4 5

(4, 3)(–3, 3)

(–2, 3)

y = 3

Figure P.15

y

x1–1 2 3

2

1

–1

4

5

5

3

(4, 5)

(4, 2)

x = 4

1. The point 12, -32 is in quadrant II.

2. The point (4, 0) is in quadrant I.

3. The distance between (a, b) and (c, d) is 21a - b22 + 1c - d 22.

4. The equation 3x2 + y = 5 is a linear equation.

5. The graph of x = 5 is a vertical line.

6. 272 + 92 = 7 + 9.

7. The origin lies midway between (1, 3) and 1-1, -32.

8. The distance between 13, -72 and (3, 3) is 10.

9. The x-intercept for the graph of 3x - 2y = 7 is 
17>3, 02

10. The graph of x2 + y2 = 9 is a circle centered at (0, 0) 
with radius 9.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1.  If x and y are real numbers, then (x, y) is a(n) __________ 
pair of real numbers.

 2. Ordered pairs are graphed in the rectangular coordinate system 
or the __________ coordinate system.

 3. The horizontal number line in the rectangular coordinate sys-
tem is the __________.

 4. The intersection of the x-axis and the y-axis is the 
__________.

 5. According to the __________, the sum of the squares of the 
legs in a right triangle is equal to the square of the hypotenuse.

 6. The set of all points in a plane that lie a fixed distance from a 
given point in the plane is a(n) __________.

 7.  An equation of the form Ax + By = C is a(n) __________ in 
two variables.

 8. The point where a line crosses the y-axis is the __________.

P.1 EXERCISES
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 P.1 Exercises 11

y

x–1–3–4–5
–1

–2

–3

1 2 3–2

2

5

4 5

–4

–5

1

4

3
B

I

J

C

A

H

E

F

D

G

Figure for Exercises 9–18

Find the length of the missing side(s) in each right triangle.  51. 1p>3, 1>22, 1p>2, -1>32
 52. 12p>3, -1>22, 1p, -12
Determine the center and radius of each circle and sketch the 
graph. 

 21. 

2

b

3

 22. 

1
2

b

1

 23. 

3

a

5

 24. 

2

3

c

SKILLS

The figure for Exercises 9–18 shows 10 points in the xy-plane. For 
each point write the corresponding ordered pair and name the 
quadrant in which it lies or the axis on which it lies. 

 9.  A 10. B    11. C  12. D

 13. E  14. F  15. G  16. H

 17.  I  18. J

 19. 

c
1

3

 20. 

a

a

Ë2

Simplify each expression involving square roots. 

 25. 228  26. 250  27. A5

9
 28. A 3

16

 29. A2

3
 30. A3

5
 31. A12

5
 32. A25

3

 33. 
123

 34. 
322

 35. 2223

 36. 2522

For each pair of points find the distance between them and the 
midpoint of the line segment joining them. 

 37. (1, 3), (4, 7)  38. 1-3, -22, 19, 32
 39. 1-1, -22, 11, 02  40. 1-1, 02, 11, 22

 41. (0, 0), A22>2, 22>2 B  42. (0, 0), A23, 1 B
 43. A218, 212 B , A28, 227 B
 44. A250, 220 B , A272, 245 B
 45.  (1.2, 4.8), 1-3.8, -2.22  46. 1-2.3, 1.52, 14.7, -7.52

 47. 1p, 02, 1p>2, 12  48. (0, 0), 1p>2, 12
 49. 1p, 02, 12p, 02  50. 1p, 12, 1p>2, 12

 53. x 2 + y 2 = 16  54. x 2 + y 2 = 1

 55. 1x + 622 + y 2 = 36  56. x 2 = 9 - 1 y - 322

 57. 1x - 222 = 8 - 1 y + 222

 58. 1 y + 222 = 20 - 1x - 422

Write the standard equation for each circle.

 59. Center at (0, 0) with radius 27

 60. Center at (0, 0) with radius 223

 61. Center at 1-2, 52 with radius 1>2

 62. Center at 1-1, -62 with radius 1>3

 63. Center at (3, 5) and passing through the origin

 64. Center at 1-3, 92 and passing through the origin

 65. Center at (0, 0) and passing through A22>2, 22>2 B
 66. Center at (0, 0) and passing through A23>2, 1>2 B
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12 Chapter P Algebraic Prerequisites

Write the standard equation for each of the following circles. MODELING

Solve each problem. 

  99. A right triangle has legs with lengths 6 ft and 8 ft. What is 
the length of the hypotenuse?

 100. A right triangle has a hypotenuse of 10 ft. If one leg is 4 ft, 
then what is the length of the other leg?

 101. Full Conduit A conduit with an inside diameter of 4 cm 
can accommodate two round wires each having a diameter 
of 2 cm, as shown in the accompanying figure. Two smaller 
wires will also fit on the sides.
a. What is the diameter of each smaller wire?

b. Find the equations of the two smallest circles in the 
 accompanying figure.

2

y

x–2

–1

1

2

1–1

–2

Figure for Exercise 101

 102. Perpendicular Tangents A circle of radius 5 intersects a 
circle of radius 12 so that the tangent lines at the points of 
intersection are perpendicular. What is the distance between 
the centers of the circles?

 103. More Wires A round conduit with an inside diameter of 
4 cm can accommodate two circular wires each having a 
diameter of 2 cm, as shown in the accompanying figure. The 
smallest circle in the figure is tangent to the circle of radius 
2, a circle of radius 1, and the x-axis. Find its equation.

 104. Three More Three more circles could be positioned in the 
accompanying figure so that they are tangent to the circle 
of radius 2, a circle of radius 1, and the x-axis. Find their 
equations.

1

2

–1

–2

–1 1 2–2

y

x

Figure for Exercises 103 and 104

 

 

 

 67. 

x

y

(–1, 2)

(0, 0)

 68. 

x

y

(0, 2)

(2, 0)(–2, 0)

(0, –2)

 69. 

x

y
(1, 5)

(3, 3)(–1, 3)

(1, 1)

 70. 

x

y

(4, 4)

(2, 2)

(0, 0)

Find all real numbers a such that the given point is on the circle 
x 2 + y 2 = 1. 

 71. 1a, 3>52  72. 1a, -1>22
 73. 1-2>5, a2  74. (2>3, a)

Sketch the graph of each linear equation. Be sure to find and show 
the x- and y-intercepts.

 75.  y = 3x - 4  76. y = 5x - 5

 77. 3x - y = 6  78. 5x - 2y = 10

 79.  x + y = 80  80. 2 x + y = -100

 81. x = 3y - 90  82. x = 80 - 2y

 83.  
1

2
 x -

1

3
 y = 600  84. 

2

3
 y -

1

2
 x = 400

 85. 2 x + 4y = 0.01  86. 3x - 5y = 1.5

Graph each equation in the rectangular coordinate system. 

 87.  x = 5  88. y = -2  89. y = 4

 90. x = -3  91. x = -4  92. y = 5

 93.  y - 1 = 0  94. 5 - x = 4

Graph each of the following equations on a graphing calculator. 
Choose a viewing window that shows both the x- and y-intercepts, 
then draw the graph on paper with the x- and y-axes labeled 
appropriately.

 95. y = x - 20  96. y = 999x - 100

 97. 500x + y = 3000  98. 200x - 300y = 1
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 P.1 Pop Quiz 13

 105.  First Marriage The median age at first marriage for women 
went from 20.8 in 1970 to 27.4 in 2018 as shown in the fig-
ure (Census Bureau, www.census.gov). Find the midpoint of 
the line segment in the figure and interpret your result.

M
ed

ia
n 

ag
e

Years since 1970

30

32 48160

28

26

24

22

20

27.4

20.8

Figure for Exercise 105

 106. Unmarried Couples The number of unmarried-couple 
households, h (in millions), can be approximated using the 
equation

h = 0.229n + 5.203,

where n is the number of years since 2000 (Census Bureau, 
www.census.gov).
a. Find and interpret the n-intercept for the line.

b. Find and interpret the h-intercept for the line.

H
ou

se
ho

ld
s 

(i
n 

m
ill

io
ns

)

Years since 2000

3

10

10 201550

8
9

7

5
6

4

2
1

Figure for Exercise 106

WRITING/DISCUSSION

 107. Finding Points Can you find two points such that their 
 coordinates are integers and the distance between them is 
10? 210? 219? Explain.

 108. Equidistant Midpoint A right triangle has vertices (0, 0),  
(1, 0), and A1, 23 B . Find the midpoint of the hypotenuse. 
Find the distance from the midpoint of the hypotenuse to 
each vertex.

 109. Cooperative Learning Working in small groups, plot the 
points 1-1, 32 and (4, 1) on a sheet of graph paper. Assum-
ing that these two points are adjacent vertices of a square, 
find the other two vertices. Now select your own pair of 
adjacent vertices and “complete the square.” Next, start with 
the points 1x1, y12  and 1x2, y22 as adjacent vertices of a square 
and write expressions for the coordinates of the other two 
vertices.

 110. Cooperative Learning Repeat the previous exercise, assum-
ing that the first two points are opposite vertices of a square.

OUTSIDE THE BOX

 111. Paying Up A king agreed to pay his gardener one dollar’s 
worth of titanium per day for seven days of work on the 
 castle grounds. The king has a seven-dollar bar of titanium 
that is segmented so that it can be broken into seven one-
dollar pieces, but it is bad luck to break a seven-dollar bar 
of titanium more than twice. How can the king make two 
breaks in the bar and pay the gardener exactly one dollar’s 
worth of titanium per day for seven days?

Figure for Exercise 111

 112. Midpoints Find the exact area of the triangle in which 
13, -12, (4, 4) and (1, 2) are the midpoints of its three 
sides.

 1. Find the distance between 1-1, 32 and (3, 5).

 2. Find the center and radius for the circle 
1x - 322 + 1y + 522 = 81.

 3. Find the center and radius for the circle 
x2 + 4x + y2 - 10y = -28.

 4. Find the equation of the circle that passes through the origin 
and has center at (3, 4).

 5. Find all intercepts for 2x - 3y = 12.

 6. Which point is on both of the lines x = 5 and y = -1?

P.1 POP QUIZ
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14 Chapter P Algebraic Prerequisites

P.2 Functions
In Section P.1 we studied ordered pairs and graphed sets of ordered pairs. In this sec-
tion we continue studying sets of ordered pairs, particularly those in which the second 
coordinate is determined by the first coordinate.

The Function Concept
If you spend $10 on gasoline, then the price per gallon determines the number of 
gallons that you get. The number of hours that you sleep before a test might have 
an influence on but does not determine your grade on the test. If the value of a vari-
able y is determined by the value of another variable x, then y is a function of x. The 
phrase “is a function of ” means “is determined by.” If there is more than one value 
for y corresponding to a particular x-value, then y is not determined by x, and y is 
not a function of x.

The value of one variable might be determined by the values of two or more 
other variables. For example, the volume of a right circular cylinder is a function of 
its radius and height 1V = pr2h2. The volume of a rectangular box is a function of 
its length, width, and height 1V = LWH2. The basic trigonometric functions that we 
will be studying in this text are all functions of one variable, but on occasion we will 
encounter functions of more than one variable.

Decide whether a is a function of b, b is a function of a, or neither.

a. Let a represent a positive integer smaller than 100 and b represent the number of 
divisors of a.

b. Let a represent the age of a U.S. citizen and b represent the number of days since 
his/her birth.

c. Let a represent the age of a U.S. citizen and b represent his/her annual income.
d. Let b represent any real number and a represent its square.

Solution

a. We can determine the number of divisors of any positive integer smaller than 100. 
So b is a function of a. We cannot determine the integer knowing the number of 
divisors because different integers have the same number of divisors. So a is not 
a function of b.

b. The number of days since a person’s birth certainly determines the age of the per-
son in the usual way. So a is a function of b. However, you cannot determine the 
number of days since a person’s birth from the age. You need more information. 
For example, the number of days since the birth for two one-year-olds could be 
370 or 380 days. So b is not a function of a.

c. We cannot determine the income from the age or the age from the income. We 
would need more information. Even though age and income are related, the rela-
tionship is not strong enough to say that either one is a function of the other.

d. Since every number has a unique square, the square is determined by the number. 
So a is a function of b. You cannot determine what the number is from knowing 
its square. For example, if you know the square is 4, then the number is either 2 
or -2. So b is not a function of a.

TRY THIS. Let p be the price of a grocery item and t be the amount of sales tax at 5% 
on that item. Determine whether p is a function of t, t is a function of p, or neither.

EXAMPLE 1 Applying the function concept

The functions that we study will usually be defined by formulas. For example, 
if y is the square of x, then y is a function of x. We can write the formula or equation 
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 P.2 Functions 15

y = x2 and we say that y = x2 is a function. Because y is determined by x, we say 
that y is the dependent variable and x is the independent variable. When we use 
the variables x and y, we always use x for the independent variable and y for the 
dependent variable.

A function provides a rule for pairing values of the independent variable with 
values of the dependent variable. The function y = x2 pairs 3 with 9, 4 with 16, and 
so on. We write this pairing as (3, 9), (4, 16), and so on. Of course, there are infinitely 
many ordered pairs that satisfy y = x2. This set of ordered pairs can be thought of 
as the function.

Definition: Function A function is a set of ordered pairs in which no two pairs have the same first 
coordinate and different second coordinates.

For example, the set 511, 12, 12, 42, 1-2, 426  is a function because no two 
pairs have the same first coordinate and different second coordinates. The set 
512, 22, 19, 32, 19, -326  is not a function because (9, 3) and 19, -32 have the same 
first coordinate and have different second coordinates. Note that we do not allow the 
same first coordinate with different second coordinates because we want the second 
coordinate to be determined by the first coordinate.

A calculator is a function machine. Built-in functions on a calculator are marked 
with symbols such as 1x, x2, x!, 10 x, ex, ln1x2, sin1x2, cos1x2, and so on. When 
you provide the first coordinate and use one of these functions, the calculator finds 
the appropriate second coordinate. The y-coordinate is certainly determined by the 
x-coordinate because the calculator will not produce two different y-coordinates cor-
responding to a given x-coordinate.

Constructing Functions
The ordered pairs in a function can be specified by a verbal description, list, table, 
formula, or graph. The most common and efficient way to specify the ordered pairs 
of a function is to give a formula that will produce them. For example, the function 
A = pr 2 determines the area of a circle when the radius is given and the function 
y = 1x determines the nonnegative square root of a nonnegative number. In the next 
example we find a formula for, or construct, a function.

Given that a square has diagonal of length d and side of length s, write the area A as 
a function of the length of the diagonal.

Solution

The area of a square is given by A = s2. The diagonal is the hypotenuse of a right 
triangle as shown in Fig. P.16. Apply the Pythagorean theorem to the right triangle 
in the figure:

 s2 + s2 = d 2

 2s2 = d 2

 s2 =
d 2

2

Since A = s2 and s2 = d 2

2  we have A = d 2

2 , which expresses the area of a square as a 

function of the length of its diagonal.

TRY THIS. A square has perimeter P and sides of length s. Write the side as a function 
of the perimeter.

EXAMPLE 2 Constructing a function

Figure P.16

d s

s

s

s
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16 Chapter P Algebraic Prerequisites

Graphs of Functions
The graph of a function is a picture of all points whose ordered pairs make up the 
function. We can graph a function by calculating enough ordered pairs to determine 
the shape of the graph. When you graph functions, try to anticipate what the graph 
will look like, and after the graph is drawn, pause to reflect on the shape of the graph 
and the type of function that produced it. If you have a graphing calculator, use it to 
help you graph the equations in the following example. Remember that a graphing 
calculator shows only finitely many points and a graph consists of infinitely many 
points. After looking at the display of a graphing calculator, you must still decide 
what the entire graph looks like.

The domain of a function is the set of all first coordinates of the ordered pairs. 
The range of a function is the set of all second coordinates of the ordered pairs. If 
the domain is not specified, it is assumed to be all real numbers that can be used in 
the expression defining the function. The corresponding second coordinates must 
also be real numbers.

Graph each function and state the domain and range.

 a. y = x2

 b. y = 0 x 0 - 40

Solution

a. Make a table of ordered pairs that satisfy y = x 2:

x -2 -1 0 1 2

y = x 2  4  1 0 1 4

These ordered pairs indicate a graph in the shape shown in Fig. P.17. This curve is 
called a parabola. The domain is 1-∞, ∞2 because any real number can be used 
for x in y = x 2. Since all y-coordinates are nonnegative, the graph is on or above 
the x-axis. The range is 30, ∞2.

 The calculator graph in Fig. P.18 supports these conclusions. The calculator 
plots many more points than we are willing to plot by hand.

EXAMPLE 3 Graphing by plotting ordered pairs

Figure P.18Figure P.17

y

x3

]
2–1–2–3 (0, 0)

Domain (– q, q )

R
an

ge
 [

0,
 q

)

(–2, 4)

(–1, 1)

(2, 4)

(1, 1)

y = x2

–1

1

2

3

4

5

b. Make a table of ordered pairs that satisfy y = 0 x 0 - 40:

x -40 -20  0  20 40

y = 0 x 0 - 40  0 -20 -40 -20  0

Plotting these ordered pairs suggests the V-shaped graph of Fig. P.19 on the next 
page. From the graph we see that the domain is 1-∞, ∞2 and the range is 3-40, ∞2.
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 P.2 Functions 17

 The calculator graph in Fig. P.20 supports these conclusions.

Figure P.19

y

x

–40

4020

]

20

–40 –20

y = |x| – 40

R
an

ge
 [

–
40

, q
)

Domain (– q, q )

Figure P.20

TRY THIS. Graph y = 0 x 0 + 2 and state the domain and range.

The next example shows two functions whose domain is not the entire set of real 
numbers.

Graph each function and state the domain and range.

 a. y = 2x - 20 b. y =
1
x

Solution

a. Make a table of ordered pairs that satisfy y = 2x - 20.

x 20 21 24 29 36

y = 2x - 20  0  1  2  3  4

Plot these ordered pairs and sketch a curve through them as shown in Fig. P.21.

This curve is half of a parabola. If 2x - 20 is a real number, then x - 20 Ú 0, 
or x Ú 20. So the domain is 320, ∞2. On the graph we see that the y-coordinates 
range from 0 upward. So the range is the nonnegative real numbers, 30, ∞2.

 The calculator graph in Fig. P.22 supports these conclusions.

EXAMPLE 4 Graphing by plotting ordered pairs

Figure P.22Figure P.21

y

x40302010

Domain [20, q) 

]
1

2

3

4

R
an

ge
 [

0,
 q

)

]

y = x – 20

b. Make a table of ordered pairs that satisfy y = 1>x:

x  -2 -1 -1>2 1>2 1 2

y = 1>x -1>2 -1  -2  2 1 1>2
Note that as x gets larger, y gets smaller, and vice versa. Plotting these ordered 
pairs suggests the graph shown in Fig. P.23 on the next page. The domain is all 
real numbers except 0, 1-∞, 02 ∪ 10, ∞2, and the range is also 1-∞, 02 ∪ 10, ∞2.

 The calculator graph in Fig. P.24 supports these conclusions.
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18 Chapter P Algebraic Prerequisites

Function Notation
If y is a function of x, we may use the expression ƒ(x), rather than y, for the dependent 
variable. The notation ƒ(x) is read “the value of ƒ at x” or simply “ƒ of x.” So y and 
ƒ(x) are both symbols for the second coordinate when the first coordinate is x, and we 

may write y = ƒ1x2. For example, we could write ƒ1x2 = 2x - 40 for the function 

y = 2x - 40. The notation ƒ(x) is called function notation.

TRY THIS. Graph y = 2x + 3 and state the domain and range.

Figure P.23

y

x21

1

2 y = 1x

Figure P.24

Find each of the following for the function ƒ1x2 = 22 x + 9.

 a. ƒ(20) b. x, if ƒ1x2 = 0 c. ƒ1-62 d. ƒ1-x2
Solution

a. The expression ƒ(20) is the second coordinate when the first coordinate is 20. To 

find the value of ƒ(20) replace x by 20 in the formula ƒ1x2 = 22x + 9:

ƒ1202 = 22 # 20 + 9 = 249 = 7

b. To find a value of x so that the second coordinate is 0, we must solve 22x + 9 = 0:

 22 x + 9 = 0

 2 x + 9 = 0

 2 x = -9

 x = -
9

2

So x = -9>2.
c. The expression ƒ1-62 is undefined, because the domain of ƒ1x2 = 22x + 9 is 

the interval 3-9>2, ∞2.
d. The expression ƒ1-x2 is the second coordinate when the first coordinate is -x.

So replace x by -x in the formula ƒ1x2 = 22x + 9:

ƒ1-x2 = 221-x2 + 9 = 2-2 x + 9

TRY THIS. Let ƒ1x2 = 2x + 1 a. Find ƒ(8). b. Find x if ƒ1x2 = 5.

EXAMPLE 5 Using function notation

We may use letters other than ƒ in function notation. For example, we could have 
h1x2 = 1x and g1x2 = x 2. If a function describes some real application, then a letter 
that fits the situation is usually used. For example, if watermelons are $3.00 each, then 
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 P.2 Exercises 19

the cost of n watermelons, in dollars, is given by the function C1n2 = 3n. The cost 
of 5 watermelons is C152 = 3 # 5 = $15. In trigonometry the abbreviations sin, cos, 
and tan are used rather than a single letter to name the trigonometric functions. The 
dependent variables are written as sin(x), cos(x), and tan(x).

1. The number of gallons of gas that can be purchased for 
$20 is a function of the price per gallon.

2. Each student’s exam grade is a function of the student’s 
IQ.

3. Any set of ordered pairs is a function.

4. If y = x2, then y is a function of x.

5. If x is the independent variable, then ƒ(x) is the depen-
dent variable.

6. The domain of ƒ1x2 = 1>x is 1-∞, 02 ∪ 10, ∞2.

7. The domain of g1x2 = 0 x - 3 0  is 33, ∞2.

8. The range of y = 8 - x2 is 1-∞, 84 .

9. If ƒ1t2 = t - 2
t + 2, then ƒ102 = -1.

10. If ƒ1x2 = x - 5 and ƒ1a2 = 0, then a = 5.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. A set of ordered pairs in which no two have the same 
first coordinate and different second coordinates is a(n) 
__________

 2. For a set of ordered pairs, the variable corresponding to the 
first coordinate is the __________ variable and the variable 
corresponding to the second coordinate is the __________ 
variable.

 3. For a set of ordered pairs, the set of all first coordinates is 
the __________ and the set of all second coordinates is the 
__________.

 4. The graph of y = x2 is a(n) __________.

 5. If the value of y is determined by the value of x, then y is a(n) 
__________ of x.

 6. We write y = x2 in __________ notation as ƒ1x2 = x2.

SKILLS

For each pair of variables determine whether a is a function of b, b 
is a function of a, or neither. 

 7. a is the radius of any U.S. coin and b is its circumference.

 8. a is the length of any rectangle with width 5 in. and b is its 
perimeter.

 9. a is the length of any piece of U.S. paper currency and b is its 
denomination.

 10. a is the diameter of any U.S. coin and b is its value.

 11. a is the universal product code for any item at Walmart and b 
is its price.

 12. a is the final exam score for any student in your class and b is 
the student’s semester grade.

 13. a is the time spent studying for the final exam for any student 
in your class and b is the student’s final exam score.

 14. a is the age of any adult male and b is his shoe size.

 15. a is the height of any car in inches and b is its height in 
 centimeters.

 16. a is the cost of mailing any first-class letter and b is its weight.

 17. a is any real number and b is the cube of that number.

 18. a is any real number and b is the fourth power of that  number.

 19. a is any real number and b is the absolute value of that 
 number.

 20. a is any nonnegative real number and b is a square root of that 
number.

Consider a square with side of length s, diagonal of length d, 
perimeter P, and area A. Make a sketch. 

 21. Write A as a function of s.  22. Write s as a function of A. 

 23. Write s as a function of d.  24. Write d as a function of s.

 25. Write P as a function of s.  26. Write s as a function of P.

 27. Write A as a function of P.  28. Write d as a function of A.

P.2 EXERCISES
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20 Chapter P Algebraic Prerequisites

Graph each function by plotting points and state the domain and 
range. If you have a graphing calculator, use it to check your 
results. 

 29.  y = 2x - 1  30. y = -x + 3

 31.  y = 5  32. y = -4

 33. y = x2 - 20  34. y = x2 + 50

 35.  y = 40 - x2  36. y = -10 - x2

 37. y = x3  38. y = -x3

 39.  y = 2x - 10  40. y = 2x + 30

 41. y = 1x + 30  42. y = 1x - 50

 43. y = 0 x 0 - 40  44. y = 2 0 x 0

 45. y = 0 x - 20 0  46. y = 0 x + 30 0

Let ƒ1x2 = 3x 2 - x, g1x2 = 4x - 2, and k1x2 = 0 x + 3 0 .  
Find the following. 

 47.  ƒ(2)  48. ƒ1-42
 49. g1-12  50. g1-22
 51. k(5)  52. k1-42
 53.  ƒ1-12 + g 1-12  54. ƒ132 # k132

 55. ƒ1-52 - k1-52  56. 
ƒ112
g112

 57. ƒ(a)  58. g(b)

 59. ƒ1-x2  60. g1-x2
 61.  x, if ƒ1x2 = 0  62. x, if g1x2 = 3

 63. a, if k1a2 = 4  64. t, if ƒ1t2 = 10

MODELING

Solve each problem. 

 65.  Aerobics If a woman in an aerobic dance class burns 353 
 calories per hour, express the number of calories burned, C, as 
a function of the number of hours danced, n.

 66. Paper Consumption If the average American uses 580 lb of 
paper annually, express the total annual paper consumption of 
the United States, P, as a function of the size of the popula-
tion, n.

 67.  Cost of Window Cleaning If a window cleaner charges $50 
per visit plus $35 per hour, express the total charge C as a 
function of the number of hours worked, n.

 68. Cost of a Sundae At Doubledipski’s ice cream parlor, the cost 
of a sundae is $2.50 plus $0.50 for each topping. Express the 
total cost of a sundae, C, as a function of the number of top-
pings, n.

 69. Capsize Control The capsize screening value C is an  indicator 
of a sailboat’s suitability for extended offshore sailing. C is 
determined by the function C = 4D- 1>3B, where D is the dis-
placement of the boat in pounds and B is its beam (or width) 
in feet. Sketch the graph of this function for B ranging from 0 
to 20 ft, assuming that D is fixed at 22,800 lb. Find C for the 
Island Packet 40, which has a displacement of 22,800 lb and a 
beam of 12 ft 11 in. (Island Packet Yachts, www.ipy.com).

D = 22,800 lb
12 ft 11 in.

Figure for Exercises 69 and 70

 70. Limiting the Beam The International Offshore Rules require 
that the capsize screening value C (from the previous exercise) 
be less than or equal to 2 for safety. What is the maximum 
allowable beam (to the nearest inch) for a boat with a displace-
ment of 22,800 lb? For a fixed displacement, is a boat more 
or less likely to capsize as its beam gets larger?

 71. Bore and Stroke The displacement D of an engine is given by 
the function

D =
p

4
 B2 # S # N,

where B is the bore (the diameter of a cylinder), S is the 
stroke (distance the piston moves), and N is the number of 
cylinders. The two-cylinder Harley-Davidson Evo engine 
has a bore of 3.498 in. and a stroke of 4.250 in. Find its 
 displacement.

Figure for Exercise 71
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 P.3 Families of Functions, Transformations, and Symmetry 21

 72. Rebuilt Engine If the bore of the Evo engine from the last 
exercise is increased by 0.020 in., then what is the increase in 
displacement?

 73. Finding the Bore Find a formula that expresses the bore B 
as a function of the displacement D, stroke S, and number of 
 cylinders N. See Exercise 71. 

 74. Compression Ratio The compression ratio CR for an engine 
is a function of the bore B, the stroke S, and the clearance 
 volume V, where

CR = 1 +
pB2 # S

4V
.

  The clearance volume is the volume of air in the cylinder when 
the piston is at top dead center. Find a formula that expresses 
the clearance volume V as a function of CR, B, and S.

REVIEW

 75. According to the __________ theorem, the sum of the squares 
of the __________ of a right triangle is equal to the square of 
the __________.

 76. The equation 1x - 322 + 1x + 222 = 36 is the equation 
of a(n) __________ with __________ 6 and __________ 
13, -22.

 77. Find the distance between the points 12, -42 and 1-3, -62.

 78. Find the midpoint of the line segment whose endpoints are 
14, -82 and 1-6, 162.

 79. Find the x- and y-intercepts for the line 4x - 6y = 40.

 80. The sides of a rectangle are 3 feet and 7 feet. Find the length 
of the diagonal.

OUTSIDE THE BOX

 81. Powers of Three What is x if

1

27
# 3100 # 1

81
# 9x =

1

3
# 3x?

 82. Sum of Cubes If a + b = 3 and a2 + b2 = 89, then what is 
the value of a3 + b3?

 1. Is the radius of a circle a function of its area?

 2. Express the side of a square s as a function of its area A.

 3. Let a be a positive real number and b be a real number such 
that b2 = a. Is b a function of a?

 4. What is the domain of y = 2x - 1?

 5. What is the range of y = x2 + 2?

 6. What is ƒ(3) if ƒ1x2 = 3x + 6?

 7. Find a if ƒ1a2 = 10 and ƒ1x2 = 2x - 4.

P.2 POP QUIZ

Definition: Translation  
to the Right or Left 

If h 7 0, then the graph of y = ƒ1x - h2 is a translation of h units to the right 
of the graph of y = ƒ1x2. If h 6 0, then the graph of y = ƒ1x - h2 is a transla-
tion of ∣ h ∣  units to the left of the graph of y = ƒ1x2.

As seen in Section P.2, different functions have similar graphs. In this section we will 
see how those functions are related. If a, h, and k are real numbers with a ≠ 0, then 
y = aƒ1x - h2 + k is a tranformation y = ƒ1x2. All of the transformations of a 
function form a family of functions. The quadratic or square family has the form 
y = a(x - h)2 + k and the graphs are parabolas. The square-root family (halves 

of parabolas) has the form y = a2x - h + k. The absolute value family (V-shaped 
graphs) has the form y = a � x - h � + k. In Chapter 2 we will use these ideas to study 
families of trigonometric functions.

Horizontal Translation
If you can move a graph to the left or right (without changing its shape) so that it coin-
cides with another graph, then the graphs are horizontal translations of each other. 
This geometric idea is made more precise using algebra in the following definition.

P.3  Families of Functions, Transformations, 
and Symmetry
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22 Chapter P Algebraic Prerequisites

According to the order of operations, the first operation to perform in the formula 
y = aƒ1x - h2 + k is to subtract h from x. Then ƒ1x - h2 is multiplied by a, and 
finally k is added on. The order is important here, and we will study the effects of 
these numbers in the order h, a, and k.

Sketch the graph of each function.

a. ƒ1x2 = � x - 1 �
b. ƒ1x2 = 1x + 322

Solution

a. The function ƒ1x2 = � x - 1 �  is in the absolute-value family and its graph is a 
translation one unit to the right of g1x2 = 0 x 0 . Calculate a few ordered pairs to 
get an accurate graph. The points (0, 1), (1, 0 ), and (2, 1) are on the graph of 
ƒ1x2 = 0 x - 1 0  shown in Fig. P.27.

b. The function ƒ1x2 = 1x + 322 is in the square family and its graph is a translation 
three units to the left of the graph of g1x2 = x2. Calculate a few ordered pairs to 
get an accurate graph. The points 1-3, 02, 1-2, 12, and 1-4, 12 are on the graph 
shown in Fig. P.28.

EXAMPLE 2 Horizontal translations

Notice that y = 2x - 3 lies 3 units to the right and y = 2x + 5 lies 5 units to 
the left of y = 1x. The next example shows two more horizontal translations.

Graph ƒ1x2 = 1x, g1x2 = 2x - 3, and h1x2 = 2x + 5 on the same coordinate 
plane.

Solution

First sketch ƒ1x2 = 1x through (0, 0) (1, 1), and (4, 2) as shown in Fig. P.25. Since 
the first operation of g is to subtract 3, we get the corresponding points by adding 3 to 
each x-coordinate. So g goes through (3, 0), (4, 1), and (7, 2). Since the first operation 
of h is to add 5, we get corresponding points by subtracting 5 from the x-coordinates. 
So h goes through 1-5, 02, 1-4, 12, and 1-1, 22.

 The calculator graphs of ƒ, g, and h are shown in Fig. P.26. Be sure to note the 
difference between y = 2 1x2 - 3 and y = 2 1x - 32 on a calculator.

EXAMPLE 1 Translations to the right or left

Figure P.26Figure P.25

y

x1–1–2–3–4–5

2

–1

2 3 4 5 6

–5 +3

h(x) =   x + 5 f (x) = g(x) =x    x – 3

TRY THIS. Graph ƒ1x2 = 1x, g1x2 = 2x - 2, and h1x2 = 2x + 1 on the same 
coordinate plane.
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 P.3 Families of Functions, Transformations, and Symmetry 23

Figure P.27

(2, 1)
(0, 1)

(1, 0)

y

x2–1–2–3 3

2

1

–1
4

3

g(x) = |x| f (x) = |x – 1|

TRY THIS. Graph ƒ1x2 = 1x - 222.

Figure P.28

y

x1–1
–1

1

2

3

4

–4–5 2

g(x) = x2f (x) = (x + 3)2

(–3, 0)

(–4, 1)
(–2, 1)

Definition: Reflection The graph of y = -ƒ1x2 is a reflection in the x-axis of the graph of y = ƒ1x2.

Reflection
If a graph is a mirror image of another, then the graphs are reflections of each other. 
As with horizontal translation, this idea is also made precise by using algebra.

In the general formula y = aƒ(x - h) + k, a reflection is accomplished by choosing 
a = -1 and h = k = 0. All points on the graph of y = -ƒ1x2 can be obtained by 
simply changing the signs of all of the y-coordinates of the points on the graph of 
y = ƒ1x2.

Graph each pair of functions on the same coordinate plane.

 a. ƒ1x2 = x2, g1x2 = -x2

 b. ƒ1x2 = x3, g1x2 = -x3

 c. ƒ1x2 = � x � , g1x2 = - � x �

Solution

a. The graph of ƒ1x2 = x2 goes through (0, 0), 1{1, 12, and 1{2, 42. The graph of 
g1x2 = -x2 goes through (0, 0), 1{1, -12, and 1{2, -42 as shown in Fig. P.29.

b. Make a table of ordered pairs for ƒ as follows:

x -2 -1 0 1 2

ƒ1x2 = x3 -8 -1 0 1 8

Sketch the graph of ƒ through these ordered pairs as shown in Fig. P.30. Since 
g1x2 = -ƒ1x2, the graph of g can be obtained by reflecting the graph of ƒ in the 
x-axis. Each point on the graph of ƒ corresponds to a point on the graph of g with 
the opposite y-coordinate. For example, (2, 8) on the graph of ƒ corresponds to 
12, -82 on the graph of g. Both graphs are shown in Fig. P.30.

c. The graph of ƒ is the familiar V-shaped graph of the absolute value function as shown 
in Fig. P.31 on the next page. Since g1x2 = -ƒ1x2, the graph of g can be obtained 
by reflecting the graph of ƒ in the x-axis. Each point on the graph of ƒ corresponds 
to a point on the graph of g with the opposite y-coordinate. For example, (2, 2) on ƒ 
corresponds to 12, -22 on g. Both graphs are shown in Fig. P.31 on the next page.

TRY THIS. Graph ƒ1x2 = 1x and g1x2 = -1x on the same coordinate plane.

EXAMPLE 3 Graphing using reflection

Figure P.30

(2, 8)

y

x4–2–4–6 6

4

2

–2

–4

–6

–8

8

6

f (x) = x3

g(x) = –x3

(2, –8)

Figure P.29

y

x1–1–3 2 3

2

1

–1

–2

–3

–4

4

3

(–2, 4)

(–2, –4)

g(x) = –x2

f (x) = x2
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24 Chapter P Algebraic Prerequisites

We do not include reflections in the y-axis in our function families, but it is 
interesting to note that you get a reflection in the y-axis simply by replacing x with 
-x in the formula for the function. For example, graph y1 = 1x and y2 = 1-x on 
your graphing calculator.

Stretching and Shrinking
Two graphs that have similar shapes may be related by a vertical stretching or shrink-
ing of one into the other. This geometric idea is defined precisely using algebra as 
follows.

Figure P.31

(2, 2)

y

x1–1–2–3 3

2

1

–1

–2

–3

3

(2, –2)

f (x) = |x|

g (x) = –|x|

Definitions: Stretching  
and Shrinking 

The graph of y = aƒ1x2 is obtained from the graph of y = ƒ1x2 by

1. stretching the graph of y = ƒ1x2 by a when a 7 1, or
2. shrinking the graph of y = ƒ1x2 by a when 0 6 a 6 1.

In each case graph the three functions on the same coordinate plane.

a. ƒ(x) = 1x, g(x) = 21x, h(x) =
1

2
 1x

b. ƒ(x) = x2, g(x) = 2x2, h(x) =
1

2
 x2

Solution

a. The graph of ƒ1x2 = 1x goes through (0, 0), (1, 1), and (4, 2) as shown in  
Fig. P.32. The graph of g is obtained by stretching the graph of ƒ by a factor of 2. 
So g goes through (0, 0), (1, 2), and (4, 4). The graph of h is obtained by shrinking 

the graph of ƒ by a factor of 12. So h goes through (0, 0), A1, 12 B , and (4, 1).

 The functions ƒ, g, and h are shown on a graphing calculator in Fig. P.33. 
Note how the viewing window affects the shape of the graph. The curves do not 
appear as separated on the calculator as they do in Fig. P.32.

b. The graph of ƒ1x2 = x2 is the familiar parabola shown in Fig. P.34. We stretch it by 

a factor of 2 to get the graph of g and shrink it by a factor of 12 to get the graph of h.

EXAMPLE 4 Graphing using stretching and shrinking

Note that stretching and shrinking are defined for positive values of a. If a is negative, 
then reflection occurs along with stretching or shrinking.

Figure P.32

(4, 4)

(4, 2)

(4, 1)

y

1

2

1

4

3

x2 3 4

: 2

:1
2
–

f(x) = x

h(x) =    x1–
2

g(x) = 2 x

Figure P.33 Figure P.34

y

x1–1–2–3 2 3

2

1

–1

4

4

3

5

h(x) =    x2 
1
2

f (x) = x2

g(x) = 2x2

TRY THIS. Graph ƒ1x2 = 0 x 0 , g1x2 = 3 0 x 0 , and h1x2 = 1
3 0 x 0  on the same coordinate 

plane.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 P.3 Families of Functions, Transformations, and Symmetry 25

Figure P.35

y

x–1–2 1 2

2

1

4

3

y = x2 
y

x–1–2 1 2

4

2

8

6

y = 2x2 

Note that the graph of y = 2x2 has exactly the same shape as the graph of y = x2 
if we simply change the scale on the y-axis as in Fig. P.35.

Vertical Translation
In the formula y = aƒ1x - h2 + k, the last operation is addition of k. If we add the 
constant k to all y-coordinates on the graph of y = ƒ1x2, the graph will be translated 
up or down depending on whether k is positive or negative.

Definition: Translation 
Upward or Downward 

If k 7 0, then the graph of y = ƒ1x2 + k is a translation of k units upward of 
the graph of y = ƒ1x2. If k 6 0, then the graph of y = ƒ1x2 + k is a translation 
of ∣ k ∣  units downward of the graph of y = ƒ1x2.

Graph the three given functions on the same coordinate plane.

a. ƒ1x2 = 1x, g1x2 = 1x + 3, h1x2 = 1x - 5
b. ƒ1x2 = x2, g1x2 = x2 + 2, h1x2 = x2 - 3

Solution

a. First sketch ƒ1x2 = 1x through (0, 0), (1, 1), and (4, 2) as shown in Fig. P.36. 
Since g1x2 = 1x + 3 we can add 3 to the y-coordinate of each point to get (0, 3), 
(1, 4), and (4, 5). Sketch g through these points. Every point on ƒ can be moved 
up 3 units to obtain a corresponding point on g. We now subtract 5 from the 
y- coordinates on ƒ to obtain points on h. So h goes through 10, -52, 11, -42, and 
14, -32.

 The relationship between ƒ, g, and h can be seen with a graphing calculator 
in Fig. P.37. You should experiment with your graphing calculator to see how a 
change in the formula changes the graph.

b. First sketch the familiar graph of ƒ1x2 = x2 through 1{2, 42, 1{1, 12, and (0, 0) 
as shown in Fig. P.38. Since g1x2 = ƒ1x2 + 2, the graph of g can be obtained by 
translating the graph of ƒ upward two units. Since h1x2 = ƒ1x2 - 3, the graph of 
h can be obtained by translating the graph of ƒ downward three units. For example, 
the point 1-1, 12 on the graph of ƒ moves up to 1-1, 32 on the graph of g and 
down to 1-1, -22 on the graph of h as shown in Fig. P.38 on the next page.

TRY THIS. Graph ƒ1x2 = 1x, g1x2 = 1x + 1, and h1x2 = 1x - 2 on the same 
coordinate plane.

EXAMPLE 5 Translations upward or downward

Figure P.36

y

x1–1–2–3–4–5 2 3

2

1

–1

–2

–3

–4

4

5

5

(0, 3)

(0, 0)

–5

+3

(0, –5)

h(x)

g(x) = x + 3

f (x) = x 

= x – 5 

Figure P.37
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Multiple Transformations
Any combination of stretching, shrinking, reflecting, horizontal translation, and verti-
cal translation transforms one function into a new function. If a transformation does 
not change the shape of a graph, then it is a rigid transformation. If the shape changes, 
then it is nonrigid. Stretching and shrinking are nonrigid transformations. Translating 
(horizontally or vertically) and reflection are rigid transformations.

When graphing a function involving more than one transformation, 
y = aƒ1x - h2 + k, apply the transformations in the order that we discussed them: 
h-a-k. Remember that this order is simply the order of operations.

Figure P.38

y

x1–2–3 2 3

1

–1

–2

4

4

3

5

(–1, 3)

(–1, 1)

(–1, –2)

g(x) = x2 + 2

f (x) = x2

h(x) = x2 – 3 PROCEDURE

Multiple Transformations

To graph y = af1x - h2 + k  apply the transformations in the following 
order:

1. Horizontal translation (h)

2. Reflecting/stretching/shrinking (a)

3. Vertical translation (k)

Note that the order in which you reflect and stretch or reflect and shrink does not 
matter. It does matter that you do vertical translation last. For example, if y = x2 
is reflected in the x-axis and then translated up one unit, the equation for the graph 
is y = -x2 + 1. If y = x2 is translated up one unit and then reflected in the x-axis, 
the equation for the graph in the final position is y = -1x2 + 12 or y = -x2 - 1. 
Changing the order has resulted in different functions.

Use transformations to graph each function.

a. y = -21x - 322 + 4

b. y = 4 - 22x + 1

Solution

a. This function is in the square family. So the graph of y = x2 is translated 3 units 
to the right, reflected and stretched by a factor of 2, and finally translated 4 units 
upward. See Fig. P.39.

EXAMPLE 6 Graphing using several transformations

Figure P.39

x

y

1–1–2–3 2 3 54

1

–1
–2
–3

–4
–5
–6

2

4
3

y = x2 

y = –2(x – 3)2 + 4

y = –2(x – 3)2 

y = (x – 3)2 

b. Rewrite the function as y = -22x + 1 + 4 and recognize that it is in the square-

root family. So we start with the graph of y = 1x. The graph of y = 2x + 1 
is a horizontal translation one unit to the left of y = 1x. Stretch by a factor of 
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 P.3 Families of Functions, Transformations, and Symmetry 27

Figure P.40

y

x1–1 2 3

2

1

–1

–2

–3

–4

4

3

y

x1–1 2 3

2

1

–1

–2

–3

–4

4

3

y

x1–1 2 3

2

1

–1

–2

–3

–4

4

3

y

x1–1 2 3

2

1

–2

–3

–4

4

3

y

x1–1 2 3

2

1

–1

–2

–3

–4

4

3

Stretch ReflectTranslate left Translate up

y = 2 y = –

y = 4 – y = x y = x + 1

x + 1 2 x + 1

2 x + 1

2 to get y = 22x + 1. Reflect in the x-axis to get y = -22x + 1. Finally, 

translate 4 units upward to get the graph of y = -22x + 1 + 4. All of these 
graphs are shown in Fig. P.40.

TRY THIS. Graph y = 4 - 2 0 x + 1 0 .

Symmetry
The graph of g1x2 = -x2 is a reflection in the x-axis of the graph of ƒ1x2 = x2. If 
the paper were folded along the x-axis, the graphs would coincide. See Fig. P.41. 
The symmetry that we call reflection occurs between two functions, but the graph of 
ƒ1x2 = x2 has a symmetry within itself. Points such as (2, 4) and 1-2, 42 are on the 
graph and are equidistant from the y-axis. Folding the paper along the y-axis brings 
all such pairs of points together. See Fig. P.42. The reason for this symmetry about 
the y-axis is the fact that ƒ1-x2 = ƒ1x2 for any real number x. We get the same 
y-coordinate whether we evaluate the function at a number or at its opposite.

Figure P.41

y

–3

–2

–4

–6

3

2

6

–2

4

x

g(x) = –x2

f(x) = x2

(2, 4)

2

(2, –4)(–2, –4)

(–2, 4)

Figure P.42

y

–1–2 1 2

2

6

x

f(x) = x2

(2, 4)4(–2, 4)

(1, 1)(–1, 1)

Definition: Symmetric  
about the y-Axis 

If ƒ1-x2 = ƒ1x2 for every value of x in the domain of the function ƒ, then ƒ is 
an even function and its graph is symmetric about the y-axis.

The graph of y = ƒ1-x2 is a reflection in the y-axis of the graph of y = ƒ1x2. If 
the function is even, these graphs are identical. For an example, graph y = x2 and 
y = 1-x22. If the function is not even, the graphs are not identical, but each is still 
a reflection in the y-axis of the other. For an example, graph y = x3 and y = 1-x23.
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28 Chapter P Algebraic Prerequisites

Consider the graph of ƒ1x2 = x3 shown in Fig. P.43. It is not symmetric about 
the y-axis like the graph of ƒ1x2 = x2, but it has another kind of symmetry. On the 
graph of ƒ1x2 = x3 we find pairs of points such as (2, 8) and 1-2, -82. These points 
are equidistant from the origin and on opposite sides of the origin. So the symme-
try of this graph is about the origin. In this case, ƒ(x) and ƒ1-x2 are not equal, but 
ƒ1-x2 = -ƒ1x2.

Definition: Symmetric 
about the Origin 

If ƒ1-x2 = -ƒ1x2 for every value of x in the domain of the function ƒ, then ƒ is 
an odd function and its graph is symmetric about the origin.

We can look at a graph and see if it is symmetric about the y-axis or the origin, 
but it makes graphing easier and more accurate if we can identify symmetry before 
graphing. Using the definitions, we can determine whether a function is even, odd, or 
neither from the formula defining the function. If we know about symmetry (or the 
lack of it) in advance, then we know what to expect when we plot points.

Discuss the symmetry of the graph of each function.

a. ƒ1x2 = 5x3 - x b. ƒ1x2 = 0 x 0 + 3 c. ƒ1x2 = x2 - 3x + 6

Solution

a. Replace x by -x in the formula for ƒ(x) and simplify:

ƒ1-x2 = 51-x23 - 1-x2 = -5x3 + x

Is ƒ1-x2 equal to ƒ(x) or the opposite of ƒ(x)? Since -ƒ1x2 = -5x3 + x, we have 
ƒ1-x2 = -ƒ1x2. So ƒ is an odd function and the graph is symmetric about the 
origin.

b. Since 0-x 0 = 0 x 0  for any real number x, we have ƒ1-x2 = 0-x 0 + 3 =  0 x 0 + 3. 
Because ƒ1-x2 = ƒ1x2, the function is even and the graph is symmetric about 
the y-axis.

c. In this case, ƒ1-x2 = 1-x22 - 31-x2 + 6 = x2 + 3x + 6. So ƒ1-x2 ≠ ƒ1x2 
and ƒ1-x2 ≠ -ƒ1x2. This function is neither odd nor even, and its graph has 
neither type of symmetry.

TRY THIS. Discuss the symmetry of the graph of ƒ1x2 = -2x2 + 5.

EXAMPLE 7 Determining symmetry in a graph

Figure P.43

y

–2
–2

–4

–6

1 2

2

6

8

4

–8

x

f(x) = x3

(2, 8)

(–2, –8)

(0, 0)

1. The graph of ƒ1x2 = 1-x24 is a reflection in the x-axis 
of the graph of g1x2 = x4.

2. The graph of ƒ1x2 = x2 - 4 lies 4 units to the right of 
the graph of g1x2 = x2.

3. The graph of y = 0 x + 2 0 + 2 is a translation 2 units to 
the right and 2 units upward of the graph of y = 0 x 0 .

4. The graph of ƒ1x2 = -3 is a reflection in the x-axis of 
the graph of g1x2 = 3.

5. The functions y = x2 + 4x + 1 and 
y = 1x + 222 - 3 have the same graph.

6. The graph of y = -1x - 322 - 4 can be obtained by 
moving y = x2 a distance of 3 units to the right and 
down 4 units, and then reflecting in the x-axis.

7. If ƒ1x2 = -x3 + 2x2 - 3x + 5, then 
ƒ1-x2 = x3 + 2x2 + 3x + 5.

8. The graphs of ƒ1x2 = -1x and g1x2 = 1-x are 
identical.

9. If ƒ1x2 = x3 - x, then ƒ1-x2 = -ƒ1x2.

10. The graph of y = x3 is symmetric with respect to the 
origin.

FOR THOUGHT... True or False? Explain.
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 P.3 Exercises 29

CONCEPTS

Fill in the blank.

 1. Translating and reflecting are ___________ transformations.

 2. Stretching and shrinking are __________ transformations.

 3. The graph of y = -ƒ1x2 is a(n) __________ of the graph of 
y = ƒ1x2.

 4. The graph of y = ƒ1x2 + k is a(n) __________ of the graph 
of y = ƒ1x2 if k 7 0 or a(n) __________ if k 6 0.

 5. The graph of y = ƒ1x - h2 is a translation to the __________ 
of the graph of y = ƒ1x2 if h 7 0 or a translation to the 
__________ if h 6 0.

 6. The graph of y = aƒ1x2 is obtained by __________ the graph 
of y = ƒ1x2 if a 7 1 or __________ the graph of y = ƒ1x2 if 
0 6 a 6 1.

 7. If ƒ1-x2 = -ƒ1x2 for every x in the domain of ƒ, then ƒ is 
a(n) __________ function.

 8. If ƒ1-x2 = ƒ1x2 for every x in the domain of ƒ, then ƒ is a(n) 
__________ function.

 9. The graph of y = aƒ1x - h2 + k is a(n) __________ of the 
graph of y = ƒ1x2.

 10. All transformations of a function form a(n) __________ of 
functions.

SKILLS

Sketch the graphs of each pair of functions on the same coordinate 
plane.  

 11. ƒ1x2 = 1x, g1x2 = -1x

 12. ƒ1x2 = x 2 + 1, g1x2 = -x 2 - 1

 13. y = x, y = -x

 14. y = 24 - x2, y = -24 - x2

 15. ƒ1x2 = 0 x 0 , g1x2 = 0 x 0 - 4

 16. ƒ1x2 = 1x, g1x2 = 1x + 3

 17. ƒ1x2 = x, g1x2 = x + 3

 18. ƒ1x2 = x2, g1x2 = x2 - 5

 19. y = x2, y = 1x - 322

 20. y = 0 x 0 , y = 0 x + 2 0
 21. ƒ1x2 = x3, g1x2 = 1x + 123

 22. ƒ1x2 = 1x, g1x2 = 2x - 3

 23. y = 1x, y = 31x

 24. y = 0 x 0 , y =
1

3
 0 x 0

 25. y = x2, y =
1

4
  x2

 26. y = x2, y = 4 - x2

The figure for Exercises 27–34 shows eight parabolas. Match each 
function with its graph (a)–(h). 

 27. y = x 2  28. y = 1x - 422 + 2

 29.  y = 1x + 422 - 2  30. y = -21x - 222

 31. y = -21x + 222  32. y = -
1

2
  x2 - 4

 33. y =
1

2
1x + 422 + 2  34. y = -21x - 422 - 2

y

x–1–3–4
–1

–2

–3

1 2 3–2

2

5

4 5

4

3

1

–5

(h)

(g)

(d)

(e)
(a)

(c)

(b)

(f)

Figure for Exercises 27–34

Write the equation of each graph in its final position. 

 35. The graph of y = x 2 is translated 10 units to the right and 4 
units upward.

 36. The graph of y = 1x is translated 5 units to the left and 12 
units downward.

 37. The graph of y = 0 x 0  is reflected in the x-axis, stretched by 
a factor of 3, then translated 7 units to the right and 9 units 
upward.

 38. The graph of y = x is stretched by a factor of 2, reflected in 
the x-axis, then translated 8 units downward and 6 units to the 
left.

 39. The graph of y = 1x is stretched by a factor of 3, 
translated 5 units upward, then reflected in the x-axis.

 40. The graph of y = x2 is translated 13 units to the right 
and 6 units downward, then reflected in the x-axis.

Use transformations to graph each function.

 41. y = 2x - 1 + 2 42. y = 2x + 5 - 4

 43. y = 0 x - 1 0 + 3 44. y = 0 x + 3 0 - 4

P.3 EXERCISES
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30 Chapter P Algebraic Prerequisites

 45. y = 3x - 40 46. y = -4x + 200

 47. y =
1

2
 x - 20 48. y = -

1

2
 x + 40

 49.  y = -
1

2
 0 x 0 + 40 50. y = 3 0 x 0 - 200

 51.  y = -
1

2
 0 x + 4 0  52. y = 3 0 x - 2 0

 53. y = -1x - 322 + 1 54. y = -1x + 222 - 4

 55.  y = -21x + 322 - 4 56. y = 31x + 122 - 5

 57. y = -22x + 3 + 2 58. y = -
1

2
2x + 2 + 4

Determine whether the graph of each function is symmetric about 
the y-axis or the origin. Indicate whether the function is even, odd, 
or neither. 

y

x1–1 2 3 4 5

1

–1

–2

–3

–4

 (c) 

y

x1 2 3 4 5

1

6

2

3

–1

–2

 (d) 

 59.  ƒ1x2 = x4  60. ƒ1x2 = x4 - 2x2

 61. ƒ1x2 = x4 - x3  62. ƒ1x2 = x3 - x

 63. ƒ1x2 = 1x + 322  64. ƒ1x2 = 1x - 122

 65. ƒ1x2 = 1x  66. ƒ1x2 = 0 x 0 - 9 

 67.  ƒ1x2 = x  68. ƒ1x2 = -x

 69. ƒ1x2 = 3x + 2  70. ƒ1x2 = x - 3

 71. ƒ1x2 = x3 - 5x + 1  72. ƒ1x2 = x6 - x4 + x2

 73. ƒ1x2 = 0 x - 2 0  74. ƒ1x2 = 1x2 - 223

 75. ƒ1x2 = 1 +
1

x2

Match each function with its graph (a)–(h). 

 77.  y = 2 + 1x  78. y = 22 + x

 79. y = 2x 2  80. y = B x

2

 81. y =
1

2
1x  82. y = 2 - 2x - 2

 83.  y = -21x  84. y = -1-x

y

x1–1–2 2 3 4

1

–1

2

 (a) 

y

x1 2 3

2

1

4 5–1
–1

 (b) 

y

x1 2 3 4 5

1

6

2

3

4

–1

 (e) 

y

x1–1
–1

–2

–3

–2–3–4–5

1

 (f) 
y

x1–1
–1

–2–3 2 3

2

3

1

 (g) 

y

x2 4 6

4

8

2

 (h) 

MODELING

Solve each problem. 

 85.  Across-the-Board Raise Each teacher at C. F. Gauss Elemen-
tary School is given an across-the-board raise of $2000. Write 
a function that transforms each old salary x into a new salary 
N(x).

 86. Cost-of-Living Raise Each registered nurse at Blue Hills 
Memorial Hospital is first given a 5% cost-of-living raise and 
then a $3000 merit raise. Write a function that transforms 
each old salary x into a new salary N(x). Does it make any 
difference in which order these raises are given? Explain.

 87. Unemployment Versus Inflation The Phillips curve shows the 
relationship between the unemployment rate x and the infla-
tion rate y. If the equation of the curve is y = 1 - 1x for 
a certain third world country, then for what value of x is the 
inflation rate 50%?

In
fla

tio
n 

ra
te

Unemployment rate

1

10.50 0.750.25

0.75

0.50

0.25

 

Figure for Exercise 87

 76. ƒ1x2 = 29 - x2
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 P.4 Compositions and Inverses 31

 1. What is the equation of the curve y = 1x after it is translated 
8 units upward?

 2. What is the equation of the curve y = x2 after it is translated 
9 units to the right?

 3. What is the equation of the curve y = x3 after it is reflected in 
the x-axis?

 4. Find the domain and range for y = -22x - 1 + 5.

 5. If the curve y = x2 is translated 6 units to the right, stretched 
by a factor of 3, reflected in the x-axis, and translated 4 units 
upward, then what is the equation of the curve in its final 
 position?

 6. Is y = 24 - x2 even, odd, or neither?

P.3 POP QUIZ

 88. Production Function The production function shows the rela-
tionship between inputs and outputs. A manufacturer of custom 
windows produces y windows per week using x hours of labor 
per week, where y = 1.751x. How many hours of labor are 
required to keep production at 28 windows per week?

N
um

be
r 

of
 w

in
do

w
s

Labor (hr)

40

400200 300100

30

20

10

Figure for Exercise 88

WRITING/DISCUSSION

 89. Graph each pair of functions (without simplifying the second 
function) on the same screen of a graphing calculator and 
explain what each exercise illustrates.

a. y = x4 - x2, y = 1-x24 - 1-x22

b. y = x3 - x, y = 1-x23 - 1-x2
c. y = x4 - x2, y = 1x + 124 - 1x + 122

d. y = x3 - x , y = 1x - 223 - 1x - 22 + 3

 90. Graph y = x 3 + 6x 2 + 12x + 8 on a graphing calculator. 
The graph is a transformation of the graph of a simpler func-
tion. What is the transformation?

REVIEW

 91.  Find the equation of a circle with center (0, 0) and radius 1.

 92. Find the equation of a horizontal line through (0, 5).

 93.  Find the equation of a vertical line through (4, 0).

 94. What equation expresses the area of a square as a function of 
its side?

 95. Find ƒ(6) and ƒ1-x2 if ƒ1x2 = 2x2 - 3x.

 96. Find a if ƒ1a2 = 9 and ƒ1x2 = 2x2 + 1.

OUTSIDE THE BOX

 97. Door Prizes One thousand tickets numbered 1 through 1000 
are placed in a bowl. The tickets are drawn for door prizes 
one at a time without replacement. How many tickets must 
be drawn from the bowl to be certain that one of the num-
bers on a selected ticket is twice as large as another selected 
number?

 98. Completing the Rectangle A rectangle has opposite vertices 
at 11, -12 and (3, 5). The other two vertices lie on the line 
y = 2. Find their coordinates.

We are composing two functions when the output of one function is used as the input 
for a second function. If the second function undoes what the first function did, the 
functions are inverse functions. In this section we study compositions and inverses 
of the functions of algebra. We will see compositions and inverses throughout trigo-
nometry as well.

Composition of Functions
If w is a function of t and z is a function of w, then z is a function of t. The function 
in which z is determined from t is the composition of the other two functions.

P.4 Compositions and Inverses
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32 Chapter P Algebraic Prerequisites

Note that to find 1ƒ ∘ g21x2 using function notation, we substitute g(x) for x in the 
function ƒ.

Express the area of a circle as a function of its diameter.

Solution

The equation r = d>2 expresses the radius as a function of the diameter. The equa-
tion A = pr 2 expresses the area as a function of the radius. By substituting d>2 for 
r we get

A = p 
d 2

4
,

which expresses the area as a function of the diameter.

TRY THIS. The diameter of a circle is a function of the radius 1d = 2r2, and the radius 
is a function of the circumference 1r = C>12p22. Express d as a function of C.

EXAMPLE 1 Composition of functions given 
as formulas

Definition: Composition 
of Functions 

If ƒ and g are two functions, the composition of ƒ and g, written ƒ ∘ g, is a func-
tion that is defined by the equation

1ƒ ∘ g21x2 = ƒ1 g1x22,

provided that g(x) is in the domain of ƒ. The composition of g and ƒ is written 
g ∘ ƒ.

In Example 1 it was merely a matter of substitution to find the composition of 
two functions that are given as formulas. The composition of two functions given in 
function notation is a function that is defined as follows.

Let ƒ1x2 = 2x, g1x2 = 2x - 1, and h1x2 = x 2. Evaluate each expression.

 a. 1ƒ ∘ g2152 b. 1 g ∘ h21x2 c. 1h ∘ g21x2
Solution

a. The expression 1ƒ ∘ g2152 means to apply ƒ to g(5):

  1ƒ ∘ g2152 = ƒ1 g1522 Definition of composition

  = ƒ192 Since g152 = 2 # 5 - 1 = 9

  = 29

  = 3

b. The expression 1 g ∘ h21x2 means to apply g to h(x):

  1 g ∘ h21x2 = g1h1x22 Definition of composition

  = g1x 22 Since h1x2 = x 2

  = 2x 2 - 1 Substitute x 2 for x in g1x2 = 2 x - 1.

EXAMPLE 2 Evaluating compositions defined  
by function notation
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 P.4 Compositions and Inverses 33

In Example 2 we combined functions to form a composition function. In the next 
example we start with a function and express it as a composition of simpler functions. 
Viewing a function as a composition of simpler functions will help you understand 
inverse functions, which are discussed next.

c. The expression 1h ∘ g21x2 means that we are to apply h to g(x):

  1h ∘ g21x2 = h1 g1x22 Definition of composition

  = h12x - 12 Since g1x2 = 2 x - 1 

  = 12x - 122 Substitute 2 x - 1 for x in h1x2 = x2.

  = 4x2 - 4x + 1 Simplify.

TRY THIS. Let h1x2 = 2x - 1 and j1x2 = 2x. Find 1h ∘ j2152 and 1  j ∘ h2152.

Note that for the composition ƒ ∘ g to be defined at x, g(x) must be in the domain 
of ƒ. So the domain of ƒ ∘ g is the set of all values of x in the domain of g for which 
g(x) is in the domain of ƒ. The diagram shown in Fig. P.44 will help you to understand 
the composition of functions.

Figure P.44

g fx g(

g(x) must be in the
domain of f.

x) f(g(x))

f ° g

Express H1x2 = 1x + 322 as a composition of simpler functions.

Solution

To find the second coordinate of an ordered pair for the function H1x2 = 1x + 322, 
we start with x, add 3 to x, then square the result. These two operations can be accom-
plished by composition, using ƒ1x2 = x + 3 followed by g1x2 = x2 :

1 g ∘ ƒ21x2 = g1ƒ1x22 = g1x + 32 = 1x + 322

So the function H is the same as the composition of g and ƒ, H = g ∘ ƒ. Notice that 
1ƒ ∘ g21x2 = x2 + 3 and it is not the same as H(x).

TRY THIS. Express K1x2 = 2x - 3 as a composition of simpler functions.

EXAMPLE 3 Expressing a function as a composition

One-to-One and Invertible Functions
Consider a medium pizza that costs $5 plus $2 per topping. Table P.2 shows the 
ordered pairs of the function that determines the cost. Note that for each number of 
toppings there is a unique cost and for each cost there is a unique number of top-
pings. There is a one-to-one correspondence between the domain and range of this 
function. The function is a one-to-one function. For a function that is not one-to-one, 
consider a Wendy’s menu. Every item corresponds to a unique price, but the price 
$0.99 corresponds to many different items.

Toppings 
x

Cost 
y

0
1
2
3
4

$ 5
7
9

11
13

Table P.2 
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34 Chapter P Algebraic Prerequisites

Because the function in Table P.2 is one-to-one, we can determine the number 
of toppings when given the cost as shown in Table P.3. Of course, we could just read 
Table P.2 backward, but we make a new table to emphasize that there is a new func-
tion under discussion. Table P.3 is the inverse function of the function in Table P.2.

A function is a set of ordered pairs in which no two ordered pairs have the 
same first coordinates and different second coordinates. If we interchange the x- and 
y-coordinates in each ordered pair of a function, as in Tables P.2 and P.3, the resulting 
set of ordered pairs might or might not be a function. If the original function is one-
to-one, then the set obtained by interchanging the coordinates in each ordered pair 
is a function, the inverse function. If a function is one-to-one, then it has an inverse 
function or is invertible.

Definition:  
One-to-One Function 

If a function has no two ordered pairs with different first coordinates and the same 
second coordinate, then the function is a one-to-one function.

Cost 
x

Toppings 
y

$ 5
7
9

11
13

0
1
2
3
4

Table P.3 

Definition:  
Inverse Function 

The inverse of a one-to-one function ƒ is the function ƒ -1 (read “ƒ inverse”), 
where the ordered pairs of ƒ -1 are obtained by interchanging the coordinates in 
each ordered pair of ƒ.

In this notation, the number -1 in ƒ -1 does not represent a negative exponent. It is 
merely a symbol for denoting the inverse function.

If an invertible function is given by a formula, then the inverse function is found 
by interchanging x and y in the formula and solving for y. This method is called the 
switch-and-solve method.

The function y = 2 x + 5 gives the cost of a pizza where $5 is the basic cost and x is 
the number of toppings at $2 each. Find the inverse function.

Solution

To find the inverse, interchange x and y:

  y = 2x + 5 The function

  x = 2y + 5 The inverse function

Now solve for y:

 x - 5 = 2y

  
x - 5

2
= y

The inverse function is y = x - 5
2 , where x is the cost and y is the number of toppings.

TRY THIS. The function y = 40x + 25 gives the cost, in dollars y, for a service call 
that takes x hours. Find the inverse function.

EXAMPLE 4 The Switch-and-Solve Method

If we had used function notation in Example 4, we would have ƒ1x2 = 2x + 5 
and ƒ -11x2 = x - 5

2 . In the next example we find the inverse of a function expressed 
in function notation.
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 P.4 Compositions and Inverses 35

Example 5 suggests the following steps for finding an inverse function using 
function notation.

Find the inverse of the function ƒ1x2 = 2x3 + 1.

Solution

Write the function with y instead of ƒ(x) and then interchange x and y:

  ƒ1x2 = 2x3 + 1 The original function

  y = 2x3 + 1 Replace ƒ(x) with y.

  x = 2y3 + 1 Interchange x and y.

Now solve for y:

 x - 1 = 2y3

  
x - 1

2
= y3

  B3  
x - 1 

2
= y

Now replace y by ƒ -11x2 to get ƒ -11x2 = 43 x - 1
2 .

TRY THIS. Find the inverse of h1x2 = x3 - 5.

EXAMPLE 5 The Switch-and-Solve Method 
with  Function Notation

PROCEDURE

Finding ƒ −1(x) by the Switch-and-Solve Method

To find the inverse of an invertible function given in function notation:

1. Replace ƒ(x) by y.

2. Interchange x and y.

3. Solve the equation for y.

4. Replace y by ƒ −1(x).

Since the coordinates in the ordered pairs are interchanged, the domain of ƒ -1 
is the range of ƒ, and the range of ƒ -1 is the domain of ƒ as shown in Fig. P.45. The 
functions ƒ and ƒ -1 are inverses of each other. Because each function undoes what the 
other does, the composition of a function and its inverse is the identity function. If we 
start with x and apply the function followed by its inverse function we end up with x.

Figure P.45

f(x) = 2x + 5

f –1(x) = x – 5——–
2

f ––

f
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36 Chapter P Algebraic Prerequisites

Remember that the inverse function undoes the function. In Example 6, ƒ132 = 7 
and ƒ -1172 = 3.

The function ƒ1x2 = x 2 is not invertible because it is not one-to-one: ƒ122 = 4 
and ƒ1-22 = 4. Even though ƒ1x2 = x2 is not invertible, it is convenient to think 
of square and square root as inverse functions. This problem is easily corrected by 
restricting the domain of the square function. The function ƒ1x2 = x2 for x Ú 0 is 
invertible, and its inverse is ƒ -11x2 = 1x. The domain of the function must be the 
range of the inverse function and vice versa.

Graphs of ƒ and ƒ−1

If a point (a, b) is on the graph of an invertible function ƒ, then (b, a) is on the graph 
of ƒ -1. See Fig. P.46. Since the points (a, b) and (b, a) are symmetric with respect to 
the line y = x, the graph of ƒ -1 is a reflection of the graph of ƒ with respect to the 
line y = x.

Let ƒ1x2 = 2x + 1 and ƒ -11x2 = x - 1
2 . Evaluate each expression.

 a. 1ƒ -1 ∘ ƒ 21x2 b. 1ƒ ∘ ƒ -121x2
Solution

a. (ƒ -1 ∘ ƒ )(x) = ƒ -1(ƒ(x)) = ƒ -1(2x + 1) =
2x + 1 - 1

2
= x

b. (ƒ ∘ ƒ -1)(x) = ƒ(ƒ -1(x)) = ƒax - 1

2
b = 2ax - 1

2
b + 1 = x

TRY THIS. Let ƒ1x2 = x3 + 7 and ƒ -11x2 = 23 x - 7. Find 1ƒ -1 ∘ ƒ21x2.

EXAMPLE 6 Compositions of inverse functions

Figure P.46

f
y

x

(b, a)
f –1

y = x
(a, b)

Find the inverse of the function ƒ1x2 = 2x - 1 and graph both ƒ and ƒ -1 on the 
same coordinate axes.

Solution

If we interchange x and y in y = 2x - 1, we get x = 2y - 1. Now solve for y:

  x = 2y - 1

  x2 = y - 1

  x2 + 1 = y

Since y Ú 0  in y = 2x - 1, we must have x Ú 0 in y = x2 + 1. So ƒ -11x2 =  x2 + 1 
for x Ú 0. The graphs of ƒ and ƒ -1 are shown in Fig. P.47. Notice that the graph of 
ƒ -1 is a reflection of the graph of ƒ.

TRY THIS. Find the inverse of ƒ1x2 = 2x + 2 and graph ƒ and ƒ -1.

EXAMPLE 7 Graphing a function and its inverse

Figure P.47

y

x1–1 2 3

2

1

–2

4

5

4 5

3

6 7 8 9

6

7

8

9

(2, 1)

(1, 2)

f (x) =   x – 1

f –1(x) = x2 + 1

for x ≥ 0

y = x

Finding Inverses Using Composition
It is no surprise that the inverse of ƒ1x2 = x2 for x Ú 0 is the function ƒ -11x2 = 1x. 
For nonnegative numbers, taking the square root undoes what squaring does. It is 
also no surprise that the inverse of ƒ1x2 = 3x is ƒ -11x2 = x>3 or that the inverse of 
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 P.4 Compositions and Inverses 37

ƒ1x2 = x + 9 is ƒ -11x2 = x - 9. If an invertible function involves a single opera-
tion, it is usually easy to write the inverse function because for each common opera-
tion there is an inverse operation. If an invertible function is composed of more than 
one operation, we find the inverse function by applying the inverse operations in 
the opposite order from the order in which they appear in the original function. If 
ƒ1x2 = 1x + 2 1range 32, ∞22 then ƒ  

-11x2 = 1x - 222 for x Ú 2. The domain of 
the inverse is the range of the function.

Find the inverse of each function.

 a. ƒ1x2 = 2x + 1 b. g(x) =
x3 + 5

2

Solution

a. The function ƒ1x2 = 2x + 1 is a composition of multiplying x by 2 and then add-
ing 1. So the inverse function is a composition of subtracting 1 and then dividing 
by 2: ƒ -11x2 = 1x - 12>2. See Fig. P.48.

EXAMPLE 8 Finding inverses using composition

Figure P.48

f

Multiply by 2

Divide by 2

Add 1

Subtract 1

x

x

f –1

2x + 12x

x – 1
2

x – 1

Figure P.49

g

Cube Add 5

Subtract 5

x Divide by 2

Multiply by 2 x
3

g–1

x3 + 5x3 + 5
2

2x

x3

2x – 52x – 5 Take cube root

b. The function g1x2 = 1x3 + 52>2 is a composition of cubing x, adding 5, and 
dividing by 2. The inverse is a composition of multiplying by 2, subtracting 5, and 

then taking the cube root: g-11x2 = 23 2x - 5. See Fig. P.49.

TRY THIS. Find the inverse of ƒ1x2 = 2
3 x + 6.
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38 Chapter P Algebraic Prerequisites

1. If s = P>4 and A = s2, then A is a function of P.

2. If t = x - 1 and y = t 2, then y = x2 - 1.

3. If ƒ1x2 = 1x and g1x2 = x - 2, then 
1ƒ ∘ g21x2 = 1x - 2.

4. If ƒ1x2 = 5x and g1x2 = x>5, then 
1ƒ ∘ g21x2 = 1 g ∘ ƒ21x2 = x.

5. If F1x2 = 1x - 922, g1x2 = x2, and h1x2 = x - 9, 
then F = h ∘ g.

6. If ƒ1x2 = 2x + 1, then ƒ -11x2 = 1
2 x - 1.

7. If ƒ1x2 = x3 - 5, then ƒ -11x2 = 23 x + 5.

8. If g1x2 = x2, then g-11x2 = 1x.

9. Every function has an inverse function.

10. The only functions that are invertible are the one-to-one 
 functions.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. For two functions ƒ and g, the function ƒ ∘ g is the 
__________ of ƒ and g.

 2. If a function has no two ordered pairs with different first coor-
dinates and the same second coordinate, then the function is 
__________.

 3. If a function is one-to-one, then it is __________.

 4. If ƒ is one-to-one, then the function obtained by interchanging 
the coordinates in each ordered pair of ƒ is the __________ 
of ƒ.

 5. The __________ method gives four steps for finding the 
inverse of a function defined by a formula.

 6. The graphs of ƒ and ƒ -1 are __________ with respect to the 
line y = x.

SKILLS

Use the two given functions to write y as a function of x. 

 7.  y = 2a - 3, a = 3x + 1

 8. y = -4 d - 1, d = -3x - 2

 9.  y = w2 - 2, w = x + 3

 10. y = 3t 2 - 3, t = x - 1

 11.  y = 3m - 1, m =
x + 1

3

 12. y = 2z + 5, z =
1

2
 x -

5

2

 13. y = 2 k 3 - 1, k = A3 x + 1

2

 14. y =
s3 + 1

5
, s = 23 5x - 1

Let ƒ1x2 = 3x - 1, g1x2 = x2 + 1, and h(x) =
x + 1

3
. Evaluate 

each expression. 

 15.  ƒ1g1-122  16. g1ƒ1-122
 17. 1ƒ ∘ h2152  18. 1h ∘ ƒ21-72
 19.  1ƒ ∘ g2142  20. 1g ∘ h21-92
 21. ƒ1g1x22  22. g1ƒ1x22
 23. 1g ∘ ƒ21x2  24. 1ƒ ∘ g21x2
 25.  1h ∘ g21x2  26. 1g ∘ h21x2

Let ƒ1x2 = 0 x 0 , g1x2 = x - 7, and h1x2 = x2. Write each of the 
following functions as a composition of functions chosen from f, g, 
and h. 

 27.  F1x2 = x2 - 7  28. G1x2 = 0 x 0 - 7

 29. H1x2 = 1x - 722  30. M1x2 = 0 x - 7 0
 31. N1x2 = 0 x2 0  32. R1x2 = 0 x 0  2
Find the inverse of each function. 

 33.  y = 3x - 7  34. y = -2x + 5

 35.  y = 2 + 2x - 3  36. y = 23x - 1†

 37. ƒ1x2 = -x - 9  38. ƒ1x2 = -x + 3

 39. ƒ(x) = -
1
x

 40. ƒ1x2 = x

P.4 EXERCISES
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 P.4 Exercises 39

 41.  ƒ1x2 = 23 x - 9 + 5

 42. ƒ(x) = A3 x

2
+ 5

 43.  ƒ1x2 = 1x - 222 for x Ú 2

 44. ƒ1x2 = 1x + 322 for x Ú -3

Show that 1ƒ ∘ ƒ -121x2 = x and 1ƒ -1 ∘ ƒ21x2 = x for each given 
pair of functions. 

 45. ƒ(x) = 2x - 1, ƒ -1(x) =
1

2
 x +

1

2

 46. ƒ(x) =
x + 1

3
, ƒ -11x2 = 3x - 1

 47.  ƒ1x2 = 4x + 4, ƒ -11x2 = 0.25x - 1

 48. ƒ1x2 = 20 - 5x, ƒ -11x2 = -0.2x + 4

 49. ƒ(x) = 23 4 - 3x, ƒ -1(x) =
4 - x3

3

 50. ƒ1x2 = x3 + 5, ƒ -11x2 = 23 x - 5

 51. ƒ1x2 = 23 x 5 - 1, ƒ -11x2 = 25 x 3 + 1 

 52. ƒ1x2 = x3>5 - 3, ƒ -11x2 = 1x + 325>3

Find the inverse of each function and graph both f and ƒ -1 on the 
same coordinate plane. 

 53. ƒ1x2 = 3x + 2

 54. ƒ1x2 = -x - 8

 55. ƒ1x2 = x2 - 4 for x Ú 0

 56. ƒ1x2 = 1 - x2 for x Ú 0

 57. ƒ1x2 = x3

 58. ƒ1x2 = -x3

 59. ƒ1x2 = 2x - 3

 60. ƒ1x2 = 2x - 3

Each of the following functions is invertible. Find the inverse using 
composition.

 61. ƒ1x2 = 5x + 2

 62. ƒ1x2 = 0.5x - 1

 63. ƒ1x2 = 2 x - 88

 64. ƒ1x2 = 3x + 99

 65. ƒ1x2 = 4 - 3x

 66. ƒ1x2 = 5 - 2 x

 67. ƒ(x) =
x

2
- 9

 68. ƒ(x) =
x

3
+ 6

 69. ƒ(x) =
1
x

+ 3

 70. ƒ(x) =
1

x + 3

 71.  ƒ1x2 = 23 x - 9

 72. ƒ1x2 = 23 x - 9

 73. ƒ1x2 = 2 x3 - 7

 74. ƒ1x2 = -x3 + 4

MODELING

Solve each problem.

 75.  Write the area A of a square with a side of length s as a func-
tion of its diagonal d.

 76. Write the perimeter of a square P as a function of the area A.

d s

s

s

s

Figure for Exercises 75 and 76

 77. Withholding A student sells ice cream bars. Her weekly  salary 
is given by S1x2 = 0.40x + 200, where x is the number of 
ice cream bars sold. Her employer determines the amount 
 withheld for taxes using the function W1x2 = 0.20x, where x 
is her weekly salary. Write the amount withheld as a function 
of the number of ice cream bars sold.
HINT Use composition.

 78. Making Radios The number of radios shipped by ABC 
 Electronics per week to its factory stores is given by 
S1x2 = 0.90x, where x is the number manufactured. 
The  number of radios purchased per week is given by 
P1x2 = 0.80x, where x is the number shipped. Write the 
 number purchased per week as a function of the number 
 manufactured.

 79.  Price of a Car If the tax on a new car is 8% of the purchase 
price P, express the total cost C as a function of the purchase 
price. Express the purchase price P as a function of the total 
cost C.

 80. Volume of a Cube Express the volume of a cube V(x) as a func-
tion of the length of a side x. Express the length of a side of a 
cube S(x) as a function of the volume x.

 81. Poiseuille’s Law Under certain conditions, the veloc-
ity V of blood in a vessel at distance r from the center 
of the vessel is given by V = 50015.625 * 10-5 - r 22 
where 0 … r … 7.5 * 10-3. Write r as a function of V.

 82. Expenditures Versus Income The amount of household expen-
ditures E (in dollars) is related to income I (in dollars) by the 
equation E = 0.4I + 10,000. Write I as a function of E. For 
what income is E = I?
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 83.  Depreciation Rate A new Lexus sells for about $50,000. The 

function r = 1 - a V

50,000
b

1>5
 expresses the depreciation 

rate r for a five-year-old car as a function of the value V of a 
five-year-old car. What is the depreciation rate for a car that 
is worth $18,000 after five years? Write V as a function of r.

D
ep

re
ci

at
io

n 
ra

te

Value (thousands of $)

1

5030 402010

0.5

0.25

0.75

r = 1 – (          )V
50,000

1/5

 

Figure for Exercise 83

 84. Growth Rate One measurement of the quality of a mutual 
fund is its average annual growth rate over the last 10 years. 

The function r = a P

10,000
b

1>10

- 1 expresses the average 

annual growth rate r as a function of the present value P of an 
investment of $10,000 made 10 years ago. An investment of 
$10,000 in Fidelity’s Contrafund in 2008 was worth $23,580 
in 2018 (Fidelity Investments, www.fidelity.com). What was 
the annual growth rate for that period? Write P as a function 
of r.

A
nn

ua
l g

ro
w

th
 r

at
e

Present value (thousands of $)

0.2

605030 402010

0.1

0.05

0.15

r = (          )       – 1
P

10,000
1/10

 

Figure for Exercise 84

WRITING/DISCUSSION

 85. If ƒ1x2 = 2x + 1 and g1x2 = 3x - 5, verify that 
1ƒ ∘ g2-1 = g-1 ∘ ƒ -1.

 86. Explain why 1ƒ ∘ g2-1 = g-1 ∘ ƒ -1 for any invertible functions 
ƒ and g. Discuss any restrictions on the domains and ranges of 
ƒ and g for this equation to be correct.

REVIEW

 87.  Find the equation of a circle with center (0, 1) and radius 3.

 88. Find the midpoint of the line segment that has endpoints 
1p>3, 12 and 1p>2, 12.

 89. The equation d = s22 expresses the diagonal of a square as a 
__________ of its side.

 90. The graph of ƒ1x2 = -x2 is a __________ in the x-axis of the 
graph of ƒ1x2 = x2.

 91.  Find the domain and range for the function ƒ1x2 = x2 + 1.

 92. Find the domain and range for the function 
ƒ1x2 = -2x - 2 + 3.

OUTSIDE THE BOX

 93. Maximizing the Sum Consider the following sum:

1

1
+

2

2
+

3

3
+

4

4
+

5

5
+ g +

2025

2025

  You are allowed to rearrange the numerators of the fractions 
in any way that you choose, but keep the denominators as they 
are given. What arrangement would give the largest sum for 
the 2025 fractions?

 94. Compositions Suppose ƒ is a linear function such that 
1ƒ ∘ ƒ ∘ ƒ21x2 = 27x + 26.  Find the y-intercept for the graph 
of ƒ.

 1. Write the area of a circle as a function of its diameter.

 2. Suppose y = 3a - 1 and a = 4x - 5. Write y as a function 
of x.

 3. If ƒ1x2 = x2 and g1x2 = x - 2, find and simplify 
1ƒ ∘ g2152.

 4. Let ƒ1x2 = 0 x 0 , g1x2 = x - 5, h1x2 = x3, and 
M1x2 = 0 x 0 3 - 5. Express M as a composition of ƒ, g, and h 
(not necessarily in that order).

 5. If ƒ1x2 = 2x - 1, then what is ƒ -11x2?

 6. If g1x2 = 23 x + 1 - 4, then what is g-11x2?

P.4 POP QUIZ

40 Chapter P Algebraic Prerequisites
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Highlights
P.1 The Cartesian Coordinate System
Pythagorean Theorem A triangle is a right triangle if and only if the sum 

of the squares of the legs is equal to the square of 
the hypotenuse.

A triangle with sides 3, 4, and 
5 is a right triangle because 
32 + 42 = 52.

Square Roots: For any real numbers a and b,

Product Rule 2a # 2b = 2ab 22 # 23 = 26

Quotient Rule 2a2b
= Aa

b
 1b ≠ 02

 provided that all of the roots are real numbers.

2623
= 22

Simplified Form 1. no perfect squares as factors of the radicand,

2. no fractions in the radicand, and

3. no square roots in a denominator.

212 = 223A3

4
=
23

2

123
=

1 # 2323 # 23
=
23

3

Distance Formula The distance between 1x1, y12 and 1x2, y22 is 21x2 - x122 + 1y2 - y122.

For (1, 2) and 14, -22, 214 - 122 + 1-2 - 222 = 5.

Midpoint Formula The midpoint of the line segment with endpoints 

1x1, y12 and 1x2, y22 is ax1 + x2

2
, 

y1 + y2

2
b .

For 10, -42 and (6, 2), 

a0 + 6

2
, 

-4 + 2

2
b = 13, -12.

Equation of a Circle The graph of 1x - h22 + 1y - k22 = r2 1r 7 02 
is a circle with center (h, k) and radius r.

Circle: 1x - 122 + 1y + 222 = 9, 
center 11, -22, radius 3

Equation of a Line Standard form: Ax + By = C where A and B are 
not both zero
Vertical line: x = h
Horizontal line: y = k

Line: 2x + 3y = 6 

Vertical line: x = 5
Horizontal line: y = 7

P.2 Functions
Function A set of ordered pairs in which no two ordered 

pairs have the same first coordinate and different 
second coordinates

511, 52, 12, 32, 13, 526

Independent Variable A variable used to represent the first coordinate of 
an ordered pair

51x, y2 � y = 2x6
Independent variable x

Dependent Variable A variable used to represent the second coordinate 
of an ordered pair

Dependent variable y

 Chapter P Highlights 41
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Graph of a Function A picture in the Cartesian coordinate system  
of all ordered pairs of a function

–3 –2 –1 1 2 3

3

6

9

y

x

y = x2

Function Notation With function notation, ƒ(x) rather than y is used  
for the dependent variable of a function.

ƒ1x2 = x2

ƒ152 = 25

P.3 Families of Functions, Transformations, and Symmetry

Transformations of 
y = ƒ1x2

Horizontal: y = ƒ1x - h2
Vertical: y = ƒ1x2 + k
Stretching: y = aƒ1x2 for a 7 1
Shrinking: y = aƒ1x2 for 0 6 a 6 1
Reflection: y = -ƒ1x2

y = 1x - 422

y = x2 + 9
y = 3x2

y = 0.5x2

y = -x2

Family of Functions All functions of the form ƒ1x2 = aƒ1x - h2 + k 
1a ≠ 02 for a given function y = ƒ1x2

The square root family:

y = a2x - h + k

Even Function ƒ1-x2 = ƒ1x2
The graph is symmetric about the y-axis.

ƒ1x2 = x2, g1x2 = 0 x 0

Odd Function ƒ1-x2 = -ƒ1x2
The graph is symmetric about the origin.

ƒ1x2 = x, g1x2 = x3

P.4 Compositions and Inverses

Composition 1ƒ ∘ g21x2 = ƒ1g1x22 ƒ1x2 = x2, g1x2 = x - 2
1ƒ ∘ g21x2 = 1x - 222

1g ∘ ƒ21x2 = x2 - 2

One-to-One Function A one-to-one function has no two ordered  
pairs with different first coordinates and the  
same second coordinate.

511, 22, 13, 52, 16, 926
g1x2 = x + 3
ƒ1x2 = x2 is not one-to-one.

Inverse Function A one-to-one function has an inverse. The inverse 
function has the same ordered pairs, but with the 
coordinates reversed.

ƒ = 511, 22, 13, 52, 16, 926
ƒ -1 = 512, 12, 15, 32, 19, 626
g1x2 = x + 3, g-11x2 = x - 3

Switch-and-Solve Method To find an inverse (1) replace ƒ(x) by y,  
(2) interchange x and y, (3) solve for y, and  
(4) replace y by ƒ -11x2.

ƒ1x2 = x3 + 1, y = x3 + 1

x = y3 + 1, y = 23 x - 1

ƒ -11x2 = 23 x - 1

Graph of ƒ−1 Reflect the graph of ƒ about the line y = x to  
get the graph of ƒ -1.

y

x21–1–2

–1

–2

1

2

f –1(x) = 
f (x) = x3

3x

42 Chapter P Algebraic Prerequisites
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Chapter 
Simplify each expression involving square roots.

 1. 298  2. 2200
 3. A9

5
 4. A16

13

 5. A5

6
 6. A3

8
 7. 

822
 8. 

923

For each pair of points, find the distance between them and the 
midpoint of the line segment joining them.

 9. 1-3, 52, 12, -62  10. 1-1, 12, 1-2, -32

 11. 1p>2, 12, 1p, 12  12. 1p>2, 22, 1p>3, 22

Graph each equation.

 13. x2 + y2 = 9  14. x2 + y2 = 25

 15. x2 + 1y - 122 = 1  16. 1x - 222 + 1 y + 122 = 1

 17. 2 x - 5y = 20  18. y = 2x - 50

 19. x = 5  20. y = 3

Graph each function and state the domain and range.

 21. y = x - 4  22. y = -x + 4

 23. y = 4  24. y = -2

 25. y = x2 - 3  26. y = 6 - x2

 27. y = x3 - 1  28. y = -x3 + 1

 29. y = 2x - 1  30. y = 2x + 3

 31. ƒ1x2 = 0 x 0 - 4  32. ƒ1x2 = 3 0 x 0

Let ƒ1x2 = x2 + 3 and g1x2 = 2x - 7. Find and simplify each 
expression.

 33. ƒ1-32  34. g(3)

 35. g(12)  36. ƒ1-12
 37. 1g ∘ ƒ21-32  38. 1ƒ ∘ g2132
 39. ƒ1g1222  40. g1ƒ1-222
 41. 1ƒ ∘ g21x2  42. 1g ∘ ƒ21x2

 43. g ax + 7

2
b  44. ƒ A2x - 3 B

 45. g-11x2  46. g-11-32
Use transformations to graph each pair of functions on the same 
coordinate plane.

 47. ƒ1x2 = 1x, g1x2 = 22x + 3

 48. ƒ1x2 = 1x, g1x2 = -21x + 3

 49. ƒ1x2 = 0 x 0 , g1x2 = -2 0 x + 2 0 + 4

 50. ƒ1x2 = 0 x 0 , g1x2 = 0 x - 1 0 - 3

 51. ƒ1x2 = x2, g1x2 = 1x - 222 + 1

 52. ƒ1x2 = x2, g1x2 = -2x2 + 4

Let ƒ1x2 = 23 x, g1x2 = x - 4, h1x2 = x>3, and j1x2 = x2. Write 
each function as a composition of the appropriate functions chosen 
from f, g, h, and j.

 53. N1x2 =
1

3
 x2  54. P1x2 = ax

3
b

2

 55. R1x2 =
x - 4

3
 56. Q1x2 =

x

3
- 4

 57. F1x2 = 23 x - 4  58. G1x2 = -4 + 23 x 

 59. H1x2 = 23 x2 - 4
 60. M1x2 = ax - 4

3
b

2

Each of the following graphs is the graph of a function involving 
absolute value. Write an equation for each graph and state the 
domain and range of the function.

 61. 

y

x4–4

–4

–6 6

4

(0, –3)

(3, 0)(–3, 0)

Review ExercisesP 

 
62.

  

y

x

1

2 3

2

4 5 6

3

1

(3, –1)

(4, 0)
(2, 0)

–1

 
63.

  

y

x

4

4–4

2

–2

(–2, 0) (2, 0)

(0, 4)

 64. †

y

x2–2

–2

–4

4

4

(4, 0)

(0, 2)

(–4, 0)

 
65.

  

y

x1–1–2–3–4–5

2

5

4

3

1
(–2, 1)

(–4, 3) (0, 3)

 
66.

  

y

x1–1
–1

–2

–3

–4

–5

–2–3–4 2

(0, –3)

(–1, –2)

(–2, –3)
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Discuss the symmetry of the graph of each function.

 67. ƒ1x2 = x4 - 9x2  68. ƒ1x2 = 0 x 0 - 99

 69. ƒ1x2 = -x3 - 5x
 70. ƒ1x2 =

15
x

 71. ƒ1x2 = -x + 1  72. ƒ1x2 = 0 x - 1 0

 73. ƒ1x2 = x2 + 1  74. ƒ1x2 = 216 - x2

Graph each pair of functions on the same coordinate plane.

 75. ƒ1x2 = 2x + 3, g1x2 = x2 - 3 for x Ú 0

 76. ƒ1x2 = 1x - 223, g1x2 = 23 x + 2

 77. ƒ1x2 = 2x - 4, g1x2 =
1

2
 x + 2

 78. ƒ1x2 = -
1

2
 x + 4, g1x2 = -2x + 8

Find the inverse of each function.

 79. y = 5x  80. y = x + 9

 81. y = 3x - 21  82. y = 2x - 5

 83. ƒ1x2 = x3 - 1  84. ƒ1x2 = 23 x + 5

 85. ƒ1x2 =
1

x - 3
 86. ƒ1x2 =

1
x

+ 5

 87. ƒ1x2 = x2 for x Ú 0  88. ƒ1x2 = 2x - 3

Solve each problem.

 89. Find the length of the hypotenuse of a right triangle that has 
legs with lengths 25 and 2.

 90. A right triangle has a hypotenuse of length 3 and one leg with 
length 1. Find the length of the other leg.

 91. Find the x- and y-intercepts for the graph of  
3x - 4y = 9.

 92. Find the x- and y-intercepts for the graph of  
y = 2x - 3.

 93. Write in standard form the equation of the circle that has 
 center 1-3, 52 and radius 23.

 94. What is the center and radius for the circle 
1x - 322 + 1 y + 122 = 16?

 95. Write the radius of a circle as a function of the  
circumference.

 96. Write the diameter of a circle, d, as a function of its area, 

A.

OUTSIDE THE BOX

 97. Wrong Division Is it possible to divide the integers from 1 
through 9 into three sets of any size so that the product of the 
integers in each of the three sets is less than 72?

 98. Area of a Parallelogram A parallelogram with an area of 580 
has vertices (0, 0), (5, 30), and (20, a). If a 7 0, then what is 
the value of a?

Chapter 
State the domain and range of each function.

 1. y = 0 x 0  2. ƒ1x2 = 2x - 9

 3. ƒ1x2 = 2 - x2

Sketch the graph of each function.

 4. y = 2 x - 3  5. ƒ1x2 = 2x - 5

 6. y = 2 0 x 0 - 4  7. ƒ1x2 = -1x - 222 + 5

Let ƒ1x2 = 2x + 2 and g1x2 = 3x - 1. Find and simplify each 
of the following expressions.

 8. ƒ(7)  9. g(2)  10. 1ƒ ∘ g2122
 11. g-11x2  12. g-11202
Simplify each expression involving square roots.

 13. 272
 14. A25

6
 15. 

2028

Solve each problem.

 16. Find the midpoint of the line segment whose endpoints are  
(3, 5) and 1-3, 62.

 17. Find the distance between the points 1-2, 42 and 
13, -12.

 18. Write the equation in standard form for a circle with center 
1-4, 12 and radius 27.

 19. What is the center and radius of the circle 
1x - 422 + 1  y + 122 = 6?

 20. If ƒ1x2 = 3x - 9 and ƒ1a2 = 6, then what is a?

 21. Discuss the symmetry of the graph of the function 
ƒ1x2 = x4 - 3x2 + 9.

 22. Find the inverse of the function g1x2 = 3 + 23 x - 2.

 23. Write a formula expressing the area of a square A as a function 
of its perimeter P.

TestP 

44 Chapter P Algebraic Prerequisites
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In this chapter we will explore many applications of trigonometric functions, 

ranging from finding the velocity of a lawnmower blade to estimating the 

size of a building in an aerial photograph.

WHAT YOU WILL 

LEARN

1
Since the beginning of human flight, humans have been using the air to spy on 
their neighbors. In 1960 the U-2 spy plane flew at an altitude of 13 miles to pho-
tograph the Soviet Union and Cuba. Today, spy planes have been replaced with 
unmanned aerial vehicles (UAVs) and satellites. At least 10 types of UAVs have 
been used in Iraq. Pictures taken from UAVs and satellites from an altitude 
of 700 miles are used to determine sizes of buildings and troop movements.

Determining the sizes of objects without measuring them physically is one 
of the principal applications of trigonometry. Long before we dreamed of travel-
ing to the moon, trigonometry was used to calculate the distance to the moon.

1.1 Angles and Degree 
Measure

1.2 Radian Measure, Arc 
Length, and Area

1.3 Angular and Linear 
Velocity

1.4 The Trigonometric 
Functions

1.5 Right Triangle 
Trigonometry

1.6 The Fundamental Identity 
and Reference Angles

Angles and the 
Trigonometric Functions
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46 Chapter 1 Angles and the Trigonometric Functions

Trigonometry was first studied by the Greeks, Egyptians, and Babylonians and used 
in surveying, navigation, and astronomy. Using trigonometry, they had a powerful tool 
for finding areas of plots of land, lengths of sides, and measures of angles, without 
physically measuring them. We begin our study of trigonometry by studying angles 
and their degree measures.

Angles
In geometry a ray is defined as a point on a line together with all points of the line on 
one side of that point. Fig. 1.1(a) shows ray AB

¡
. An angle is defined as the union of 

two rays with a common endpoint, the vertex. The angle shown in Fig. 1.1(b) can be 
named ∠A, ∠BAC, or ∠CAB. (Read the symbol ∠ as “angle.”) Angles are also named 
using Greek letters such as a (alpha), b (beta), g (gamma), or u (theta).

1.1 Angles and Degree Measure

Figure 1.1

(b)

A B

jCAB

C

Ray AB
S

A B

(a)

An angle is often thought of as being formed by rotating one ray away from a 
fixed ray as indicated by the arrow in Fig. 1.2(a). The fixed ray is the initial side and 
the rotated ray is the terminal side. An angle whose vertex is the center of a circle 
as shown in Fig. 1.2(b) is a central angle and the arc of the circle through which the 
terminal side moves is the intercepted arc. An angle in standard position is located 
in a rectangular coordinate system with the vertex at the origin and the initial side on 
the positive x-axis as shown in Fig. 1.2(c).

Figure 1.2

(b)

Central angle

Intercepted
arc

(c)

Initial side

Angle in standard position

y

x

Term
inal si

de

Vertex

a

Initial side

Angle a

Term
inal si

de

(a)

Degree Measure of Angles
The measure m1a2 of an angle a indicates the amount of rotation to the terminal side 
from the initial side. It is found by using any circle centered at the vertex. The circle 
is divided into 360 equal arcs and each arc is one degree (1°). No one knows for sure 
why 360 was chosen to divide up the circle. It is most likely connected to the fact 
that some ancient calendars used 360 as the number of days in a year and that the sun 
changes position in the sky by approximately one degree each day.
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 1.1 Angles and Degree Measure 47

Figure 1.3 shows the positions of the terminal sides of some angles in standard 
position with common positive measures between 0° and 360°. An angle with mea-
sure between 0° and 90° is an acute angle. An angle with measure between 90° and 
180° is an obtuse angle. An angle of exactly 180° is a straight angle. See Fig. 1.4. A 
90° angle is a right angle. An angle in standard position is said to lie in the quadrant 
where its terminal side lies. If the terminal side is on an axis, the angle is a quadran-
tal angle. We often think of the degree measure of an angle as the angle itself. For 
example, we write m1a2 = 60° or a = 60°, and we say that 60° is an acute angle.

Definition:  
Degree Measure 

The degree measure of an angle is the number of degrees in the intercepted arc 
of a circle centered at the vertex. The degree measure is positive if the rotation is 
counterclockwise and negative if the rotation is clockwise.

Figure 1.3

Quadrant 
I

30°

60°
45°

150°

120°
135°

330°210°

225°
240°

180°

270°

315°
300°

0°

90°

Quadrant 
IV

Quadrant 
II

Quadrant 
III

y

x

Figure 1.4

Acute angle

20°

Obtuse angle

120°

Straight angle

180°

Right angle

90°

y

x

Quadrantal angle

270°

The initial side of an angle may be rotated in a positive or negative direction 
to get to the position of the terminal side. For example, if the initial side shown in 
Fig. 1.5 rotates clockwise for one quarter of a revolution to get to the terminal posi-
tion, then the measure of the angle is -90°. If the initial side had rotated counter-
clockwise, then the measure of the angle would be 270°. If the initial side had rotated 
clockwise for one and a quarter revolutions to get to the terminal position, then the 
angle would be -450°. The angles -90°, -450°, and 270° are coterminal angles—
they have the same terminal side. The degree measures of coterminal angles differ 
by a multiple of 360° (one complete revolution).Figure 1.5

Initial side

Terminal side

Coterminal angles

270°

–90°

y

x
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48 Chapter 1 Angles and the Trigonometric Functions

An angle formed by two rays can be thought of as one angle with infinitely many 
different measures, or infinitely many different coterminal angles.

Coterminal Angles Angles a and b are coterminal if and only if there is an integer k such that

m1b2 = m1a2 + k 360°.

Find two positive angles and two negative angles that are coterminal with -50°.

Solution

Since any angle of the form -50° + k360° is coterminal with -50°, there are infi-
nitely many possible answers. For simplicity, we choose the positive integers 1 and 2 
and the negative integers -1 and -2 for k to get the following angles:

 -50° + 1 # 360° = 310°

 -50° + 2 # 360° = 670°

 -50° + 1-12360° = -410°

 -50° + 1-22360° = -770°

The angles 310°, 670°, -410°, and -770° are coterminal with -50°.

TRY THIS. Find two positive and two negative angles coterminal with 10°.

EXAMPLE 1 Finding coterminal angles

Determine whether angles in standard position with the given measures are coterminal.

a. m1a2 = 190°, m1b2 = -170°
b. m1a2 = 150°, m1b2 = 880°

Solution

a. If there is an integer k such that 190 + 360k = -170, then a and b are coterminal.

 190 + 360k = -170

 360k = -360

 k = -1

Since the equation has an integral solution, a and b are coterminal.
b. If there is an integer k such that 150 + 360k = 880, then a and b are coterminal.

 150 + 360k = 880

 360k = 730

 k =
73

36

Since there is no integral solution to the equation, a and b are not coterminal.

TRY THIS. Determine whether -690° and 390° are coterminal.

EXAMPLE 2 Determining whether angles are 
coterminal

In the next example we use the definition of coterminal to determine whether two 
given angles are coterminal.
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 1.1 Angles and Degree Measure 49

Quadrantal angles such as 0°, 90°, 180°, 270°, and 360° have terminal sides on an 
axis and do not lie in any quadrant. Any angle that is not coterminal with a quadrantal 
angle lies in one of the four quadrants depending on the location of its terminal side. 
For example, any angle between 0° and 90° lies in quadrant I and any angle between 
90° and 180° lies in quadrant II. To determine the quadrant in which an angle lies, 
add or subtract multiples of 360° (one revolution) to obtain a coterminal angle with 
a measure between 0° and 360°.

Name the quadrant in which each angle lies.

 a. 230° b. -580° c. 1380°

Solution

a. Since 180° 6 230° 6 270°, a 230° angle lies in quadrant III.
b. We must add 21360°2 to -580°, to get an angle between 0° and 360°:

-580° + 21360°2 = 140°

So 140° and -580° are coterminal. Since 90° 6 140° 6 180°, 140° lies in quad-
rant II and so does -580°.

c. From 1380° we must subtract 3(360°) to obtain an angle between 0° and 360°:

1380° - 31360°2 = 300°

So 1380° and 300° are coterminal. Since 270° 6 300° 6 360°, 300° lies in quad-
rant IV and so does 1380°.

TRY THIS. Name the quadrant in which -890° lies.

EXAMPLE 3 Determining in which quadrant 
an angle lies

Minutes and Seconds
Each degree is divided into 60 equal parts called minutes, and each minute is divided 
into 60 equal parts called seconds. A minute (min) is 1>60 of a degree (deg), and a sec-
ond (sec) is 1>60 of a minute or 1>3600 of a degree. An angle with measure 44°12′30″ 
is an angle with a measure of 44 degrees, 12 minutes, and 30 seconds. Historically, 
angles were measured by using the degrees-minutes-seconds format, but with calcula-
tors it is convenient to have the fractional parts of a degree written as a decimal number 
such as 7.218°. Some calculators can handle angles in degrees-minutes-seconds format 
and even convert them to decimal degree format.

Convert the measure 44°12′30″ to decimal degrees.

Solution

Since 1 degree = 60 minutes and 1 degree = 3600 seconds, we get

 12 min = 12 min # 1 deg

60 min
=

12

60
 deg   and

 30 sec = 30 sec # 1 deg

3600 sec
=

30

3600
 deg.

So

44°12′30″ = a44 +
12

60
+

30

3600
 b °

≈ 44.2083°.

EXAMPLE 4 Converting degrees-minutes-seconds 
to decimal degrees
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50 Chapter 1 Angles and the Trigonometric Functions

Note that the conversion of Example 4 was done by cancellation of units. Minutes 
in the numerator “canceled” with minutes in the denominator to give the result in 
degrees, and seconds in the numerator “canceled” with seconds in the denominator 
to give the result in degrees.

 A graphing calculator can convert to decimal degrees as shown in Fig. 1.6.

TRY THIS. Convert 35°15′12″ to decimal degrees.

Convert the measure 44.235° to degrees-minutes-seconds format.

Solution

First convert 0.235° to minutes. Since 1 degree = 60 minutes,

0.235 deg = 0.235 deg # 60 min

1 deg
= 14.1 min.

So 44.235° = 44°14.1′. Now convert 0.1′ to seconds. Since 1 minute = 60 seconds,

0.1 min = 0.1 min # 60 sec

1 min
= 6 sec.

So 44.235° = 44°14′6″.
 A graphing calculator can convert to degrees-minutes-seconds as shown in 

Fig. 1.7.

TRY THIS. Convert 56.321° to degrees-minutes-seconds.

EXAMPLE 5 Converting decimal degrees 
to degrees-minutes-seconds

Note again how the original units canceled in Example 5, giving the result in the 
desired units of measurement.

In the next example, we perform computations with angle measurements in the 
degrees-minutes-seconds format.

Perform the indicated operations. Express answers in degrees-minutes-seconds 
format.

a. 13°45′33″ + 9°33′39″
b. 45° - 6°45′30″
c. 121°27′36″2>2
Solution

a. First add the degrees, minutes, and seconds:

13°45′33″
9°33′39″

22°78′72″

Since 72″ = 1′ + 12″, we have 22°78′72″ = 22°79′12″. Since 79′ = 1° + 19′, 
we have 22°79′12″ = 23°19′12″. So

13°45′33″ + 9°33′39″ = 23°19′12″.

EXAMPLE 6 Computations with 
degrees-minutes-seconds

Figure 1.6

Figure 1.7
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 1.1 Exercises 51

 Calculators can do the computations that we did in Example 6. But you should 
not depend on a calculator. Depending on the mode, the calculator in Fig. 1.8 gets 
different results for 45° - 6°45′30″. ∙

b. First note that 45° = 44°60′ = 44°59′60″:

44°59′60″
-6°45′30″
38°14′30″

So 45° - 6°45′30″ = 38°14′30″.
c. First divide the degrees, minutes, and seconds by 2.

21°27′36″
2

= a10 
1

2
b °a13 

1

2
b ′

18″

Since 12
′ = 30″ and 12 ° = 30′, we have

a10 
1

2
b °a13 

1

2
b ′

18″ = a10 
1

2
b °

13′48″ = 10°43′48″.

TRY THIS. Find the difference 36°5′ - 22°33′12″.

Figure 1.8

1. An angle is the union of two rays with a common 
 endpoint.

2. The common endpoint of the two rays of an angle is 
called the vertex.

3. If a circle is divided into 360 equal arcs, then each arc is 
one degree.

4. The lengths of the rays of ∠A determine the degree mea-
sure of ∠A.

5. The degree measure of an angle cannot be negative.

6. An angle of 540° is a quadrantal angle.

7. Angles of 20° and 380° are coterminal.

8. Angles of 5° and -365° are coterminal.

9. 25°66′ = 26°6′

10. 25°20′40″ = 25.34°

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. A(n) __________ is a union of two rays with a common end-
point.

 2. An angle whose vertex is the center of a circle is a(n) 
__________ angle.

 3. An angle in __________ is located in a rectangular coordinate 
system with the vertex at the origin and the initial side on the 
positive x-axis.

 4. An angle with a measure between 0° and 90° is a(n) 
__________ angle.

 5. An angle with a measure between 90° and 180° is a(n) 
__________ angle.

 6. An angle with a measure of 90° is a(n) __________ angle.

 7. Angles in standard position with the same initial side and the 
same terminal side are __________ angles.

 8. An angle in standard position whose terminal side is on an 
axis is a(n) __________ angle.

 9. A(n) __________ is one sixtieth of a degree.

 10. A(n) __________ is one sixtieth of a minute.

1.1 EXERCISES
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52 Chapter 1 Angles and the Trigonometric Functions

SKILLS

Find the degree measures of two positive and two negative angles 
that are coterminal with each given angle. 

 11. 60°  12. 45°

 13. 30°  14. 90°

 15. 225°  16. 300°

 17. -45°  18. -30°

 19. -90°  20. -135°  

Determine whether the angles in each given pair are coterminal. 

 21. 40°, -320°  22. 20°, 380°

 23. 4°, -364°  24. 8°, -368°

 25. 155°, 1235°  26. 272°, 1712°

 27. 22°, -1058°  28. -128°, 592°

 29. 312.4°, -227.6°  30. -87.3°, 812.7°

Name the quadrant in which each angle lies. 

 31. 85°  32. 110°  33. -125°  34. -200°

 35. -740°  36. -1230°  37. 933°  38. 1568°

Find the negative angle between 0° and -360° that is coterminal 
with the given positive angle. 

 39. 50°  40. 40°  41. 140°

 42. 190°  43. 270°  44. 210°

Find the degree measure of the smallest positive angle that is 
coterminal with each angle. 

 45.  400°  46. 540°

 47. -340°  48. -180°

 49.  -1100°  50. -840°

 51. 900.54°  52. 1235.6°

Match the following degree measures with their angles (a)–(h). 

 53.  30°  54. 45°  55.  60°  56. 120°

 57.  -330°  58. -315°  59.  -60°  60. -120°

Convert each angle to decimal degrees. When necessary round to 
four decimal places. 

 61. 13°12′  62. 45°6′  63. -8°30′18″ 

 64. -5°45′30″  65. 28°5′9″  66. 44°19′32″

 a. y

x

 b. y

x

 c. 
y

x

 d. 
y

x

 e. 
y

x

 f. 
y

x

 g. 
y

x

 h. 
y

x

 67. 155°34′52″  68. 200°44′51″

Convert each angle to degrees-minutes-seconds. Round to the 
nearest whole number of seconds. 

 69. 75.5°  70. 39.25°  71. 39.4°  72. 17.8° 

 73. -17.33°  74. -9.12°  75. 18.123°  76. 122.786°

Perform each computation without a calculator. Express the 
answer in degrees-minutes-seconds format. Use a calculator to 
check your answers. 

 77.  24°15′ + 33°51′  78. 99°35′ + 66°48′

 79. 55°11′ - 23°37′  80. 76°6′ - 18°54′

 81. 16°23′41″ + 44°43′39″  82. 7°55′42″ + 8°22′28″

 83.  90° - 7°44′35″  84. 180° - 49°39′45″

 85. 66°43′6″ - 5°51′53″  86. 34°39′12″ - 9°49′18″

 87. 2132°36′37″2  88. 3189°41′56″2
 89. 3115°53′42″2  90. 419°36′40″2
 91.  143°13′8″2>2  92. 134°40′15″2>3
 93. 113°10′9″2>3  94. 15°18′40″2>4
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 1.1 Exercises 53

Find the degree measure of the angle a in each figure. 

 95.  

a

37°52'

88°40'
 96.   

30°24'12''

a a

 97.  

a

48°9'6''
 98.  

61°1'48''

a

 99.  
y

x

140°19'16''

a

 100.  
y

x

72°21'35''

a

 101.  
y

x

75°5'6''

a

 102.  
y

x

243°36'29''

a

MODELING

Solve each problem. 

 103.  Angle between Spokes The wheel shown in the accompany ing 
figure has 17 spokes. The angle between the spokes is approx-
imately 21.17647°. Write this angle in the degrees-minutes-
seconds format, to the nearest tenth of a second.

21.17647°

Figure for Exercise 103

 104.  Angle of Elevation The angle of elevation shown in the 
accompanying figure is 37.243°. Write this angle in the 
degrees-minutes-seconds format, to the nearest tenth of a 
 second. 

37.243°

Figure for Exercise 104

 105.  Angles on a Bicycle The angles between the tubes on a 
bicycle frame are shown in the accompanying figure. Find 
the sum of the three angles. Convert each angle to decimal 
degree format (to four decimal places) and find their sum 
again.

49°41'

73°37'

56°42'

Figure for Exercise 105

 106.  Angular Window The angles between the sides of a trian-
gular window are shown in the accompanying figure. Find 
the sum of the three angles. Convert each angle to decimal 
degree  format (to four decimal places) and find their sum 
again.

27°23' 27°23'

125°14'

Figure for Exercise 106
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54 Chapter 1 Angles and the Trigonometric Functions

 107.  Property Angles The angles between the sides of a piece of 
property are shown in the accompanying figure. Find the sum 
of the four angles. Convert each angle to decimal degree format 
(to four decimal places) and find their sum again.

68°40'40''

108°24'16''

98°12'13'' 84°42'51''

Figure for Exercise 107

 108.  Machine Parts Find the sum of the four angles on the metal 
plate shown in the accompanying figure. Convert each angle 
to decimal degree format (to four decimal places) and find 
the sum again.

64º41'5''

92º10'13''

140º28'7''

62º40'35''

Figure for Exercise 108

 109.   Clock Angle At 3:20 what is the acute angle between the 
 minute hand and the hour hand on a standard clock?

12

6

3

111

57
8 4

210

9

Figure for Exercise 109

 110. Clock Angle At 7:10:18 what is the acute angle between the 
minute hand and the second hand on a standard clock?

REVIEW

 111. Let ƒ1x2 = x2 - 1 and g1x2 = 3x - 2. Find ƒ1g1222 and 
g1ƒ1222.

 112. Find ƒ -11x2, if ƒ1x2 = 5x - 9.

 113. Find the distance between the points (4, 5) and (1, 1).

 114. Find the equation of the circle with center 14, -82 and radius 23.

 115. Find the exact length of the diagonal of a square whose sides 
are 5 feet each.

 116. Find the domain and range for the function 
ƒ1x2 = 5 + 1

2 2x + 3.

OUTSIDE THE BOX

 117. Triangles and Circles Each of the five circles in the accom-
panying diagram has radius r. The four right triangles are 
congruent and each hypotenuse has length 1. Each line 
 segment that appears to intersect a circle intersects it at 
exactly one point (a point of tangency). Find r.

 

Figure for Exercise 117

 118. An Odd Integer Find the odd integer between 2000 and 2300 
that is divisible by 11 and 13.

 1. In which quadrant does -120° lie?

 2. Find the degree measure of the smallest positive angle that is 
coterminal with 1267°.

 3. What is the degree measure of the smallest positive angle that 
is coterminal with -394°? 

 4. Are -240° and 60° coterminal?

 5. Convert 70°30′36″ to decimal degrees.

 6. Convert 32.82° to degrees-minutes-seconds format.

 7. Find the sum of 12°45′34″ and 39°38′53″. Express the answer 
in degrees-minutes-seconds format.

1.1 POP QUIZ
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 1.2 Radian Measure, Arc Length, and Area 55

Degree measure of angles is used mostly in applied areas such as surveying, naviga-
tion, and engineering. Radian measure of angles is used more in scientific fields and 
results in simpler formulas in trigonometry and calculus.

Radian Measure of Angles
For radian measure of angles in standard position we use a unit circle (a circle with 
radius 1) centered at the origin as shown in Fig. 1.9.

1.2

Figure 1.9

a

s

y

x

Radian
measure
of a

Unit circle

–1 1

–1

1

Directed length means that the radian measure is positive if the rotation of the ter-
minal side is counterclockwise and negative if the rotation is clockwise. Figure 1.10 
shows an angle a with a radian measure of 1 radian and an angle b with a radian 
measure of -1 radian. In each case the length of the intercepted arc is 1 unit, but 
clockwise rotation corresponds to a negative radian measure.

Definition:  
Radian Measure 

The radian measure of the angle a in standard position is the directed length of 
the intercepted arc on the unit circle.

Figure 1.10

a

b

y

x–1 1

–1

1
1 rad

–1 rad

Note that instead of a unit circle, we could have used a circle of any radius r. If 
the radius is r, then the radian measure is the length of the intercepted arc divided by 
r. This definition gives the same result because the length of the intercepted arc is 
directly proportional to the radius of the circle.

Since the radius of the unit circle is the real number 1 without any dimension 
(such as feet or inches), the length of an intercepted arc is a real number without any 
dimension and so the radian measure of an angle is also a real number without any 

Radian Measure, Arc Length, and Area
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56 Chapter 1 Angles and the Trigonometric Functions

dimension. One radian (abbreviated 1 rad) is the real number 1. If s is the length of 
the intercepted arc on the unit circle for an angle a as shown in Fig. 1.9, we write 
m1a2 = s radians or simply m1a2 = s.

Because the circumference of a circle with radius r is 2pr, the circumference of 
the unit circle is 2p. If the initial side rotates 360° (one complete revolution), then the 
length of the intercepted arc is 2p. So an angle of 360° has a radian measure of 2p 
radians. We express this relationship as 360° = 2p rad or simply 360° = 2p. Divid-
ing each side by 2 yields 180° = p, which is the basic relationship to remember for 
conversion between these two measurements of angles.

 Use the MODE key on a graphing calculator to set the calculator to radian or 
degree mode as shown on the fourth line in Fig. 1.11. ∙Figure 1.11

Figure 1.12

Figure 1.13(a) shows an angle of 1° and Fig. 1.13(b) shows an angle of 1 radian. 
An angle of 1° intercepts an arc whose length is 1

360 of the circumference of the circle. 
An angle of 1 radian intercepts an arc on the unit circle whose length is the radius of 
the unit circle. In short, a 1 radian angle intercepts a 1 radius arc.

Figure 1.13

1°

y

x1–1

0.01745 rad

–1

1

(a)

57.3°

y

x1–1

1

–1

1 rad

(b)

Degree-Radian  
Conversion

Conversion from degrees to radians or radians to degrees is based on

180 degrees = p radians.

To convert degrees to radians or radians to degrees we use 180 degrees = p 
radians and cancellation of units. For example,

1 deg = 1 deg # p rad

180 deg
=
p

180
 rad ≈ 0.0175 rad

and

1 rad = 1 rad # 180 deg

p rad
=

180
p

 deg ≈ 57.3 deg.

 If your calculator is in radian mode, as in Fig. 1.12(a), pressing ENTER converts 
degrees to radians. When the calculator is in degree mode, as in Fig. 1.12(b), pressing 
ENTER converts radians to degrees. ∙
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 1.2 Radian Measure, Arc Length, and Area 57

Convert the degree measures to radians.

 a. 270° b. -23.6°

Solution

a. To convert degrees to radians, multiply the degree measure by p rad>180 deg:

270° = 270 deg # p rad

180 deg
=

3p

2
 rad

The exact value 3p>2 rad is approximately 4.71 rad; but when a measure in radians 
is a simple multiple of p, we usually write the exact value.

 Check this result with a calculator in radian mode as shown in Fig. 1.14. ∙

b. -23.6° = -23.6 deg # p rad

180 deg
≈ -0.412 rad

TRY THIS. Convert 210° to radians.

EXAMPLE 1 Converting from degrees to radians

Figure 1.14

Convert the radian measures to degrees.

 a. 
7p

6
  b. 12.3

Solution

Multiply the radian measure by 180 deg>p rad:

a. 
7p

6
=

7p

6
 rad # 180 deg

p rad
= 210°

b. 12.3 = 12.3 rad # 180 deg

p rad
≈ 704.7°

 Check these answers in degree mode as shown in Fig. 1.15.

TRY THIS. Convert the radian measure 5p3  to degrees.

EXAMPLE 2 Converting from radians to degrees

Figure 1.15

Figure 1.16 shows angles with common measures in standard position. Cotermi-
nal angles in standard position have radian measures that differ by an integral multiple 
of 2p (their degree measures differ by an integral multiple of 360°).

Figure 1.16

270°,

360°, 2p180°, p

3p
2

y

x

300°, 5p
3

240°, 4p
3

120°, 2p
3

60°, p
3

30°, p
6

p
2

45°, p
4

315°, 7p
4

225°, 5p
4

135°, 3p
4

330°, 11p
6

210°, 7p
6

150°, 5p
6

90°,
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58 Chapter 1 Angles and the Trigonometric Functions

Arc Length of a Circle
If a 30° central angle intercepts an arc of length s on a circle of radius r, then a 60° 
central angle intercepts an arc of length 2s and a 90° angle intercepts an arc of length 
3s. See Fig. 1.17. In general, a central angle a in a circle of radius r intercepts an arc 
whose length s is directly proportional to the measure of the central angle. Since a 
central angle of 2p (or 360°) intercepts an arc whose length is the circumference of 
the circle, we have

arc length

circumference
=

m1a2 in radians

2p radians
=

m1a2 in degrees

360 degrees
.

So if a is the radian measure of an angle, s is the arc length, and 2pr is the circum-
ference, we have s

2pr = a
2p. Multiplying each side of this equation by 2pr yields the 

arc-length formula s = ar. See Fig. 1.18. (Using radian measure rather than degrees 
eliminates p and results in a simpler formula.)

a. A central angle of p>2 intercepts an arc on the surface of Earth that runs from the 
equator to the North Pole, as shown in Fig. 1.19. Using 3950 miles as the radius 
of Earth, find the length of the intercept arc to the nearest mile.

EXAMPLE 4 Finding arc length

Figure 1.19

North Pole

Equator
3950 mi

2
p

Find two positive and two negative angles using radian measure that are coterminal 
with p>6.

Solution

All angles coterminal with p>6 have a radian measure of the form p>6 + k12p2, 
where k is an integer. To find some angles, let k be 1, 2, -1, and -2:

 
p

6
+ 1(2p) =

p

6
+

12p

6
=

13p

6

 
p

6
+ 2(2p) =

p

6
+

24p

6
=

25p

6

 
p

6
+ (-1)(2p) =

p

6
-

12p

6
= -  

11p

6

 
p

6
+ (-2)(2p) =

p

6
-

24p

6
= -  

23p

6

The angles 13p>6, 25p>6, -11p>6, and -23p>6 are coterminal with p>6.

TRY THIS. Find two positive and two negative angles coterminal with 5p>3.

EXAMPLE 3 Finding coterminal angles using radian 
measure

Figure 1.17

s

s

s

30°

30°

30°

Figure 1.18

a

r

s = ar

s

Theorem:  
Arc-Length Formula 

The length s of an arc intercepted by a central angle of a radians on a circle of 
radius r is given by

s = ar.

You can solve problems involving central angles and arc length by using the arc-
length formula, a simple proportion, or by noting that arc length is a fraction of the 
circumference of the circle. All three methods are shown in the next example.
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 1.2 Radian Measure, Arc Length, and Area 59

Figure 1.20

30°
s

b. The wagon wheel shown in Fig. 1.20 has a diameter of 28 inches and an angle of 
30° between the spokes. What is the length of the arc s (to the nearest hundredth 
of an inch) between two adjacent spokes?

Solution

a. Using s = ar, we have

s =
p

2
 139502 ≈ 6205 miles.

We can also solve the problem using a proportion:

 
s

2p(3950)
=
p>2
2p

 s = 2p(3950) # p>2
2p

≈ 6205 miles

Since 
p>2
2p = 1

4, the length of the arc is 14 of the circumference of Earth:

1

4
# 2p # 3950 ≈ 6205 miles

b. To use the arc-length formula, you must convert 30° to radians:

30° = 30 deg # p rad

180 deg
=
p

6
 rad

Now using s = ar, we have

s =
p

6
1142 ≈ 7.33 inches.

We can also solve the problem using a proportion:

 
s

2p(14)
=

30°
360°

 s = 2p(14) 
30

360
≈ 7.33 inches

Note that 30
360 = 1

12 and the arc length is 1
12  of the circumference of the circle.

TRY THIS. Find the length of an arc intercepted by a central angle of 45° on a circle 
of radius 8 inches.

If a is negative, the formula s = ar gives a negative number for the length of 
the arc. So s is a directed length. Note that the formula s = ar applies only if a is 
in radians.

Since the radian measure of an angle is a dimensionless real number, the product 
of radians and inches in Example 4 is given in inches.

The distance between Los Angeles and New York City is 4505 miles. Find the central 
angle to the nearest tenth of a degree that intercepts an arc of 4505 miles on the surface 
of Earth (radius 3950 miles) as shown in Fig. 1.21.

Solution

From the formula s = ar we get a = s>r:

a =
4505 mi

3950 mi
≈ 1.1405 rad

EXAMPLE 5 Finding the central angle

Figure 1.21

LA NY

r

a

4505 mi
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60 Chapter 1 Angles and the Trigonometric Functions

Area of a Sector of a Circle
A sector of a circle is the region between two radii of a circle, as shown in Fig. 1.22. 
The area of a sector of a circle with radius r is directly proportional to the measure 
of the central angle a. Since a central angle of 2p (or 360°) forms a sector that covers 
the entire circle, we have

area of sector

area of circle
=

m1a2 in radians

2p radians
=

m1a2 in degrees

360 degrees
.

So if the area of a sector is A and its central angle is a radians, we have A
pr2 = a

2p.

Multiplying each side of this equation by pr2 yields the formula for the area of a 
sector. The formula for the area is simplest when the angle is measured in radians 
because p cancels out:

Multiply by 180 deg>p rad to find the angle in degrees:

a = 1.1405 rad # 180 deg

p rad
≈ 65.3°

TRY THIS. Find the central angle in degrees that intercepts an arc of length 3 cm on a 
circle of radius 50 cm.

Figure 1.22

Sector

Theorem: Area of a Sector The area A of a sector with central angle a (in radians) in a circle of radius r is 
given by

A =
ar2

2
.

You can solve problems involving sectors just like we solved problems involv-
ing central angles and arc length. You can use the formula for the area of a sector, a 
proportion, or note that the area of a sector is a fraction of the area of the circle. All 
three methods are shown in the next example.

A center-pivot irrigation system is used to water a circular field with radius 200 feet, 
as shown in Fig. 1.23. In three hours the system waters a sector with a central angle 
of p>8. What area (in square feet) is watered in that time?

Solution

If A is the area of the sector, then using the formula for the area of a sector we have

A =
1p>822002

2
≈ 7854 ft2.

We could also find the area by writing and solving a proportion:

 
A

p # 2002 =
p>8
2p

 A =
p>8
2p

# p # 2002 ≈ 7854 ft2 

Since 
p>8
2p = 1

16, the area of the sector is 1>16 of the area of the circle:

A =
1

16
# p # 2002 ≈ 7854 ft2 

TRY THIS. A sector of a circle has a central angle 36°. If the radius of the circle is 
88 feet, then what is the area of the sector?

EXAMPLE 6 Finding the area of a sector of a circle

Figure 1.23

200 ft 

8
p
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 1.2 Exercises 61

1. The radian measure of an angle cannot be negative.

2. The radius of the unit circle is p.

3. The circumference of a unit circle is 2p.

4. A central angle of one radian in a unit circle intercepts 
an arc of length one.

5. To convert radian measure to degree measure multiply 

the radian measure by 180
p .

6. To convert degree measure to radian measure multiply 
the degree measure by p360.

7. 180° = p rad

8. 45° = p2  rad

9. 60° = p3  rad

10. The length of the arc intercepted by a central angle of 
p>4 radians on a circle of radius 4 is p.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. A circle with radius 1 is a(n) __________ circle.

 2. The _______ measure of an angle in standard position is the 
directed length of the intercepted arc on the unit circle.

 3. The length s of an arc intercepted by a central angle of a  radians 
on a circle of radius r is given by the formula _______.

 4. The area A of a sector with central angle a (in radians) in a cir-
cle of radius r is given by the formula __________.

SKILLS

Find the missing degree or radian measure for each position of 
the terminal side shown. For Exercise 5, use degrees between 
0° and 360° and radians between 0 and 2p. For Exercise 6, use 
degrees between -360° and 0° and radians between -2p and 0. 
 Practice these two exercises until you have memorized the degree 
and radian measures corresponding to these common angles. 

 6. 

?, –

?,

?,

?,

y

x

–315°, ?

–30°, ?

–60°, ?

5p
3

3p
4

–270°, ?

–120°, ?

11p
6

–

?, –2p–180°, ?

–225°, ?

–p
4

–p
2

?, –

5p
6

?, –

7p
6

?, –

4p
3

?, –

1.2

Convert each degree measure to radian measure. Give exact 
answers (in terms of p). 

 7.  45°  8. 30°

 9. 90°  10. 60°

 11. 120°  12. 180°

 13.  150°  14. 225°

Convert each radian measure to degree measure. 

 15.  
p

3
 16. 
p

6

 17. 
5p

12
 18. 

17p

12

 19.  
3p

4
  20. 

5p

4

 21. -6p  22. -9p

 5. 

?, p 

?,?,

?,

?,?,

?,

?,
y

x

p
2

p
4

60°, ?

30°, ?

360°, ?

315°, ?

270°, ?

11p
6

5p
3

4p
3

5p
4

210°, ?

150°, ?

120°, ?
3p
4

EXERCISES
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62 Chapter 1 Angles and the Trigonometric Functions

Convert each radian measure to degree measure to the nearest thou-
sandth of a degree. Use the value of p found on your calculator. 
 
 23.  2.39  24. 0.452

 25. -0.128  26. -1.924

Convert each degree measure to radian measure. Use the value of 
p found on your calculator and round answers to three decimal 
places. 

 27.  37.4°  28. 125.3°  29.  -13°47′

 30. -99°15′  31. 53°37′6″  32. 187°49′36″

Find the radian measure for two positive and two negative angles 
that are coterminal with the given angle. 

 33. 
p

3
  34. 

p

4

 35. 
p

2

 
36. p

 37. 
2p

3
 38. 

5p

6
 61. 3p  62. 6p  

63.  -  
p

2

 64. -  
3p

2
 65.  

9p

2
 66. 

19p

2

 67. -  
5p

3
 68. -  

7p

6

 
69. 8.32

 70. -23.55

Perform the indicated operation. Express the result in terms of p. 

 HINT You must have common denominators to add or substract 
fractions. 

 71. p -
p

4
 72. 2p -

p

3
 73. 
p

2
+
p

3

 74. 
p

2
+
p

6
 75. 
p

2
+
p

4
 76. 
p

3
+
p

4

Find the length of the arc intercepted by the given central angle a 
in a circle of radius r. Round to the nearest tenth.

 77.  a = p>4, r = 12 ft  78. a = 1, r = 4 cm

 79. a = 3°, r = 4000 mi  80. a = 60°, r = 2 m

 81.  a = 1.3, r = 26.1 m  82. a = p>8, r = 30 yd

Find the radius of the circle in which the given central angle a 
intercepts an arc of the given length s. Round to the nearest tenth. 

 83. a = 1, s = 1 mi

 84. a = 0.004, s = 99 km

 e. y

x

 f. y

x

 g. 
y

x

 h. y

x

Find the measure in radians of the smallest positive angle that is 
coterminal with each given angle. For angles given in terms of p, 
express the answer in terms of p. Otherwise, round to the nearest 
hundredth. 

 39. 1.2  40. 2

For each given angle name the quadrant in which the terminal side 
lies. 

 41.  
5p

12
 42. 

13p

12
 43. -  

6p

7

 44. -  
39p

20
 45. -  

13p

8
 46. -  

11p

8

 47.  
17p

3
 48. 

19p

4

 
49. 3

 50. 23.1  51. -7.3  52. -2

Match the following radian measures with their angles (a)–(h). 

 53.  p>3  54. p>6  55.  2p>3  56. p>4
 57.  -p>3  58. -4p>3  59. -11p>6  60. -3p>4

 a. y

x

 b. y

x

 c. y

x

 d. y

x
 85.  a = 180°, s = 10 km  86. a = 360°, s = 8 m

 87. a = p>6, s = 500 ft  88. a = p>3, s = 7 in.
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 1.2 Exercises 63

Find the exact area of the sector of the circle with the given radius 
and central angle. 

 89.  r = 6, a = 30°  90. r = 4, a = 45°

 91. r = 12, a = p>3  92. r = 8, a = p>12

MODELING

Solve each problem. 

 93.  Distance to North Pole Peshtigo, Wisconsin, is on the 45th 
parallel. This means that an arc from Peshtigo to the North 
Pole subtends a central angle of 45° as shown in the figure. 
If the radius of Earth is 3950 mi, then how far (to the nearest 
mile) is it from Peshtigo to the North Pole?

North Pole

Peshtigo

45°

Figure for Exercise 93

 94. Distance to the Helper A surveyor sights her 6-ft 2-in. helper 
on a nearby hill as shown in the figure. If the angle of sight 
between the helper’s feet and head is 0°37′, then approxi-
mately how far away (to the nearest foot) is the helper?

 HINT  Assume that the helper is the arc of a circle intercepted 
by an angle of 0°37′.

0°37'

Figure for Exercise 94

 95. Photographing Earth From an altitude of 161 mi, the Orbiting 
Geophysical Observatory (OGO-1) can photograph a path 
on the surface of Earth that is approximately 2000 mi wide. 
Find the central angle, to the nearest tenth of a degree, that 
intercepts an arc of 2000 mi on the surface of Earth (radius 
3950 mi).

 96. Margin of Error in a Field Goal The kicker aims to kick the 
ball midway between the uprights. To score a 50-yd field 
goal, what is the maximum number of degrees that the actual 
trajectory can deviate from the intended trajectory? What is 
the maximum number of degrees for a 20-yd field goal? Give 
answers to the nearest hundredth of a degree.

 HINT  Assume that the distance between the goal posts, 18.5 ft, 
is the length of an arc on a circle of radius 50 yd as shown in 
the figure.

18.5 ft

r = 50 yd

Figure for Exercise 96

 97. Eratosthenes Measures Earth Over 2200 years ago 
 Eratosthenes read in the Alexandria library that at noon on 
June 21 a vertical stick in Syene cast no shadow. So on 
June 21 at noon Eratosthenes set out a vertical stick in 
 Alexandria and found an angle of 7° in the position shown 
in the drawing.  Eratosthenes reasoned that since the sun is 
so far away,  sunlight must be arriving at Earth in  parallel 
rays. With this assumption he concluded that Earth is round 
and the central angle in the drawing must also be 7°. He 
then paid a man to pace off the distance between Syene 
and  Alexandria and found it to be 800 km. From these 
facts, calculate the circumference of Earth (to the nearest 
 kilometer) as  Eratosthenes did and compare his answer with 
the  circumference calculated by using the currently accepted 
radius of 6378 km.

Syene
Alexandria

Shadow
7°

7°

Sun's rays

800 km

Figure for Exercise 97
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64 Chapter 1 Angles and the Trigonometric Functions

 98. Another Unit Eratosthenes did not really use kilometers as 
stated in the previous exercise. The unit he used for distance 
was a stadion. He used 500 stadia as the distance between 
the two cities. Find the circumference of Earth in stadia. The 
exact size of a stadion is unknown.

 99. Rotating Cogs A bicycle has a chain that connects a chain ring 
of radius 6 in. with a cog of radius 2 in. as shown in the accom-
panying figure. If the chain ring rotates through an angle of 
20°, then through how many degrees does the cog rotate?

2 in.

6 in.

cog
chain
ring

Figure for Exercise 99

 100. Cadence and Speed A CatEye bike computer measures 
cadence and speed. Cadence is the number of revolutions per 
minute of the pedals. A cyclist has a cadence of 40 rpm on 
a bike with 700-mm diameter wheels. What is her speed in 
miles per hour (to the nearest tenth) using the chain ring and 
cog dimensions from the previous exercise.

700 mm

Figure for Exercise 100

 101. Area of a Sector A rope of length 6 feet is arranged in the 
shape of a sector of a circle with central angle u radians, as 
shown in the accompanying figure. Write the area of the sec-
tor A as a function of u.

u

Figure for Exercises 101 and 102

 102. Maximum Sector Use a graphing calculator to find the angle 
u in radians that maximizes the area of the sector in the previ-
ous exercise.

 103.  Area of Irrigation A central-pivot irrigation system is water-
ing a circular field with a radius of 150 ft. The system rotates 
p>6 radians in one hour. What area (to the nearest square 
foot) is watered in one hour?

 104. Weather Radar A weather radar system scans a circular area 
of radius 30 mi. In one second it scans a sector with cen-
tral angle of 75°. What area (to the nearest square mile) is 
scanned in that time?

 105.  Area of a Slice of Pizza If a 16-in.-diameter pizza is cut into 
6 slices of the same size, then what is the area of each slice to 
the nearest tenth of a square inch?

 106. Area of a Slice of Pizza A slice of pizza with a central angle 
of p>7 is cut from a pizza with a radius of 10 in. What is the 
area of the slice to the nearest tenth of a square inch?

 107. Venn Watering Diagram An irrigation specialist draws three 
circles on the ground of radius 10 meters so that the center 
of the second circle is on the first circle and the center of the 
third circle is an intersection point of the first two circles. 
At the center of each circle he places a sprinkler that waters 
in a circular pattern with a 10-meter radius. Find the exact 
and approximate total area watered by the three sprinklers.

 108. More Efficient Design A smarter irrigation specialist draws 
a circle of radius 10 meters and finds three equally spaced 
points on the circle. At each of these three points she places 
a sprinkler that waters in a circular pattern with a radius of 
10 meters.

a. Find the exact and approximate total area watered by the 

three sprinklers.

b. To water a very large field with a minimum number of 
these sprinklers, how would you place them without 
drawing circles?

 109. Volume of a Cup Sunbelt Paper Products makes conical 
paper cups by cutting a 4-in. circular piece of paper on the 
radius and overlapping the paper by an angle a as shown in 
the figure.

a. Find the volume of the cup to the nearest tenth of a cubic 
inch if a = 30°.

b. Write the volume of the cup as a function of a.

4 
in

.

r

h

4 in.

a

Figure for Exercise 109 and 110
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 1.3 Angular and Linear Velocity 65

 110. Maximizing the Volume The volume of the cup in Exercise 
109 is zero if a is 0° or 360°. Somewhere in between, the vol-
ume reaches a maximum.

a. Use the maximum feature of a graphing calculator to find 
the angle a to the nearest hundredth of a degree that gives 
the maximum volume for the cup.

b. What is the maximum volume for the cup to the nearest 
tenth of a cubic inch?

WRITING/DISCUSSION

 111. Discussion What device is used for measuring angles? Is it 
marked in degrees or radians? Why?

 112. Cooperative Learning In small groups, discuss the difference 
between radian measure and degree measure of an angle. 
Exactly how big is a unit circle? Why is a radian a real num-
ber? Could we define radian measure using any size circle?

REVIEW

 113. A(n) __________ is a union of two __________ with a com-
mon endpoint.

 114. Convert 48.23° to degrees-minutes-seconds format.

 115. Find the equation of a vertical line through 1p, 02.

 116. What point lies midway between 1p>2, 02 and 1p, 02?

 117. The graph of ƒ1x2 = 1x - 322 lies 3 units to the __________ 
of the graph of ƒ1x2 = x2.

 118.  Find w if ƒ1w2 = 5 and ƒ1x2 = -3x - 7.

OUTSIDE THE BOX

 119. The Survivor There are 13 contestants on a reality television 
show. They are instructed to each take a seat at a circular table 
containing 13 chairs that are numbered consecutively with the 
numbers 1 through 13. The producer then starts at number 1 
and tells that contestant that he is a survivor. That contestant 
then leaves the table. The producer skips a contestant and tells 
the contestant in chair number 3 that he is a survivor. That con-
testant then leaves the table. The producer continues around the 
table skipping a contestant and telling the next contestant that 
he is a survivor. Each survivor leaves the table. The last person 
left at the table is not a survivor and must leave the show.

a. For n = 13 find the unlucky number k, for which the per-
son sitting in chair k must leave the show.

b. Find k for n = 8, 16, and 41.

c. Find a formula for k.

 120. Ordered Triples How many ordered triples of real numbers 
satisfy the following conditions? The product of x and y is z. 
The product of x and z is y. The product of y and z is x.

 1. Convert 270° to radian measure.

 2. Convert 7p>4 to degree measure.

 3. Are -3p>4 and 5p>4 coterminal?

 4. What is the radian measure of the smallest positive angle that 
is coterminal with -3p>4?

 5. Find the exact length of the arc intercepted by a central angle 
of 60° in a circle with radius 30 feet.

 6. Find the central angle to the nearest tenth of a degree that inter-
cepts an arc of length 1 foot on a circle of radius 8 feet.

 7. A sector of a circle has a central angle of 90°. If the radius 
of the circle is 8 inches, then what is the exact area?

1.2 POP QUIZ

1.3  Angular and Linear Velocity
There are two ways to indicate the speed of an object traveling on a circular path, 
angular and linear velocity. ln this section we will study those two types of velocity.

Angular Velocity
If an object is traveling on a circular path we can imagine a radius connecting the 
object to the center of the circle. For any two positions of the object the radious forms 
a central angle in the circle. Angular velocity is the rate at which this central angle 
is changing per unit of time. We use the Greek letter v to represent angular velocity, 
and define it formally as follows.

Definition:  
Angular Velocity 

If a point is in motion on a circle through an angle of a radians in time t, then its 
angular velocity v is given by

v =
a

t
.
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66 Chapter 1 Angles and the Trigonometric Functions

Notice that the angular velocity does not depend on the radius of the circular path. 
Angular velocity simply indicates how fast the central angle is changing per unit of 
time. The time could be seconds, minutes, hours, days, and so on. In the next example 
we change the unit of time by using the cancellation of units method.

A helicopter blade is rotating at 400 revolutions per minute. Find the angular velocity 
in radians per minute for a point on the tip of the blade. See Fig. 1.24.

Solution

In one revolution the point rotates through an angle of 2p radians. In 400 revolutions the 
point rotates through 800p radians. So the exact angular velocity is 800p radians per 
minute. Another good way to solve this problem is to use 2p radians = 1 revolution 
and cancellation of units:

400 rev

1 min
=

400 rev

1 min
# 2p rad

1 rev
=

800p rad

1 min
≈ 2513 rad>min

TRY THIS Find the angular velocity in radians per second for a point on the tip of a 
3-foot propeller that is rotating at 20 revolutions per second.

EXAMPLE 1 Finding angular velocity

Figure 1.24

2p
400 rev/min

Convert the angular velocity 240 rad>hr to rad>min.

Solution

Use the fact that 1 hr = 60 min and the cancellation of units method:

v =
240 rad

1 hr
=

240 rad

hr 
# 1 hr

60 min
= 4 rad>min

TRY THIS. Convert the angular velocity of 3000 rad>hr to rad>sec.

EXAMPLE 2 Changing the units of time

In the next example we convert revolutions to radians using 2p radians =
1 revolution and change the unit of time.

A typical 22-inch lawnmower blade rotates at a rate of 2500 revolutions per minute (rpm). 
What is the angular velocity in radians per second of a point on the tip of the blade?

Solution

Use the fact that 2p radians = 1 revolution and 60 seconds = 1 minute to convert 
rev>min into rad>sec using cancellation of units:

v =
2500 rev

min
=

2500 rev

min
# 2p rad

1 rev
#  1 min

60 sec
≈ 261.8 rad>sec

So the angular velocity of the point is approximately 261.8 rad>sec.

TRY THIS. Find the angular velocity in radians per minute for a particle that is moving 
in a circular path at 5 revolutions per second on a circle of radius 10 feet.

EXAMPLE 3 Finding angular velocity and changing 
time
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 1.3 Angular and Linear Velocity 67

Linear Velocity
Linear velocity is expressed in the same manner whether the motion is on a circle or in 
a straight line. The linear velocity of a point in motion is the rate at which the distance 
is changing. If a point is in motion on a circle then the distance traveled by the point 
in a unit of time is the length of an arc on the circle. We use the letter v to represent 
linear velocity for a point in circular motion and define it as follows.

A propeller with a radius of 1.2 meters is rotating at 1400 revolutions per minute as 
shown in Fig. 1.25. What is the linear velocity in meters per minute for a point on the 
tip of the propeller?

Solution

The point is traveling on a circle with circumference 2p11.22 or 2.4p meters. Accord-
ing to the definition of linear velocity, we divide the distance traveled (or arc length) 
by the amount of time. But this will be accomplished if we simply convert rev>min to 
m>min by cancellation of units.

v =
1400 rev

1 min
=

1400 rev

1 min
# 2.4p m

1 rev
=

3360p m

1 min
≈ 10,556 m>min.

Note that the last fraction is distance over time. So the point has a linear velocity of 
approximately 10,556 m>min.

TRY THIS. Find the linear velocity in meters per second for a particle that is moving in 
a circular path at 6 revolutions per second on a circle of radius 8 meters.

EXAMPLE 4 Linear velocity of a propeller

Figure 1.25

1.2 m

Definition: Linear Velocity If a point is in motion on a circle of radius r through an angle of a radians in time 
t, then its linear velocity v is given by

v =
s

t
,

where s is the arc length determined by s = ar.

What is the linear velocity in miles per hour of the tip of a 22-inch lawnmower blade 
that is rotating at 2500 revolutions per minute? See Fig. 1.26.

Solution

The tip of the blade is traveling on a circle with a circumference of 2p1112 or 22p in. 
So the tip travels 22p in. for one revolution of the blade. Now use cancellation of units 
to convert 2500 rev>min into mi>hr:

 v =
2500 rev

1 min
=

2500 rev

1 min
# 22p in.

1 rev 
# 60 min

1 hr
# 1 ft

12 in.
# 1 mi

5280 ft

 ≈ 163.6 mi>hr

So the linear velocity of the tip of the blade is 163.6 mi>hr. (Keep your hands and feet 
away from the rotating blade.)

TRY THIS. Find the linear velocity in miles per hour for a particle that is moving in 
a circular path at 1000 revolutions per minute on a circle with a diameter of 14 inches.

EXAMPLE 5 Linear velocity of a lawnmower blade

Figure 1.26

22 in.
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68 Chapter 1 Angles and the Trigonometric Functions

Linear Velocity in Terms of Angular Velocity
Linear velocity is arc length over time 1v = s>t2 and angular velocity is angle over 
time 1v = a>t2. Since s = ar, we have

v =
s

t
=
ar

t
= r # a

t
= rv.

We have found a relationship between the two velocities.

Theorem: Linear Velocity in 
Terms of Angular Velocity 

If v is the linear velocity of a point on a circle of radius r and v is its angular 
velocity, then

v = rv.

What is the linear velocity in miles per hour of a point on the equator? See Fig. 1.27.

Solution

A point on the equator has an angular velocity of p>12 radians per hour on a circle of 
radius 3950 miles. Using the formula v = vr, we get

v =
p

12
 rad>hr # 3950 mi =

3950p

12
 mi>hr ≈ 1034 mi>hr.

Note that we write angular velocity as rad>hr, but radians are omitted from the answer 
in miles per hour because radians are simply real numbers.

TRY THIS. Find the linear velocity in feet per second for a point on the equator.

EXAMPLE 6 Linear velocity on the surface of Earth
Figure 1.27

rad/hr

3950 mi

12
rad>hrp

12

1. 240 rev
1 min = 4 rev>hr

2.  60p rad
1 hr = p rad>min

3. 4 rev
1 sec

# 2p ft
1 rev = 8p rev>ft

4. 5p rad
1 hr

# 60 min
1 hr = 300p rad>min 

5. A velocity of 50 rad>min is a linear velocity.

6. A velocity of 32.2 ft>hr is an angular velocity.

7. The angular velocity of a point on a rotating wheel is 
40 in.>sec. 

8. The linear velocity of a point that is 1 ft from the center 
of a wheel rotating at 1 rev>sec is 2p ft>sec.

9. A point that is 1 in. from the center of a rotating wheel 
on a car has the same angular velocity as a point that is 
2 in. from the center.

10. As Earth rotates, Miami and Boston have the same 
linear velocity.

FOR THOUGHT… True or False? Explain.

Any point on the surface of Earth (except at the poles) makes one revolution 
12p radians2 about the axis of Earth in 24 hours. So the angular velocity of a point on 
Earth is 2p>24 or p>12 radians per hour. The linear velocity of a point on the surface 
of Earth depends on its distance from the axis of Earth.
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 1.3 Exercises 69

CONCEPTS

Fill in the blank.

 1. If a point is in motion on a circle through an angle of a radi-
ans in time t, then its __________ v is given by v = a>t.

 24. 3000 rad>hr =        rev>sec

 25. 30 mi>hr =        ft>sec

 26. 150 ft>sec =        mi>hr

 27. 1800 km>hr =        km>sec

 28. 5 m>sec =        km>hr

A windmill for generating electricity has a blade that is 30 feet 
long. Depending on the wind, it rotates at various velocities. In 
each case, find the angular velocity in rad>sec (to the nearest 
tenth) for the tip of the blade. Use 30 days>month. 

 29. 500 rev>sec  30. 300 rev>sec

 31. 433.2 rev>min  32. 11,000 rev>hr

 33. 50,000 rev>day  34. 999,000 rev>mo

Figure for Exercises 29–34

A common speed for an electric motor is 3450 revolutions per 
minute. Saw blades of various diameters can be attached to such 
a motor. Determine the linear velocity in mi>hr for a point on the 
edge of a blade with each given diameter. 

 35. 6 in.  36. 8 in.

 37. 10 in.  38. 12 in.

 39.  14 in.  40. 16 in.

Figure for Exercises 35–40

1.3

 2. The __________ of a point in motion is the rate at which the 
distance is changing.

 3. If a point is in motion on a circle of radius r through an angle 
of a radians in time t, then its __________ v is given by 
v = s>t, where s is the arc length determined from s = ar.

 4. If v is the __________ velocity of a point on a circle of radius 
r and v is its __________ velocity, then v = rv.

SKILLS

Find each product. Be sure to indicate the units for the answer. 
Round approximate answers to the nearest tenth.

 5. 
50 ft

1 sec
# 60 sec

1 min
 6. 

6000 m

1 min
# 1 km

1000 m

 7. 
70,000 m

1 hr
# 1 km

1000 m
 8. 

40 km

1 hr
# 1000 m

1 km
 

 9. 
300 rad

1 hr
# 1 hr

60 min
 10. 

2 rad

3 sec
# 60 sec

1 min

 11. 
4 rev

1 sec
# 2p rad

1 rev
 12. 

99.6 rad

2 sec
# 1 rev

2p rad

 13. 
55 rev

1 min
# 6p ft

1 rev
 14. 

33.3 rev

1 sec
# 5.6 ft

1 rev

 15. 
10 rad

1 min
# 1 rev

2p rad
# 60 min

1 hr
 16. 

4400 rev

45 sec
# 0.87 ft

1 rev
# 1 yd

3 ft

Perform each conversion. Round approximate answers to the 
 nearest tenth.

 17. 8 km>sec =        m>sec

 18. 5000 m>hr =        km>hr

 19. 30 rev>min =        rad>min

 20. 60 rev>sec =        rad>sec

 21. 120 rev>hr =        rev>min

 22. 150 rev>sec =        rev>hr

 23. 180 rev>sec =        rad>hr

EXERCISES
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70 Chapter 1 Angles and the Trigonometric Functions

MODELING

Solve each problem. Round approximate answers to the nearest 
tenth.

 41. Velocity of a Record Find the angular velocity in radians per 
minute and linear velocity in inches per minute for a point on 
the edge of a 6.5-in.-diameter record spinning at 45 rev>min.

Figure for Exercise 41

 42. Velocity of an Album Find the angular velocity in radians per 
second and linear velocity in inches per minute for a point on 
the edge of a 12-in.-diameter record spinning at 33 13 rev>min.

Figure for Exercise 42

 43. London Eye The London Eye, shown in the accompanying 
figure, can carry 800 passengers in 32 capsules around a circle 
measuring 424 meters in circumference. If one revolution 
takes 30 minutes, then what is the linear velocity of a capsule 
in feet per second? Round to the nearest tenth.

Figure for Exercise 43

 44. First Ferris Wheel The first Ferris wheel was built for the 
 Chicago Exposition in 1893. It held 2100 people, had a  diameter 
of 250 ft, and took 30 min to make one revolution. Find the  linear 
velocity in ft>sec for a person riding the Ferris wheel.

 45. Lawnmower Blade What is the linear velocity (in miles per 
hour) of the tip of a lawnmower blade spinning at 2800 rev>min 
for a lawnmower that cuts a 20-in.-wide path?

 46. Router Bit A router bit makes 45,000 rev>min. What is the 
linear velocity (in miles per hour) of the outside edge of a bit 
that cuts a 1-in.-wide path?

Figure for Exercise 46

 47. Table Saw The blade on a table saw rotates at 3450 revolu-
tions per minute. How much faster (in ft>sec) does a  
12-in.-diameter blade strike a piece of wood than  
a 10-in.-diameter blade?

 48.  Automobile Tire If a car runs over a nail at 55 mi>hr and the 
nail is lodged in the tire tread 13 in. from the center of the 
wheel, then what is the angular velocity of the nail in radians 
per hour?

 49. Linear Velocity Near the North Pole Find the linear velocity 
for a point on the surface of Earth that is 1 mi from the North 
Pole.

 HINT  Assume that the point travels around a circle of radius 
1 mi.

 50. Linear Velocity of Peshtigo What are the linear and angular 
velocities for Peshtigo, Wisconsin (on the 45th parallel), 
with respect to its rotation around the axis of Earth? 
(See  Exercise 93 in Section 1.2.)

 51. Achieving Synchronous Orbit The space shuttle orbits Earth 
in about 90 min at an altitude of about 125 mi, but a commu-
nication satellite must always remain above a fixed location 
on Earth, in synchronous orbit with Earth. Since Earth rotates 
15° per hour, the angular velocity of a communication satellite 
must be 15° per hour. To achieve a synchronous orbit with 
Earth, the radius of the orbit of a satellite must be 6.5 times 
the radius of Earth (3950 mi). What is the linear velocity in 
miles per hour of such a satellite?

 52. A Small Ferris Wheel A student is riding a 20-m-diameter 
 Ferris wheel that is making three revolutions per minute.

a. What is the student’s linear velocity?

b. What is the student’s angular velocity?

c. If there are eight equally spaced seats on the Ferris wheel, 
then what is the length of the arc between two adjacent 
seats?

 53. Making Paper A paper rewinding machine takes in paper at 
a constant rate of 2 ft>sec and winds it onto a roll, as shown 
in the accompanying figure. Find a formula that expresses 
the angular velocity of the roll v (in rad>sec) in terms of the 
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 1.3 Exercises 71

radius r (in feet). Is angular velocity increasing or decreasing 
as the radius increases?

Figure for Exercise 53

 54. Radar Antenna A radar antenna makes one revolution in 
2 sec. What is the angular velocity of the antenna?

 55. Belt and Pulleys A belt connects two pulleys with radii 3 in. 
and 5 in. as shown in the accompanying diagram. The velocity 
of point A on the belt is 10 ft>sec. What is the linear velocity 
(ft>sec) and the angular velocity (rad>sec) for point B? What is 
the linear velocity (ft>sec) and the angular velocity (rad>sec) 
for point C?

 HINT  Every point on the belt is moving at the same speed.

A

3 in. 5 in.
10 ft/sec

B C

Figure for Exercises 55 and 56

 56. Belt and Pulleys A belt connects two pulleys with radii 3 in. 
and 5 in. as shown in the accompanying diagram. Point B is 
rotating at 1000 rev>min. What is the linear velocity (ft>sec) 
for points A, B, and C? How many revolutions per minute is 
point C making?

 57. Bicycle Velocity A bicycle with 27-in.-diameter wheels has 
a chain ring (by the pedals) with 52 teeth and a cog (by the 
wheel) with 26 teeth as shown in the accompanying diagram. 
The cyclist is pedaling at 1 revolution per second. What is the 
velocity of the bicycle in mi>hr?

cog

chain
ring

1 rev/sec

Figure for Exercise 57

 58. Bicycle Velocity A five-speed bicycle with 26-in.-diameter 
wheels has a chain ring with 44 teeth and five cogs with 13, 
15, 17, 20, and 23 teeth. If a cyclist pedals at 1 revolution per 
second using any of these cogs, then what is the maximum 
velocity for this bicycle in mi>hr?

WRITING/DISCUSSION

 59. Writing Write a paragraph explaining the difference between 
linear and angular velocity.

 60. Cooperative Learning Work with a group to select a watch 
that has an hour hand, a minute hand, and a second hand. 
Determine the linear and angular velocity of the tip of each 
hand. Use appropriate units. Explain your choices of units. Are 
these velocities the same for every clock?

Figure for Exercise 60

REVIEW

 61. Perform the indicated operations. Express answers in degrees-
minutes-seconds format.

a. 8°48′38″ + 4°17′58″

b. 28°18′8″ - 9°19′29″

 62. Convert the degree measure 225° to radians.

 63. Convert the radian measure 7p>6 to degrees. 

 64. The length of an arc intercepted by a central angle of a radians 
in a circle of radius r is __________.

 65. Express the area A of a circle as a function of its radius r.

 66. Express the radius r of a circle as a function of its area A.

OUTSIDE THE BOX

 67. Telling Time At 12 noon the hour hand, minute hand, and sec-
ond hand of a clock are all pointing straight upward.

a. Find the first time after 12 noon, to the nearest tenth of 
a second, at which the angle between the hour hand and 
 minute hand is 120°.
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72 Chapter 1 Angles and the Trigonometric Functions

 1. Convert the angular velocity 300 rad>sec to rad>min.

 2. Convert the linear velocity 200 mi>hr to ft>sec (to the nearest 
tenth).

 3. A fan blade is turning at 240 revolutions per minute. Find the 
exact angular velocity in radians per second for a point on the 
tip of the blade.

 4. What is the linear velocity in miles per hour (to the nearest 
tenth) for a particle moving in a circular path at 200 revolu-
tions per minute on a circle of radius 60 feet?

 5. What is the angular velocity in radians per hour for a point on 
the equator of Earth?

1.3

b. Is there a time between 12 noon and 1 p.m. at which the 
three hands divide the face of the clock into thirds (that is, 
the angles between the hour hand, minute hand, and second 
hand are equal and each is 120°)?

c. Does the alignment of the three hands described in part (b) 
ever occur?

 68. Finding the Diagonal The sum of the length, width, and 
height for the rectangular solid shown in the accompanying 
figure is 25 in. Its surface area is 225 in.2 Find the distance 
from A to B.

A

B

Figure for Exercise 68

Constructing the Sine Function

Imagine that you are riding on a 20-meter-diameter Ferris wheel that is making 
three revolutions per minute.

a) What is your linear velocity?

b) What is your angular velocity?

c) If there are eight equally spaced seats on the Ferris wheel, then what is the 
length of the arc between two adjacent seats?

d) Use a compass to draw a circle with diameter 20 cm to represent the Ferris 
wheel. Let h(t) be your height in meters at time t seconds, where h102 = 0. 
Locate your position on the Ferris wheel for each time in the following table and 
find h(t) by measuring your drawing with a ruler.

t 0 2.5 5 7.5 10 12.5 15 17.5 20

h(t)

e) Sketch the graph of h(t) on graph paper for t ranging from 0 to 60 seconds. The 
function h(t) is a called a sine function.

f) How many solutions are there to h1t2 = 18 in the interval [0, 60]?

g) In part (d) you found approximate values for h(2.5) and h(7.5). Find their exact 
values.

LINKING
concepts... For Individual or Group Explorations

d = 20 m

h(t)
h(0)

POP QUIZ
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 1.4 The Trigonometric Functions 73

1.4  The Trigonometric Functions
The six trigonometric functions are the sine, cosine, tangent, cosecant, secant, and 
cotangent functions. Abbreviations for the functions are sin, cos, tan, csc, sec, and 
cot, respectively. There is more than one way to define these foundational functions 
of trigonometry. In this section we give the trigonometric ratio definition and in 
 Section 2.1 we discuss the unit circle definition.

Definition of the Trigonometric Functions
Suppose that a is an angle in standard position whose terminal side contains the point 
(x, y) as shown in Fig. 1.28. Let r be the distance between (x, y) and the origin. Using 

the distance formula, we have r = 2x 2 + y 2. The trigonometric ratios are the six  
possible ratios that can be formed with the numbers x, y, and r. We define the  
six trigonometric functions as these ratios.

Definition: The  
Trigonometric Functions 

If (x, y) is any point other than the origin on the terminal side of an angle a in 

standard position and r = 2x 2 + y 2, then

 sin a =
y

r
,   cos a =

x
r
,   tan a =

y

x
,

 csc a =
r
y
,   sec a =

r
x
,   cot a =

x
y
,

provided that no denominator is zero.

Since r is positive for any angle a, sin a and cos a are defined for any angle a. Since 
x = 0 for any point on the y-axis, tan a and sec a are undefined for any angle that 
terminates on the y-axis. Since y = 0 for any point on the x-axis, csc a and cot a are 
undefined for any angle that terminates on the x-axis.

The trigonometric functions may be written with or without parentheses, as in 
sin1a2 or sin a. When an expression is more complicated we always use parentheses, 
as in sin1a + b2.

Note that the cosecant, secant, and cotangent are the reciprocals of the sine, 
cosine, and tangent, respectively. These relationships are called the reciprocal 
identities. (Recall that an identity is an equation that is true for all values of the 
variable for which both sides are defined.)

The Reciprocal Identities
csc a =

1

 sin a
  sec a =

1
 cos a

  cot a =
1

 tan a

Find the values of the six trigonometric functions of the angle a in standard position 
whose terminal side passes through 12, -12.

Solution

Use x = 2, y = -1, and r = 222 + 1-122 = 25 to get

 sin a =
y

r
=

-125
=

-1 # 2525 # 25
= -  

25

5
,

EXAMPLE 1 Evaluating the trigonometric functions

Figure 1.28

y

x
a

r

(x, y)
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74 Chapter 1 Angles and the Trigonometric Functions

To evaluate the trigonometric functions for an angle a, we must have a point (x, y) 
on the terminal side of the angle. The trigonometric functions have the same values 
regardless of which point is used. If (x, y) and 1x ′, y ′2 are two points on the terminal 
side, as shown in Fig. 1.29, then the two triangles in the figure are similar. Because 
similar triangles are proportional, we get the same values for the trigonometric func-
tions using x, y, and r or using x ′, y ′, and r′. For example,

sin a =
y

r
=

y ′
r ′

,   cos a =
x
r

=
x ′
r ′

,  and  tan a =
y

x
=

y ′
x ′

.

In Example 1 we were given a point on the terminal side of the angle. In the next 
example we are given an angle and we must find a point on the terminal side. If the 
angle is a quadrantal angle, then it is easy to select a point on its terminal side.

 cos a =
x
r

=
225

=
2 # 2525 # 25

=
225

5
,

 tan a =
y

x
=

-1

2
= -  

1

2
,  csc a =

r
y

=
25

-1
= -25,

 sec a =
r
x

=
25

2
,     cot a =

x
y

=
2

-1
= -2.

TRY THIS. Find the values of sin a and cos a if a is an angle in standard position whose 
terminal side passes through 1-2, -42.

Find the exact values.

a. a. sin(90°) b.  tan(180°) c. csc1-5p>22 d.  cot(0)

Solution

a. The terminal side of 90° lies on the positive y-axis as shown in Fig. 1.30. 
Select any point on the positive y-axis. For simplicity we choose (0, 1). Since 

r = 202 + 12 = 1, we have

sin(90°) =
y

r
=

1

1
= 1.

b. The terminal side for 180° lies on the negative x-axis as in Fig. 1.30. Choose 
1-1, 02 on the negative x-axis. Then

tan(180°) =
y

x
=

0

-1
= 0.

c. Since -5p>2 is coterminal with 3p>2 as shown in Fig. 1.30, the terminal side of 
-5p>2 lies on the negative y-axis and passes through the point 10, -12. Since r is 
the distance from 10, -12 to the origin, r = 1. So

csc(-5p>2) =
r
y

=
1

-1
 = -1.

d. An angle of 0 radians has terminal side on the positive x-axis and passes through 
the point (1, 0). Since cot1a2 = x

y only when y ∙ 0,  cot102 is undefined.

TRY THIS. Find the exact values of sin1-3p>22 and cos1-3p>22.

EXAMPLE 2 Evaluating trigonometric functions 
for quadrantal angles

Figure 1.30

y

x(–1, 0)

(0, –1)

(0, 1)

(1, 0)

90°
180°

5p
2

–

Figure 1.29

x

y

a

r

(x, y)

r'

(x', y')

y'
y

x'
x
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 1.4 The Trigonometric Functions 75

Table 1.1 shows the values of the trigonometric functions for the quadrantal 
angles in the interval [0°, 360°].

A 0° 90° 180° 270° 360°
sin a 0 1 0 -1 0
cos a 1 0 -1 0 1
tan a 0 undefined 0 undefined 0
csc a undefined 1 undefined -1 undefined
sec a 1 undefined -1 undefined 1
cot a undefined 0 undefined 0 undefined

Table 1.1 

The signs of the trigonometric functions depend on the quadrant in which the 
angle lies. For any point (x, y) on the terminal side of an angle in quadrant I, the x- and 
y-coordinates are positive 1x 7 0 and y 7 02. Since r is always positive 1r 7 02, 
all six trigonometric functions have positive values in quadrant I. In quadrant II, x is 
negative while y and r are positive. So in quadrant II sin a and csc a are positive and 
the other four functions are negative. Figure 1.31 gives the signs of all of the trigono-
metric functions for each of the four quadrants.

A good mnemonic for the basic functions is “All Students Take Calculus.” That 
is, all are positive in quadrant I, sine is positive in quadrant II, tangent is positive in 
quadrant III, and cosine is positive in quadrant IV. Since reciprocals have the same 
sign, the signs of cosecant, secant, and cotangent agree with the signs of sine, cosine, 
and tangent, respectively.

Trigonometric Functions at Multiples of 45°
In Example 2, exact values of the trigonometric functions were found for some angles 
that were multiples of 90° (quadrantal angles). We now find the exact values for any 
nonquadrantal angle that is a multiple of 45° 1or p>42.

A triangle that has angles of 45°, 45°, and 90° is called a 45-45-90 triangle. 
The 45-45-90 triangle in Fig. 1.32 has legs that are one unit each. Because of the 

Pythagorean theorem and the fact that 12 + 12 = A22 B2, the hypotenuse is 22. To 
evaluate the trigonometric functions for a 45° angle, position a 45-45-90 triangle in 
the angle as shown in Fig. 1.33. It is then clear that (1, 1) is on the terminal side of 
45° and r = 22. So

sin 45° =
y

r
=

122
=
22

2
,   cos 45° =

x
r

=
122

=
22

2
,

tan 45° =
y

x
=

1

1
= 1.

Since cosecant, secant, and cotangent are the reciprocals of sine, cosine, and tangent, 
respectively, we have csc 45° = 22, sec 45° = 22, cot 45° = 1.

We can evaluate the trigonometric functions for any nonquadrantal multiple of 
45° by using a 45-45-90 to help us determine (x, y) and r.

Figure 1.31

Quadrant II Quadrant I

Quadrant IVQuadrant III

y

x

sin a > 0, csc a > 0

cos a < 0, sec a < 0

tan a < 0, cot a < 0

sin a < 0, csc a < 0

cos a < 0, sec a < 0

tan a > 0, cot a > 0

sin a < 0, csc a < 0

cos a > 0, sec a > 0

tan a < 0, cot a < 0

sin a > 0, csc a > 0

cos a > 0, sec a > 0

tan a > 0, cot a > 0

Figure 1.32

90°45°

45°

1

1

√2

Figure 1.33

y

x

45°

45°

1

1

√2

r=√2

(1, 1)

Find the exact value of each function.

 a. sin(135°) b. cosa5p

4
b  c. tana-  

9p

4
b

EXAMPLE 3 Evaluating trigonometric functions  
at a multiple of 45°
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76 Chapter 1 Angles and the Trigonometric Functions

Figure 1.34

y

x

45°

45°

1

1

√2

r = √2

(–1, 1)

135°

Solution

a. Sketch a 135° angle in quadrant II as in Fig. 1.34. Position a 45-45-90 triangle as 

shown to determine that the angle passes through 1-1, 12 and r = 22. So

sin(135°) =
y

r
=

122
=
22

2
.

b. Sketch the angle with measure 5p>4 in quadrant III as in Fig. 1.35. Position a 
45-45-90 triangle as shown to determine that the angle passes through 1-1, -12 

and r = 22. So

cos(5p>4) =
x
r

=
-122

= -  
22

2
.

c. Since -8p>4 or -2p is one clockwise revolution, -9p>4 is coterminal with -p>4. 
Sketch -p>4 as in Fig. 1.36. Position a 45-45-90 triangle as shown to determine 
that the angle passes through 11, -12 and r = 22. So

tan(-9p>4) =
y

x
=

-1

1
= -1.

TRY THIS. Find the exact values of sin1-3p>42 and cos1-3p>42.

Figure 1.36

y

x

45°

45°

1

1

√2

r = √2

(1, –1)

Figure 1.35

x45°

45°

1

1 √2
r = √2

(–1, –1)

y

Trigonometric Functions at Multiples of 30°
A triangle with angles of 30°, 60°, and 90° is a 30-60-90 triangle. Since two congru-
ent 30-60-90 triangles are formed by the altitude of an equilateral triangle, as shown 
in Fig. 1.37, the side opposite the 30° angle in a 30-60-90 triangles is half the length 
of the hypotenuse. If the side opposite 30° is 1, then the hypotenuse is 2. Because of 
the Pythagorean theorem and the fact that 12 + A23 B2 = 22, the side opposite 60° 

is 23 as shown in Fig. 1.37.
To evaluate the trigonometric functions for a 30° angle, position a 30-60-90 tri-

angle as shown in Fig. 1.38. Now use the point A23, 1 B  and r = 2 to get

sin 30° =
y

r
=

1

2
,   cos 30° =

x
r

=
23

2
,

and

tan 30° =
y

x
=

123
=
23

3
 .
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 1.4 The Trigonometric Functions 77

Figure 1.37

30°

1 1

√3
2 2

2

60°

Figure 1.38

y

x

30°

2 1

√3

r = 2 60°

(√3, 1)

Figure 1.39

y

x

30°

2

1

√3
r = 2

60°

(1, √3 )
Since cosecant, secant, and cotangent are the reciprocals of sine, cosine, and tangent, 
respectively, we have

csc 30° = 2,   sec 30° =
223

=
223

3
,

and

cot 30° = 23.

To evaluate the trigonometric functions for a 60° angle, position a 30-60-90 

 triangle as shown in Fig. 1.39. Now use the point A1, 23 B  and r = 2 to get

sin 60° =
23

2
,   cos 60° =

1

2
,  and   tan 60° = 23.

To evaluate a trigonometric function for a multiple of 30° 1or p>62 we must find 
a point on the terminal side. For a nonquadrantal multiple of 30° (or 60°) we can 
always position a 30-60-90 triangle (as we did for 30° and 60°) to determine a point 
on the terminal side.

Find the exact value of each function.

 a. cos1-60°2 b. sina7p

6
b  c. tan1-240°2

Solution

a. Draw a -60° angle and position a 30-60-90 triangle as shown in Fig. 1.40. The 

point A1, -23 B  is on the terminal side of -60° and the distance to the origin (or 
the hypotenuse of the triangle) is r = 2. So

cos(-60°) =
x
r

=
1

2
.

b. Since p>6 = 30°, we have 7p>6 = 7130°2 = 210°. So 7p>6 is 30° larger than the 
straight angle 180°. Sketch 7p>6 in quadrant III as shown in Fig. 1.41 and position 

a 30-60-90 triangle as shown in the figure. The point A-23, -1 B  is on the terminal 
side of 7p>6 and r = 2. So

sin(7p>6) =
y

r
=

-1

2
= -  

1

2
.

EXAMPLE 4 Evaluating trigonometric functions 
at a multiple of 30°

Figure 1.40

y

x

30°

2

1

√3
r = 2

60°

(1, –√3 )
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78 Chapter 1 Angles and the Trigonometric Functions

Sines and Cosines for Common Angles
To find the value of any trigonometric function for an angle, we sketch the angle in 
standard position, find a point (x, y) on the terminal side, then determine the appro-
priate trigonometric ratio. Sines and cosines of the multiples of 30° and 45° occur 
so frequently that it is important to remember them. There is a nice pattern to the 
sines and cosines for the common angles. Observe the pattern (before simplifying) in 
Table 1.2 as you study this table.

Table 1.2 

sin 0° =
20

2
 = 0 cos 0° =

24

2
= 1

sin 30° =
21

2
=

1

2
cos 30° =

23

2
=
23

2

sin 45° =
22

2
=
22

2
cos 45° =

 22

2
=
22

2

sin 60° =
23

2
=
23

2
cos 60° =

 21

2
=

1

2

sin 90° =
24

2
= 1 cos 90° =

20

2
= 0

c. Note that -240° is coterminal with 120°. Now sketch -240° in quadrant II as 
shown in Fig. 1.42 and position a 30-60-90 triangle as shown in the figure. The 

point A-1, 23 B  is on the terminal side of -240°. So

tan(-240°) =
y

x
=
23

 -1
= -23.

Figure 1.41

y

x30°

21

√3

r = 2
60°

(–√3, –1)

Figure 1.42

y

x

30°

2

1

√3

r = 2

60°

(–1, √3)

TRY THIS. Find the exact values of sin1-p>62 and cos1-p>62.
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 1.4 The Trigonometric Functions 79

Approximate Values of Trigonometric Functions
For quadrantal angles, multiples of 30°, and multiples of 45°, we generally use the 
exact values of the trigonometric functions. For all other angles, we generally use 
approximate values, which are found with a scientific calculator or a graphing calcula-
tor. Calculators can evaluate sin a, cos a, or tan a where a is a real number (radian) 
or a is the degree measure of an angle. Generally, there is a MODE key that sets the 
calculator to degree mode or radian mode. Consult your calculator manual.

Find each function value rounded to four decimal places.

 a. sin(4.27) b. cos1-39.46°2 c. tan1p>72
Solution

a. With the calculator in radian mode we get sin14.272 ≈ -0.9037.
b. With the calculator in degree mode we get cos1-39.46°2 ≈ 0.7721.
c. With the calculator in radian mode we get tan1p>72 ≈ 0.4816.

 If you use the symbol for radians or degrees, as shown in Fig. 1.43, then it is not 
necessary to change the mode with a graphing calculator.

TRY THIS. Find sin(55.6) and cos(34.2°) with a calculator.

EXAMPLE 5 Evaluating sine, cosine, and tangent 
with a calculator

Figure 1.43

To evaluate the cosecant, secant, and cotangent functions with a calculator we 
must use the reciprocal identities.

Find each function value rounded to four decimal places.

 a. csc(3.88) b. sec1-9.24°2 c. cot1p>52
Solution

a. Set the mode to radian and evaluate as follows:

csc(3.88) =
1

 sin13.882 ≈ -1.4856

b. Set the mode to degrees and evaluate as follows:

sec(-9.24°) =
1

cos1-9.24°2 ≈ 1.0131

c. Set the mode to radian and evaluate as follows:

cot(p>5) =
1

tan1p>52 ≈ 1.3764

 These computations are shown on a graphing calculator in Fig. 1.44.

TRY THIS. Find sec(3.5) and cot(49.2°) with a calculator.

EXAMPLE 6 Evaluating cosecant, secant, 
and  cotangent with a calculator

Figure 1.44

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



80 Chapter 1 Angles and the Trigonometric Functions

1. sin190°2 = 1

2. sin10°2 = 0

3. cos145°2 = 1>22

4. tan1p>42 = 1

5. sin130°2 = 1>2

6. cos1p>22 = 0

7. sin1390°2 = sin130°2
8. sin1-p>32 = sin1p>32
9. If sin a = 1>5, then csc a = 5.

10. If cos a = 2>3, then sec a = 1.5.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. If (x, y) is any point other than the origin on the terminal side 

of an angle a in standard position and r = 2x2 + y2, then 

y>r =  __________ and x>r =  __________.

 2. If (x, y) is any point other than the origin on the terminal side 

of an angle a in standard position and r = 2x2 + y2, then the            
__________ are the six possible ratios that can be formed with 
the numbers x, y, and r.

 3. Cosecant, secant, and cotangent are the __________ of the 
sine, cosine, and tangent, respectively.

 4. All six trigonometric functions are positive for angles with 
 terminal sides in __________.

SKILLS

Find the exact values of sin a, cos a, tan a, csc a, sec a, and cot a 
where a is an angle in standard position whose terminal side 
 contains the given point. 

 5. (1, 2)  6. 1-1, -22  7. (0, 1)  8. (1, 0)

 9. (1, 1)  10. 11, -12  11. 1-2, 22  12. 12, -22
 13. 1-4, -62  14. 1-5, 102
Evaluate the following without a calculator. Some of these expres-
sions are undefined. 

 15. sin(180°)  16. sin(270°)  17. cos(90°)

 18. cos(180°)  19. sin1-p>22  20. cos1-p>22
 21. tan(180°)  22. tan(270°)  23. cot12p2

Find the exact value of each function without using a calculator. 

1.4

 24. cot1-p2  25. csc13p>22  26. csc15p>22
 27. sec1p2  28. sec1-2p2

 29. sin1p>42  30. sin13p>42  31. cos(45°)

 32. cos(135°)  33. tan1-p>42  34. tan13p>42
 35. sec(p>4)  36. csc(p>4)

 37. sec17p>42  38. csc1-p>42
Find the exact value of each function without using a calculator. 

 39. sin(30°)  40. sin(60°)  41. cos1-60°2

 42. cos1-120°2  43. tan15p>62  44. tan12p>32

 45. sec1-4p>32  46. sec1-5p>62  47. csc(390°)

 48. csc1-420°2  49. cot113p>62  50. cot1-7p>32

Find the exact value of each expression without using a calculator. 
Check your answer with a calculator. 

 51. 
cos1p>32
sin1p>32  52. 

sin1-5p>62
cos1-5p>62

 53. 
sin17p>42
cos17p>42  54. 

sin1-3p>42
cos1-3p>42

 55. sinap
3

+
p

6
b  56. cosap

3
-
p

6
b

 57. 
1 - cos15p>62

 sin15p>62  58. 
sin15p>62

1 + cos15p>62
 59. sin1p>42 + cos1p>42  60. sin1p>62 + cos1p>32
 61. cos145°2cos160°2 - sin145°2sin160°2
 62. sin130°2cos1135°2 + cos130°2sin1135°2

EXERCISES
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 1.4 Exercises 81

 63. 

1 - cosa2 # p
6
b

2
 64. 

1 + cosa2 # p
8
b

2

 65. 2 cos(210°)  66. cos1-270°2 - sin1-270°2

Use a calculator to find the value of each function. Round answers 
to four decimal places. 

 67. sin(43°)  68. sin(55°)

 69. cos(230.46°)  70. cos(344.1°)

 71. tan1-359.4°2  72. tan1-269.5°2
 73. csc123°48′2  74. csc149°13′2
 75. sec1-48°3′12″2  76. sec1-9°4′7″2
 77. cot1p>92  78. cot1p>102
Use a calculator to evaluate each expression. Round approximate 
answers to four decimal places.

 79. 
1 + cos144.3°2

2
 80. 

1 - cos198.6°2
sin198.6°2

 81. 
sin1p>122
cos1p>122  82. 

sin19.22
 cos19.22

 83. 2 sin(4)cos(4)  84. 2 sin(3)cos(3)

 85. 1 - 2 sin1-88.4°2  86. 2 cos1-9.5°2 - 1

Find the exact value of each expression for the given value of u. 
Do not use a calculator. 

 87. sin12u2 if u = p>4  88. sin12u2 if u = p>8
 89. cos12u2 if u = p>6  90. cos12u2 if u = p>3
 91. sin1u>22 if u = 3p>2  92. sin1u>22 if u = 2p>3

Solve each problem. 

 93. Constructing Manipulatives Accurately draw a small  
45-45-90 triangle on paper or cardboard and cut it out. Label 
the angles 45°, 45°, and 90°. Label the sides 1, 1, and 22. 
Do the same for a 30-60-90 triangle. Label its angles 30°, 60°, 
and 90°. Label its sides 1, 2, and 23.

 94. Using Manipulatives Use the triangles constructed in the last 
exercise as templates to assist you in accurately drawing the 
following angles in standard position and determining (x, y) 
and r for each angle.

a. 120° b. 135°

c. 210° d. -p>6
e. -3p>4 f. 5p>4

 95. If sin a = 3>4, then what is csc a?

 96. If tan a = 1>70, then what is cot a?

 97. If sec a = 10>3, then what is cos a?

 98. If sin a = 0, then what is csc a?

 99. In each case name the quadrant containing the terminal 
side of a.

a. sin a 7 0 and cos a 6 0

b. sin a 6 0 and cos a 7 0

c. tan a 7 0 and cos a 6 0

d. tan a 6 0 and sin a 7 0

 100. In each case name the quadrant containing the terminal side 
of 2a.

a. a = 66°

b. a = 2p>3
c. a = 150°

d. a = -5p>6

MODELING

Solve each problem.

 101. Steering Geometry How well a motorcycle or bicycle handles 
depends on the steering geometry. One measure of stability is 
the trail, which is usually around 4 to 6 inches. The formula

T =
r cos u - R

sin u

gives the trail T as a function of the radius of the wheel r, head 
angle u, and rake or offset R. Find T if u = 60°, R = 3 inches, 
and r = 14 inches. See the accompanying figure.

Rake

Steering
head

Trail

Head angle

Figure for Exercise 101
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82 Chapter 1 Angles and the Trigonometric Functions

 102. Flop factor Too much trail will cause the front wheel of a 
motorcycle to turn more than expected (flop over) when the 
handlebars are rotated away from the straight ahead position. 
This is why choppers can be difficult to control. The formula

F = T sin u cos u

gives the flop factor F as a function of the trail T and the 
head angle u. Find the flop factor for a motorcycle with a 
head angle of 39° and a trail of 10 inches.

Figure for Exercise 102

REVIEW

 103. Find the degree measure of the third angle of an isosceles 
triangle in which the equal angles each measure 9°38′52″.

104. Conversion from __________ to radians is based on 
__________ degrees equals p radians.

 105. Convert 13p>12 radians to degree measure.

 106. A sector of a circle with radius 8 meters has a central angle 
of p>8. Find the area of the sector to the nearest tenth of a 
square meter.

 107. A 30-inch lawnmower blade is rotating at 2000 revolutions 
per minute. Find the linear velocity of the tip of the blade in 
miles per hour (to the nearest tenth).

 108. A wheel is rotating at 200 rev>sec. Find the angular velocity 
in radians per minute (to the nearest tenth).

OUTSIDE THE BOX

 109. Counting Votes Fifteen experts are voting to determine the 
best convertible of the year. The choices are a Porsche Car-
rera, a Chrysler Crossfire, and a Nissan Roadster. The experts 
will rank the three cars 1st, 2nd, and 3rd. There are three 
common ways to determine the winner:

a. Plurality: The car with the most first-place votes (prefer-
ences) is the winner.

b. Instant runoff: The car with the least number of prefer-
ences is eliminated. Then the ballots for which the elimi-
nated car is first are revised so that the second-place car is 
moved to first. Finally, the car with the most preferences 
is the winner.

c. The point system: Two points are given for each time a car 
is ranked first place on a ballot, one point for each time 
the car appears in second place on a ballot, and no points 
for third place.

When the ballots were cast, the Porsche won when plural-
ity was used, the Chrysler won when instant runoff was used, 
and the Nissan won when the point system was used. Deter-
mine 15 actual votes for which this result would occur.

 110. Range Find the range of the function 

y = 1 + 212 cos31x2 + 37 without using a calculator.

 1. Find sin a, cos a, and tan a if a is an angle in standard posi-
tion whose terminal side passes through (4, 3).

Find the exact value.

 2. sin(0°)  3. sin1-60°2

 4. cos13p>42  5. cos(90°)

 6. tan1-2p>32  7. tan111p>62
 8. csc1p>42  9. sec(60°)

1.4 POP QUIZ

Infinite Series for Sine and Cosine

Like the exponential and logarithmic functions, the sine and cosine functions are 
transcendental functions. So there are no finite algebraic formulas that will produce 
the values of these functions. The sine and cosine functions can be evaluated using 
infinite algebraic formulas called infinite series. It is shown in calculus that

LINKING
concepts... For Individual or Group Explorations
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 sin(x) = x -
x 3

3!
+

x 5

5!
-

x7

7!
+ g  and

 cos(x) = 1 -
x 2

2!
+

x4

4!
-

x6

6!
+ g

for any real number x. (Recall that n! = 1 # 2 # 3 # g # n.) You can evaluate only a 
finite number of terms of this series, but the more terms that you use, the closer the 
result is to the true value of the function. As you can see from the accompanying 
figure, even two terms with x = p>6 comes fairly close to the actual value of 
sin1p>62. The following exercises will give you an idea of what your calculator does 
when it determines a sine or cosine.

a) Let x = p>6 and evaluate x, x - x3>3!, x - x3>3! + x5>5!, x - x3>3! + x5>5!
-  x7>7!, and so on. Which is the first expression to give 0.5 on your  calculator?

One reason trigonometry was invented was to determine the measures of the sides and 
angles of geometric figures without actually measuring them. In this section we will 
determine the unknown sides and angles of right triangles (triangles with a 90° angle). 
To accomplish this task, we need to use the trigonometric functions “in reverse.” The 
idea of reversing or inverting a function was discussed in Section P.4. You may wish 
to review that section now.

Inverse Trigonometric Functions
A solution to the equation sin a = 1

2 is an angle whose sine is 12. Because sin 30° = 1
2 

and sin 150° = 1
2, a could be 30° or 150°. Since any angle with the same terminal side 

as 30° or 150° is a solution, there are infinitely many solutions. Because right triangles 
have only acute angles (and one right angle), we are interested only in angles from 0° 
to 90° here. We will find general solutions to equations in Chapter 4.

1.5  Right Triangle Trigonometry

Find the angle a that satisfies each equation where 0° … a … 90°.

 a. sin a =
23

2
 b. cos a = 1 c. tan a = 1

EXAMPLE 1 Finding the angle

b) Repeat part (a) with x = 13p>6.

c) Let x = p>4 and evaluate 1 - x2>2!, 1 - x2>2! + x4>4!, 1 - x2>2! + x4>4!
-  x 6>6!, and so on. Which expression is the first to agree with your calculator’s 
value for cos1p>42?

d) Repeat part (c) with x = 9p>4.

e) What can you conjecture about the size of x and the number of terms needed to 
give an accurate value for sin(x) or cos(x)?

f) How would you calculate an accurate value for sin1601p>32 using the series 
for the sine function?

 1.5 Right Triangle Trigonometry 83
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84 Chapter 1 Angles and the Trigonometric Functions

In Example 1 we found the angle when given its sine. The function whose input 
is the sine of an angle and whose output is the angle is the inverse sine function. 
Similarly, the inverse cosine and inverse tangent functions pair numbers with angles.

In Section P.4 we reviewed inverse function notation used in algebra. Using that 
same notation here, the results of Example 1 are written as

sin-1a23

2
b = 60°,  cos-1112 = 0°,  and  tan-1112 = 45°.

Note that the -1 in this notation does not indicate a reciprocal.
We know that there are infinitely many angles that have a given sine, cosine, or 

tangent. Since a function must have exactly one output for any given input, the inverse 
functions are defined to provide that.

Solution

a. Since sin 60° =
23

2
, a = 60°.

b. Since cos 0° = 1, a = 0°.
c. Since tan 45° = 1, a = 45°.

TRY THIS. Find the angle b that satisfies cos b = 1>2 where 0 … b … 90°.

Definition: Inverse Sine, 
Cosine, and Tangent 

Functions 

 sin-11x2 = a   provided   sin a = x  and   -90° … a … 90°

  cos-11x2 = a   provided cos a = x  and 0° … a … 180°

 tan-11x2 = a   provided   tan a = x  and   -90° 6 a 6 90°

The other three trigonometric functions have inverses also, but we will not need them 
in studying right triangles. They are discussed in Chapter 4.

Evaluate each expression. Give the result in degrees.

 a. cos-1a22

2
b  b. sin-1a23

2
b  c. tan-1 A23 B

Solution

a. Since cos 45° =
22

2
 and 0° … 45° … 180°, cos-1a22

2
b = 45°.

b. Since sin 60° =
23

2
 and -90° … 60° … 90°, sin-1a23

2
b = 60°.

c. Since tan 60° = 23 and -90° 6 60° 6 90°, tan-1 A23 B = 60°.

TRY THIS. Find the exact value in degrees of sin-111>22.

EXAMPLE 2 Evaluating inverse functions

For angles that are not multiples of 30° or 45°, we use a calculator to evaluate 
an inverse function. Calculators have keys labeled sin-1, cos-1, and tan-1. They are 
usually the second functions for the sin, cos, and tan keys. When an inverse function 
key is pressed, your calculator will give the angle in the range specified in the defini-
tion of the inverse functions. Of course the angle will be given in degrees or radians 
depending on the mode setting.
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 1.5 Right Triangle Trigonometry 85

Right Triangles
Trigonometric functions were defined for angles in standard position in a rectangular 
coordinate system. We will now define them for the acute angles of a right triangle, 
without using a coordinate system.

Consider a right triangle with acute angle a, legs of length x and y, and hypot-
enuse r, as shown in Fig. 1.46. If this triangle is positioned in a coordinate system as 
in Fig. 1.47 then (x, y) is a point on the terminal side of a and

sin1a2 =
y

r
,   cos1a2 =

x
r
,  and   tan1a2 =

y

x
.

Evaluate each expression. Give the result in degrees to the nearest tenth.

 a. cos-11-3>72 b. sin-110.2352 c. tan-116.12
Solution

a. cos-11-3>72 ≈ 115.4°
b. sin-110.2352 ≈ 13.6°
c. tan-116.12 ≈ 80.7°

 Figure 1.45 shows these results on a graphing calculator.

TRY THIS. Find sin-110.382 to the nearest tenth of a degree.

EXAMPLE 3 Evaluating inverse trigonometric 
 functions with a calculator

Figure 1.45

Figure 1.46

a

x

r
y

Figure 1.47

a

y

xx

r
y

Adjacent

Hypotenuse

Opposite

(x, y)

The values of the trigonometric functions are simply ratios of the lengths of the 
sides of the right triangle. It is not necessary to move the triangle to a coordinate 
system to find them. Notice that y is the length of the side opposite the angle a, x 
is the length of the side adjacent to a, and r is the length of the hypotenuse. We 
use the abbreviations opp, adj, and hyp to represent the lengths of these sides in the 
following definition.

Definition: Trigonometric 
Functions of an Acute Angle 

of a Right Triangle 

If a is an acute angle of a right triangle, then

sin a =
opp

hyp
,   cos a =

adj

hyp
,  and   tan a =

opp

adj
,

csc a =
hyp

opp
,   sec a =

hyp

adj
,  and    cot a =

adj

opp
.
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86 Chapter 1 Angles and the Trigonometric Functions

Find the values of all six trigonometric functions for the angle a of the right triangle 
with legs of length 1 and 4 as shown in Fig. 1.48.

Solution

The length of the hypotenuse, c, is 242 + 12 or 217. Since the length of the side 
opposite a is 1 and the length of the adjacent side is 4, we have

 sin a =
opp

hyp
=

1217
=
217

17
,    cos a =

adj

hyp
=

4217
=

4217

17
,

 tan a =
opp

adj
=

1

4
,  csc a =

hyp

opp
= 217,

 sec a =
hyp

adj
=
217

4
,  and     cot a =

adj

opp
= 4.

TRY THIS. A right triangle has legs with lengths 2 and 4. Find sin a, cos a, and tan a 
if a is the angle opposite the side of length 4.

EXAMPLE 4 Trigonometric functions in a right triangle

Figure 1.48

a

4

c
1

Solving a Right Triangle
A triangle has three sides and three angles. If we know that the angles of a triangle 
are 30°, 60°, and 90°, we cannot determine the lengths of the sides because there are 
infinitely many such triangles of different sizes. If we know a combination of sides 
and>or angles that determines a unique right triangle, then we can use the trigono-
metric functions to find the unknown parts. Finding all of the unknown parts is called 
solving the triangle.

In solving right triangles, we usually name the acute angles a and b (beta) and 
the lengths of the sides opposite those angles a and b. The 90° angle is g (gamma), 
and the length of the side opposite g is c.

Solve the right triangle in which a = 30° and c = 6.

Solution

The triangle is shown in Fig. 1.49. Since a = 30°, g = 90°, and the sum of the mea-
sures of the angles of any triangle is 180°, we have b = 60°. Since sin a = opp>hyp, 
we have sin 30° = a>6 and

a = 6 # sin 30° = 6 # 1

2
= 3.

Since cos a = adj>hyp, we have cos 30° = b>6 and

b = 6 # cos 30° = 6 # 23

2
= 323.

The angles of the right triangle are 30°, 60°, and 90°, and the sides opposite those 
angles are 3, 323, and 6, respectively.

TRY THIS. Solve the right triangle in which a = 60° and c = 2.

EXAMPLE 5 Solving a right triangle

Figure 1.49

b

6
a

b

30°

In the next example, both acute angles are unknown. In this case we will need an 
inverse trigonometric function.
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 1.5 Right Triangle Trigonometry 87

Applications
Using trigonometry, we can find the size of an object without actually measuring the 
object. Two common terms used in this regard are angle of elevation and angle of 
depression. The angle of elevation a for a point above a horizontal line is the angle 
formed by the horizontal line and the observer’s line of sight through the point as 
shown in Fig. 1.51. The angle of depression b for a point below a horizontal line is 
the angle formed by the horizontal line and the observer’s line of sight through the 
point as shown in Fig. 1.51. We use these angles and our skills in solving triangles to 
find the sizes of objects that would be inconvenient to measure.

Solve the right triangle in which a = 4 and b = 6. Find the acute angles to the near-
est tenth of a degree.

Solution

The triangle is shown in Fig. 1.50. By the Pythagorean theorem, c2 = 42 + 62, or 

c = 252 = 2213. To find a, first find sin a:

sin a =
opp

hyp
=

4

2213
=

2213

Now, a is the angle whose sine is 2>213:

a = sin-1a 2213
b ≈ 33.7°

Since a + b = 90°, b ≈ 90° - 33.7° = 56.3°. The angles of the triangle are 
approximately 33.7°, 56.3°, and 90°, and the sides opposite those angles are 4, 6, and 

2213, respectively.

TRY THIS. Solve the right triangle in which a = 2 and b = 5.

EXAMPLE 6 Solving a right triangle

Figure 1.50

6

c
4

b

a

STRATEGY

Solving a Right Triangle

To solve a right triangle:

1. Use the Pythagorean theorem to find the length of a third side when 
the lengths of two sides are known.

2. Use the trigonometric ratios to find missing sides or angles.
3. Use the fact that the sum of the measures of the angles of a triangle 

is 180° to determine a third angle when two are known.

In Example 6 we could have found a by using a = tan -114>62 ≈ 33.7°. We 
could then have found c by using cos133.7°2 = 6>c, or c = 6>cos133.7°2 ≈ 7.2. 
There are many ways to solve a right triangle, but the basic strategy is always the same.

Figure 1.51

Horizontal line

Horizontal line

Angle of
elevationa

Angle of
depression

b

Willis
Tower

Empire State
Building
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88 Chapter 1 Angles and the Trigonometric Functions

A guy wire of length 108 meters runs from the top of an antenna to the ground. If the 
angle of elevation of the top of the antenna, sighting along the guy wire, is 42.3°, then 
what is the height of the antenna?

Solution

Let y represent the height of the antenna as shown in Fig. 1.52. Since sin142.3°2 =  y>108,

y = 108 # sin142.3°2 ≈ 72.7.

The height of the antenna is approximately 72.7 meters.

TRY THIS. The angle of elevation of the top of a cell phone tower is 38.2° at a distance 
of 344 feet from the tower. What is the height of the tower?

EXAMPLE 7 Finding the height of an object

Figure 1.52

108 m

42.3º

y

In Example 7 we knew the distance to the top of the antenna, and we found the 
height of the antenna. If we knew the distance on the ground to the base of the antenna 
and the angle of elevation of the guy wire, we could still have found the height of the 
antenna. Both cases involve knowing the distance to the antenna either on the ground 
or through the air. However, one of the biggest triumphs of trigonometry is being able 
to find the size of an object or the distance to an object (such as the moon) without 
going to the object. The next example shows one way to find the height of an object 
without actually going to it. In Section 5.1, Example 6, we will show another (slightly 
simpler) solution to this same problem using the law of sines.

The angle of elevation of the top of a water tower from point A on the ground is 19.9°. 
From point B, 50.0 feet closer to the tower, the angle of elevation is 21.8°. What is 
the height of the tower?

Solution

Let y represent the height of the tower and x represent the distance from point B to 
the base of the tower as shown in Fig. 1.53.

EXAMPLE 8 Finding the height of an object 
from a distance

19.9° BA

y

x50.0 ft
21.8°

C

Figure 1.53

At point B, tan 21.8° = y>x or

x =
y

tan 21.8°
 .

Since the distance to the base of the tower from point A is x + 50,

tan 19.9° =
y

x + 50
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 1.5 Right Triangle Trigonometry 89

In the next example we combine the solution of a right triangle with the arc length 
of a circle to solve a problem of aerial photography.

Figure 1.54

or

y = 1x + 502 tan 19.9°.

Since x = y>tan 21.8°, we can substitute y>tan 21.8° for x in the last equation and get 
an equation involving y only:

 y = a y

tan 21.8°
 + 50b  tan 19.9°

  y =
y # tan 19.9°

tan 21.8°
+ 50 tan 19.9° Distributive property

  y -
 y # tan 19.9°

tan 21.8°
= 50 tan 19.9°

  y a1 -
tan 19.9°
tan 21.8°

 b = 50 tan 19.9° Factor out y.

 y =
50 tan 19.9°

1 -
tan 19.9°
tan 21.8°

 ≈ 191 ft

 This computation is shown on a graphing calculator in Fig. 1.54.

TRY THIS. At one location, the angle of elevation of the top of an antenna is 44.2°. At 
a point that is 100 feet closer to the antenna, the angle of elevation is 63.1°. What is the 
height of the antenna?

In the late ’50s, the Soviets labored to develop a missile that could stop the U-2 spy 
plane. On May 1, 1960, Soviet premier Nikita S. Khrushchev announced to the world 
that the Soviets had shot down Francis Gary Powers while Powers was photograph-
ing the Soviet Union from a U-2 at an altitude of 14 miles. How wide a path on the 
surface of Earth could Powers see from that altitude? (Use 3950 miles as the radius 
of Earth.)

Solution

Figure 1.55 shows the line of sight to the horizon on the left-hand side and right-hand 
side of the airplane while flying at the altitude of 14 miles. Since a line tangent to a 
circle (the line of sight) is perpendicular to the radius at the point of tangency, the 
angle a at the center of Earth in Fig. 1.55 is an acute angle of a right triangle with 
hypotenuse 3950 + 14 or 3964. So we have

 cos a =
3950

3964

 a = cos-1a3950

3964
b ≈ 4.8°.

The width of the path seen by Powers is the length of the arc intercepted by the central 
angle 2a or 9.6°. Using the formula s = ar from Section 1.2, where a is in radians, 
we get

s = 9.6 deg # p rad

 180 deg
# 3950 mi ≈ 661.8 miles.

EXAMPLE 9 Photograph from a spy plane

Figure 1.55

14 mi

a
39

50
 m

i
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90 Chapter 1 Angles and the Trigonometric Functions

From an altitude of 14 miles, Powers could see a path that was about 661.8 miles 
wide. Actually, he photographed a path that was somewhat narrower, because parts 
of the photographs near the horizon were not usable.

TRY THIS. A sailor spots a small island on the horizon from the top of a 40-ft mast. 
How far is it to the island? Use 3950 mi for the radius of Earth.

Example 10 involves a circle and tangent lines and appears to be similar to 
 Example 9. However, in Example 10 we will write an equation that can only be 
solved using a graphing calculator or computer. Notice that in Example 10 we will 
use right triangle trigonometry, the arc length formula, the circumference formula, 
the Pythagorean theorem, and the inverse cosine function.

A 20-inch belt connects a pulley with a very small shaft on a motor, as shown in 
Fig. 1.56. The distance between the shaft and the large pulley is 4 inches. Assuming the 
shaft is a single point, find the radius of the large pulley to the nearest tenth of an inch.

Solution

Let x be the radius of the circle and w be the distance from the shaft to point A, 
as shown in the figure. Since the radius is perpendicular to the belt at A, we have 

u = cos-1 A x
x + 4 B . Assuming u is in radians, the length of the arc of the circle 

 intercepted by u is x # cos-1 A x
x + 4 B . Since the circumference of the circle is 2px, 

the length of the long arc from A to B is

2px - 2x # cos-1a x

x + 4
b .

By the Pythagorean theorem, x2 + w2 = 1x + 422 or w = 28x + 16. Since the 
total length of the belt is 20 inches, we have

2px - 2x # cos-1a x

x + 4
b + 228x + 16 = 20.

One way to solve this equation with a graphing calculator is to graph

y = 2px - 2x # cos-1a x

x + 4
b + 228x + 16 - 20

and find the x-intercept, as shown in Fig. 1.57. The radius of the large pulley is 
approximately 2.2 inches.

TRY THIS. It is about 200 miles from Houston to San Antonio on Interstate I-10. 
A pilot at an altitude of 5 miles over Houston spots San Antonio on the horizon. From 
this information calculate the radius of Earth.

EXAMPLE 10 Graphing calculator required

Figure 1.56

4 in.

w

AB

C

x

x

xu

Figure 1.57

0 6

20

–20

1. If sin a = 23
2  and 0° … a … 90°, then a = 60°.

2. If cos a = 23
2  and 0° … a … 90°, then a = 45°.

3. sin-1 A22>2 B = 135°

4. cos-111>22 = 30°

5. tan-1112 = 90°

6. If a = 2 and b = 4 in a right triangle, then c = 6.

7. If a = 3 and b = 4 in a right triangle, then c = 5.

8. If a = 4 and b = 8 in a right triangle, then c = 212.

9. If a = 55° in a right triangle, then b = 35°.

10. In a right triangle, sin190°2 = hyp>adj.

FOR THOUGHT… True or False? Explain.
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 1.5 Exercises 91

CONCEPTS

Fill in the blank.

 1. If a triangle has a 90° angle, then it is a(n) __________ 
 triangle.

 2. The two sides that form an acute angle of a right triangle are 
the __________ side and the __________.

 3. The function whose input is the sine of an angle and whose 
output is the angle is the __________ function.

 4. If a is an acute angle of a right triangle, then sin1a2 is the 
_________ divided by the _________.

 5. If a is an acute angle of a right triangle, then cos1a2 is the 
_________ divided by the _________.

 6. If a is an acute angle of a right triangle, then tan1a2 is the 
_________ divided by the ________.

SKILLS

Find the angle a that satisfies each equation, where 0° … a … 90°. 
Do not use a calculator. 

 7. sin(a) = 1
2  8. cos(a) = 22

2

 9. sin a =
122

 10. cos a =
23

2

 11. tan a = 23  12. cos a = 0

 13. sin(a) = 0  14. tan(a) = 1

Evaluate each expression without using a calculator. Give the 
result in degrees. 

 15. cos-1 A12 B  16. cos-1a23
2 b

 17. sin-1a23
2 b  18. sin-1 A12 B

 19. tan-1(0)  20. tan-1(1)

 21. sin-1a22
2 b  22. cos-1a22

2 b
Evaluate each expression using a calculator. Give the result in 
degrees to the nearest tenth. 

 23. cos-111>92  24. sin-112>52
 25. tan-112.432  26. tan-115.682
Use a calculator to find the acute angle a (to the nearest tenth of a 
degree) that satisfies each equation. 

 27. sin a = 0.44  28. cos a = 0.923

 29. tan a = 5>9  30. sin a = 4>5

Find the exact values of all six trigonometric functions for the 
angle a in each given right triangle. 

 31. 

3

2

a

 32. 

5
1

a

For each given right triangle, find exact values of 
sin a, cos a, tan a, sin b, cos b, and tan b. 

 33. 

8

4
b

a

 34. 

7

3

b

a

 35. 
10

6b

a

 36. 
12

8b

a

 37. 
9

15b

a

 38. 

√481
9

b

a

Solve each right triangle with the given sides and angles. In each 
case, make a sketch. Round approximate answers to the nearest 
tenth. 

 39. a = 6, b = 8  40. a = 10, c = 12

 41. b = 6, c = 8.3  42. a = 32.4°, b = 10

 43. a = 16°, c = 20  44. b = 47°, a = 3

 45. a = 39°9′, a = 9  46. b = 19°12′, b = 60

Solve each triangle given the coordinates of the three vertices. 
Round approximate answers to the nearest tenth.

 47. A(0, 0), B(4, 3), C(7, -1)

 48. A(0, 0), B(4, 2), C(7, -4)

1.5 EXERCISES
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92 Chapter 1 Angles and the Trigonometric Functions

 49. A(-1, 2), B(7, 3), C(1, -1)

 50. A(2, 2), B(10, 2), C(2, 17)

MODELING

Solve each problem. 

 51. Aerial Photography An aerial photograph from a U-2 spy 
plane is taken of a building suspected of housing nuclear war-
heads. The photograph is made when the angle of elevation of 
the sun is 32°. By comparing the shadow cast by the building 
to objects of known size in the photograph, analysts determine 
that the shadow is 80 ft long. How tall is the building (to the 
nearest foot)?

32°

80 ft

Figure for Exercise 51

 52. Giant Redwood A hiker stands 80 ft from a giant redwood tree 
and sights the top with an angle of elevation of 75°. How tall is 
the tree (to the nearest foot)?

 53. Avoiding a Swamp Muriel was hiking directly toward a long, 
straight road when she encountered a swamp. She turned 65° 
to the right and hiked 4 mi in that direction to reach the road. 
How far was she from the road (to the nearest tenth of a mile) 
when she encountered the swamp?

Road

Swamp

65°
4 mi

Figure for Exercise 53

 54. Tall Antenna A 100-ft guy wire is attached to the top of an 
antenna. The angle between the guy wire and the ground is 
62°. How tall is the antenna (to the nearest foot)?

 55. Angle of Depression From a highway overpass, 14.3 m above 
the road, the angle of depression of an oncoming car is measured 

at 18.3°. How far is the car from a point on the highway directly 
below the overpass (to the nearest tenth of a meter)?

18.3°
14.3 m

Figure for Exercise 55

 56. Length of a Pipe A gas pipe under a river is 196.8 ft below the 
surface at its lowest point as shown in the drawing. If the angle 
of depression of the pipe is 4.962°, then what is the distance 
from point A to point B on the surface of the water? What is 
the length of the pipe between points A and B? Round to the 
nearest foot.

196.8 ft

d

4.962° 4.962°
A B

Figure for Exercise 56

 57. Height of a Crosswalk The angle of elevation of a  pedestrian 
crosswalk over a busy highway is 8.34° as shown in the 
 drawing. If the distance between the ends of the crosswalk 
measured on the ground is 342 ft, then what is the height, h, 
of the crosswalk at the center? Round to the nearest tenth of a 
foot.

342 ft

8.34° 8.34°
h

°12

Figure for Exercise 57

 58. Shortcut to Snyder To get from Muleshoe to Snyder, Harry drives 
50 mph for 178 mi south on route 214 to Seminole, then goes 
east on route 180 to Snyder. Harriet leaves Muleshoe 1 hr later 
at 55 mph, but takes US 84, which goes straight from  Muleshoe 
to Snyder through Lubbock. If US 84 intersects route 180 at a 
50° angle, then how many more miles (to the nearest mile) does 
Harry drive? In what state are these towns?

 59. Installing a Guy Wire A 41-m guy wire is attached to the top 
of a 34.6-m antenna and to a point on the ground. How far is 
the point on the ground from the base of the antenna (to the 
nearest meter), and what angle does the guy wire make with 
the ground (to the nearest tenth of a degree)?
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 1.5 Exercises 93

 60. Robin and Marian Robin Hood plans to use a 30-ft ladder 
to reach the castle window of Maid Marian. Little John, who 
made the ladder, advised Robin that the angle of elevation of 
the ladder must be between 55° and 70° for safety. What are 
the minimum and maximum heights that can safely be reached 
by the top of the ladder when it is placed against the 50-ft 
castle wall? Round to the nearest tenth.

 61. Motorcycle Trail The head angle on a motorcycle is the 
angle between the horizontal and the slanted line through the 
 steering head. The distance along the ground between the 
line through the steering head and the vertical line through 
the  center of the wheel is the trail. See the accompanying 
figure. The radius of the wheel on this author’s Road King is 
13.3 inches and the head angle is 64°. Find the trail.

Head angle
64°

Trail

13.3 in.

Figure for Exercise 61

 62. Rake and Trail To reduce the trail, the front axle is often offset 
from the line through the steering head. The amount of offset 
is the rake. See the accompanying figure. On this author’s Trek 
420 bicycle the rake is 5 centimeters, the head angle is 70°, 
and the diameter of the wheel is 700 millimeters. Find the trail 
in inches.

Rake

Steering
head

Trail

Head angle

Figure for Exercise 62

 63. Wooden Rack According to the World Pool Association, the 
diameter of a pool ball is 2.25 in. Fifteen balls fit snugly into a 
wooden rack, as shown in the accompanying figure. The rack 
is an equilateral triangle whose sides are 0.25 in. thick. Find 
the outside perimeter of the rack to the nearest tenth of an 
inch.

1

2

34

56

7

8

9

10

11 13

14

15

12

Figure for Exercise 63

 64. Plastic Rack The 15 balls from the previous exercise fit 
snugly into a plastic rack that is shaped to fit the balls in the 
corners, as shown in the accompanying figure. If the plastic 
rack is 0.25 in. thick, then what is the outside perimeter of the 
rack to the nearest tenth of an inch?

1

2

34

56

7

8

9

10

11 13

14

15

12

Figure for Exercise 64

 65. Regular Pentagon The sides of a regular pentagon are each 
2 meters in length, as shown in the accompanying figure. 
Find the distance h to the nearest hundredth of a meter.

h

2 m

Figure for Exercise 65

 66. Texas Star A copper three-dimensional star that is 36 in. wide 
is hanging on a wall, as shown in the accompanying figure 
on the next page. The perimeter of the star is flush against 
the wall but the center point is 3 in. from the wall. The star is 
made from 10  triangular pieces of copper. Find the lengths of 
the three sides of one of them to the nearest hundredth of an 
inch.
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94 Chapter 1 Angles and the Trigonometric Functions

36 in.

Figure for Exercise 66

 67. Detecting a Speeder A policewoman has positioned herself 
500 ft from the intersection of two roads. She has carefully 
measured the angles of the lines of sight to points A and B as 
shown in the drawing. If a car passes from A to B in 1.75 sec 
then what is the speed of the car? Round to the nearest tenth 
of a mph.

15.4°

500 ft

12.3°

Policewoman

A

B

Figure for Exercise 67

 68. Progress of a Forest Fire A forest ranger atop a 3248-ft mesa 
is watching the progress of a forest fire spreading in her direc-
tion. In 5 min the angle of depression of the leading edge of 
the fire changed from 11.34° to 13.51°. At what speed in miles 
per hour is the fire spreading in the direction of the ranger? 
Round to the nearest tenth.

 69. Height of a Rock Inscription Rock rises almost straight 
upward from the valley floor. From one point the angle of 
elevation of the top of the rock is 16.7°. From a point 168 m 
closer to the rock, the angle of elevation of the top of the rock 
is 24.1°. How high is Inscription Rock? Round to the nearest 
tenth of a meter.

 70. Height of a Balloon A hot air balloon is between two  spotters 
who are 1.2 mi apart. One spotter reports that the angle of 
elevation of the balloon is 76°, and the other reports that it is 
68°. What is the altitude of the balloon to the nearest tenth of a 
mile?

 71.  Passing in the Night A boat sailing north sights a lighthouse 
to the east at an angle of 32° from the north as shown in the 
drawing. After the boat travels one more kilometer, the angle 
of the lighthouse from the north is 36°. If the boat continues to 
sail north, then how close will the boat come to the lighthouse 
to the nearest tenth of a kilometer?

36°

32°

1 km

y

Figure for Exercise 71

 72. Height of a Skyscraper For years the Woolworth skyscraper 
in New York held the record for the world’s tallest office 
 building. If the length of the shadow of the Woolworth 
 building increases by 17.4 m as the angle of elevation of the 
sun changes from 44° to 42°, then how tall is the building to 
the nearest tenth of a meter?

 73. Parsecs In astronomy the light year (abbreviated ly) and the 
parsec (abbreviated pc) are the two units used to measure 
 distances. The distance in space at which a line from Earth to 
the sun subtends an angle of 1 sec is 1 parsec. Find the number 
of miles in 1 parsec by using a right triangle  positioned in 
space with its right angle at the sun as shown in the figure. 
Use scientific notation and one decimal place. How many 
years (to the nearest hundredth) does it take light to travel 
1 parsec? (One light year is the distance that light travels in 
one year, one AU is the distance from Earth to the sun, and 
1 ly = 63,240 AU.)

93,000,000 mi

Sun

Earth

1 parsec

1 sec

Figure for Exercise 73

 74. View from Landsat The satellite Landsat orbits Earth at 
an altitude of 700 mi, as shown in the figure. What is the 
width of the path on the surface of Earth that can be seen by 
the cameras of Landsat? Round to the nearest mile.
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 1.5 Exercises 95

700 mi

Figure for Exercise 74

 75. Angle of Elevation From point A the angle of elevation to 
the top of a building is 30°, as shown in the accompanying 
figure. From point B, 20 meters closer to the building, the 
angle of elevation is 45°. Find the angle of elevation of the 
building from point C, which is another 20 meters closer to the 
 building.

30° 45°

A B C20 m 20 m

Figure for Exercise 75

 76. Rate of Ascent A hot air balloon is rising upward from Earth 
at a constant rate, as shown in the accompanying figure. An 
observer 250 meters away spots the balloon at an angle of 
elevation of 24°. Two minutes later the angle of elevation 
of the balloon is 58°. At what rate is the balloon ascending? 
Answer to the nearest tenth of a meter per second.

58°

24°
250 m

Figure for Exercise 76

 77. Watering the Lawn Four lawn sprinklers are placed to water a 
square lawn, as shown in the accompanying figure. The region 
watered by each sprinkler is circular with a radius of 6 m.

a. How many square meters of lawn are not reached  
by any of the sprinklers? Find the exact answer.

b. What percentage of the lawn is watered by at least one 
sprinkler? Round to the nearest tenth of a percent.

Figure for Exercise 77

 78. Shipping Pipes Six identical pipes, each with a radius of 1 
foot, are tied tightly together with a metal band, as shown in 
the accompanying figure. Find the exact length of the metal 
band.

Figure for Exercise 78

 79. Communicating via Satellite A communication satellite 
is usually put into a synchronous orbit with Earth, which 
means that it stays above a fixed point on the surface of 
Earth at all times. The radius of the orbit of such a satellite is 
6.5 times the radius of Earth (3950 mi). The satellite is used 
to relay a signal from one point on Earth to another point on 
Earth. The sender and receiver of a signal must be in a line 
of sight with the satellite, as shown in the figure. What is 
the maximum distance on the surface of Earth between the 
sender and receiver for this type of satellite? Round to the 
nearest mile.

r × 6.5r

Figure for Exercise 79

 80. Catching a Green Flash Ed and Diane are on the beach to 
observe a green flash. As the very last sliver of the sun sinks 
into the ocean, refraction bends the final ray of sunlight into a 
rainbow of colors. The red and orange set first, and the green 
light, or green flash, is the last bit of sunlight seen before 
sunset.
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96 Chapter 1 Angles and the Trigonometric Functions

 81. Maximizing Area An architect is designing a rectangular 
parking lot on a triangular lot as shown in the figure. Find the 
dimensions of the parking lot that will maximize the area of 
the parking lot. Round to the nearest hundredth of a foot.
 HINT  Write a quadratic function for the area of the lot.

150 ft

10
0 

ft

Figure for Exercises 81 and 82

 82. Figuring the Setback The architect in the previous exercise 
just remembered that the parking lot must be set back 10 ft 
from each side of the property and 40 ft from the street. Now 
find the dimensions of the parking lot that will maximize the 
area of the parking lot. Round to the nearest tenth of a foot.

 The following problems can be solved by setting up an equa-
tion involving inverse trigonometric functions. You will need the 
equation solver of a graphing calculator or a computer to solve the 
equation. 

 83. Hanging a Pipe A contractor wants to pick up a 10-ft-diam-
eter pipe with a chain of length 40 ft. The chain encircles the 
pipe and is attached to a hook on a crane. What is the distance 
between the hook and the pipe to the nearest thousandth of a 
foot? (This is an actual problem that an engineer was asked to 
solve on the job.)

40 ft chain
x ft

Figure for Exercise 83

 84. Circling Earth  A rope that is 1 meter longer than the circum-
ference of Earth is placed around Earth at the equator. If the rope 
is pulled up tightly to point A, as shown in the accompanying 
figure, then what is the distance from point A to the surface of 
Earth? Use 6400 kilometers as the radius of Earth.

A

Figure for Exercise 84

 85. Blocking a Pipe A large pipe is held in place by using a 1-ft-
high block on one side and a 2-ft-high block on the other side. 
If the length of the arc between the points where the pipe 
touches the blocks is 6 ft, then what is the radius of the pipe to 
the nearest thousandth of a foot?
 HINT  Ignore the thickness of the pipe.

a. If Diane’s eyes are 2 ft above the ocean, then what is the 
degree measure of the angle a shown in the figure? Use 
four decimal places.

b. If Ed’s eyes are 6 ft above the ocean, then what is the angle 
a for Ed? Use degrees and four decimal places.

c. Diane sees the green flash first. The difference between the 
two alphas is how far Earth must rotate before Ed sees it. 
How many seconds (to the nearest tenth) after Diane sees 
the green flash does Ed see it?

Earth

Sun

Ed (6 ft)

Diane (2 ft)

Horizon
line

40
00

 m
i.

a

Figure for Exercise 80
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 1.5 Exercises 97

1 ft
2 ft

6 ft

Figure for Exercise 85

 86. Pipe on an Inclined Plane A large pipe on an inclined plane 
is held in place by sticks of length 2 ft and 6 ft as shown in 
the figure. The sticks are in line with the center of the pipe. 
The extended lines of the sticks intersect at an 18° angle at 
the  center of the circle. What is the radius of the pipe? Find 
the radius of the pipe if the angle is 19°. Round to the nearest 
thousandth of a foot.

18º

6 ft
2 ft

Figure for Exercise 86

 87. Finding the Radius of Earth Assume that it takes 4 sec for 
the green flash in Exercise 80 to travel from Diane’s eyes 
at 2 ft to Ed’s eyes at 6 ft. Find the radius of Earth to the 
 nearest mile.

 88. Solving a Lot The diagonals of the property shown in the 
figure are 90 ft and 120 ft. The diagonals cross 30 ft from the 
street. Find w, the width of the property to the nearest tenth of 
a foot.

120 ft

90 ft

30 ft

w

Figure for Exercise 88

WRITING/DISCUSSION

 89. Cooperative Learning Construct a device for measuring angle 
of elevation or angle of depression by attaching a weighted 
string to a protractor as shown in the figure. Work with a group 
to select an object such as a light pole or tree. While  standing 
at some appropriate distance from the object, measure the 
angle of elevation to the top of the object and the angle of 
depression to the bottom of the object. Use these angles, the 
distance to the object, and the distance of your eye from the 
ground to find the height of the object.

20
30

40
50

60
70

80

10
0

80
70605040

30
20

10

0

Line o
f si

ght

90

Washer        

Angle of
elevation
35˚

35˚

Figure for Exercise 89

 90. Cooperative Learning Work in a group to select a local build-
ing and find its height without going up to the building. Use 
the difference in the lengths of its shadow at two different 
times of day and the technique of Example 8. Use the protrac-
tor and string from the last exercise to measure the angle of 
elevation of the sun, without looking at the sun.

REVIEW

 91. Evaluate the trigonometric functions for the angle a in standard 
position whose terminal side passes through (4, 3).

a. sin a b. cos a c. tan a

 92. Find the exact value of each function.

a. sin(45°)

b. cos1-p>42
c. tan13p>42

 93. Find the exact value of each function.

a. sin(60°)

b. cos1-5p>62
c. tan12p>32

 94. Find the negative angle between 0° and -360° that is coterminal 
with 510°.

 95. Name the quadrant in which the terminal side of 17p>12 lies.

 96. A point on Earth’s equator makes one revolution in 24 hours. 
Find the linear velocity in feet per second for such a point, 
using 3950 miles as the radius of Earth.
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98 Chapter 1 Angles and the Trigonometric Functions

OUTSIDE THE BOX

 97. Buckling Bridge  A 100-ft bridge expands 1 in. during the heat 
of the day. Since the ends of the bridge are embedded in rock, 
the bridge buckles upward and forms an arc of a circle for 
which the original bridge is a chord. What is the approximate 
distance moved by the center of the bridge?

 98. Regular Hexagon A regular hexagon is formed when six 
equally spaced points on a circle of radius 1 are connected, as 
shown in the accompanying figure. What is the exact area of 
the hexagon?

Figure for Exercise 98

 1. If 0° … a … 90° and sin a = 22>2, then what is the degree 
measure of a?

 2. Find sin-1 A23>2 B  in degrees.

 3. Find cos-11-1>22 in degrees.

 4. A right triangle has legs with lengths 3 and 6, and a is the 
acute angle opposite the smallest leg. Find exact values for 
sin a, cos a, and tan a.

 5. At a distance of 1000 feet from a building the angle of eleva-
tion to the top of the building is 36°. Find the height of the 
building to the nearest foot.

1.5 POP QUIZ

Discovering A ∙ Pr 2

Ancient mathematicians discovered the formula for the area of a circle using the 

formula for the area of a triangle A = 1
2 bh and trigonometry. Let’s see how they 

did this.

a) Suppose a regular pentagon is inscribed in a circle of radius r as shown in the 
figure. The pentagon is made up of isosceles triangles. Show that the area of the 
pentagon is 5r2sin136°2cos136°2.

b) Now suppose that a regular polygon of n sides is inscribed in a circle of radius 
r. Write the area of the n-gon in terms of r and n.

c) If y = k x 2, we say that y varies directly with the square of x where k is the varia-
tion constant. Express the result of part (b) in these terms.

d) Find the variation constant for a decagon, kilogon, and megagon.

LINKING
concepts... For Individual or Group Explorations

r r

e) What happens to the shape of the inscribed n-gon as n increases? So what can you 
conclude is the formula for the area of a circle of radius r?

f) Suppose that the p key on your calculator is broken. What expression could 
you use to calculate p accurate to nine decimal places?

g) Use trigonometry to find a formula for the perimeter of an n-gon inscribed in a 
circle of radius r.

h) Use the result of part (g) to find a formula for the circumference of a circle of 
radius r.
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 1.6 The Fundamental Identity and Reference Angles 99

An identity is an equation that is satisfied for all values of the variable for which both 
sides are defined. The equations x + x = 2x and x>x = 1 are algebraic identities. The 
fundamental identity of trigonometry comes from the definition of sine and cosine.

The Fundamental Identity
The fundamental identity involves the squares of the sine and cosine functions. 
For convenience, we write 1sin a22 as sin2 a and 1cos a22 as cos2 a. By definition,

sin a = y
r, cos a = x

r, and r = 2x 2 + y 2. So

sin2 a + cos2 a =
y 2

r 2
+

x 2

r 2
=

y 2 + x 2

r 2
=

r 2

r 2
= 1.

This computation proves the fundamental identity.

1.6  The Fundamental Identity and Reference Angles

The Fundamental Identity 
of Trigonometry

If a is any angle or real number, then

sin2 a + cos2 a = 1.

 The fundamental identity can be illustrated with a graphing calculator as shown 
in Fig. 1.58. ∙

If we know the value of the sine or cosine of an angle, then we can use the fun-
damental identity to find the value of the other function of the angle.

Find cos a if sin a = 3>5 and a is an angle in quadrant II.

Solution

Use the fundamental identity sin2 a + cos2 a = 1 to find cos a:

 a3

5
b

2

+  cos2 a = 1

 cos2 a =
16

25

 cos a = {A  
16

25
= {4

5

Since cos a 6 0 for any angle in quadrant II, we choose the negative sign and get 
cos a = -4>5.

TRY THIS. Find sin a given that cos a = 1>4 and a is in quadrant IV.

EXAMPLE 1 Applying the fundamental identity

The fundamental identity can be solved for either sine or cosine to yield addi-
tional identities:

sin2 a + cos2 a = 1 sin2 a + cos2 a = 1

 sin2 a = 1 - cos2 a cos2 a = 1 - sin2 a

 sin a = {21 - cos2 a cos a = {21 - sin2 a

All of these equations are identities.

Figure 1.58 ht
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100 Chapter 1 Angles and the Trigonometric Functions

Reference Angles
One way to evaluate the trigonometric functions for an angle is to determine the 
coordinates of a point on the terminal side of the angle. Another way to is to use the 
corresponding reference angle.

Definition:  
Reference Angle 

If u is a nonquadrantal angle in standard position, then the reference angle for 
u is the positive acute angle u′ (read “theta prime”) formed by the terminal side 
of u and the positive or negative x-axis.

Figure 1.59 shows the reference angle u′ for an angle u with terminal side in each 
of the four quadrants. Notice that in each case u′ is the acute angle formed by the ter-
minal side of u and the x-axis. Because the measure of any reference angle is between 
0 and p>2, any reference angle in standard position will be in the first quadrant.

Figure 1.59

y

x

y

x

y

x
u'

y

x

u' = u u' = p – u u' = u – p u' = 2p – u

u u u u
u' u'

u'

For each given angle u, sketch the reference angle u′ and give the measure of u′ in 
both radians and degrees.

 a. u = 120° b. u = 7p>6 c. u = 690° d. u = -7p>4
Solution

a. The terminal side of 120° is in quadrant II, as shown in Fig. 1.60. The reference 
angle u′ is 180° - 120°, which is 60° or p>3.

b. Note that 7p>6 = 6p>6 + p>6 = p + p>6. Since p corresponds to one-half of 
a revolution, the terminal side of 7p>6 lies in quadrant III, as shown in Fig. 1.61. 
The reference angle u′ is 7p>6 - p, which is p>6 or 30°.

EXAMPLE 2 Finding reference angles

Figure 1.60

60°
120°

y

x

Figure 1.61

y

x

7p
6

p
6

c. Note that 690° = 360° + 330°. So 690° is coterminal with 330° and the terminal 
side is in quadrant IV, as shown in Fig. 1.62. The reference angle u′ is 360° - 330°, 
which is 30° or p>6.
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 1.6 The Fundamental Identity and Reference Angles 101

d. An angle of -7p>4 radians has a terminal side in quadrant I, as shown in Fig. 1.63, 
and the reference angle is p>4 or 45°.

TRY THIS. Find the reference angle for 135° in degrees and radians.

Figure 1.63

p
4

y

x
7p
4

–

Figure 1.62

30°330°

y

x

Suppose that u is an angle with reference angle u′. Figure 1.64(a) shows the ref-
erence angle u′ in standard position with its terminal side through (x, y). The angle u 
might terminate in any one of the four quadrants. Because the reference angle u′ goes 
through (x, y), the angle u must pass through 1x, y2, 1-x, y2, 1-x, -y2, or 1x, -y2, as 
shown in Fig. 1.64(b). Since these points differ only in sign, sin u = {sin u′.

Figure 1.64

Reference angle u´

y

x–1

–1

1

1

(a)

u'

(x, y)

u

y

x1

1

(b)

(x, y)

(x, –y)(–x, –y)

(–x, y)

–1

–1

Possible u corresponding to u´

So if we know sin u′, we can prefix the appropriate sign to get sin u according 
to the signs of the trigonometric functions for the four quadrants shown in Fig. 1.65. 
This procedure can be used also to evaluate any of the other trigonometric functions.

Figure 1.65

Quadrant II Quadrant I

Quadrant IVQuadrant III

y

x

sin a > 0, csc a > 0

cos a < 0, sec a < 0

tan a < 0, cot a < 0

sin a < 0, csc a < 0

cos a < 0, sec a < 0

tan a > 0, cot a > 0

sin a < 0, csc a < 0

cos a > 0, sec a > 0

tan a < 0, cot a < 0

sin a > 0, csc a > 0

cos a > 0, sec a > 0

tan a > 0, cot a > 0
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102 Chapter 1 Angles and the Trigonometric Functions

Theorem: Evaluating 
 Trigonometric Functions 
Using Reference Angles 

For an angle u in standard position that is not a quadrantal angle

 sin u = { sin u′,    cos u = { cos u′,    tan u = { tan u′,

 csc u = { csc u′,    sec u = { sec u′,     cot u = {  cot u′

where u′ is the reference angle for u and the sign is determined by the quadrant 
in which u lies.

Find the sine and cosine for each angle using reference angles.

 a. u = 120° b. u = 7p>6 c. u = 690° d. u = -7p>4
Solution

a. Figure 1.66 shows the terminal side of 120° in quadrant II and its reference angle 
60°. Since sin u 7 0 and cos u 6 0 for any angle u in quadrant II, sin1120°2 7 0 
and cos1120°2 6 0. So to get cos(120°) from cos(60°) we must prefix a negative 
sign. We have

 sin1120°2 = sin160°2 =
23

2
  and

 cos1120°2 = -cos160°2 = -  
1

2
.

b. Figure 1.67 shows the terminal side of 7p>6 in quadrant III and its reference angle 
p>6. Since sin u 6 0 and cos u 6 0 for any angle u in quadrant III, we must prefix 
a negative sign to both sin1p>62 and cos1p>62. So

 sina7p

6
b = -sinap

6
b = -  

1

2
   and

 cosa7p

6
b = -cosap

6
b = -  

23

2
.

c. The angle 690° terminates in quadrant IV (where sin u 6 0 and cos u 7 0) and 
its reference angle is 30°, as shown in Fig. 1.68. So

 sin1690°2 = -sin130°2 = -  
1

2
 and

 cos1690°2 = cos130°2 =
23

2
.

d. The angle -7p>4 terminates in quadrant I (where sin u 7 0 and cos u 7 0) and 
its reference angle is p>4, as shown in Fig. 1.69. So

 sina-  
7p

4
b = sinap

4
b =

22

2
 and

 cosa-  
7p

4
b = cosap

4
b =

22

2
.

TRY THIS. Find sin13p>42 and cos13p>42 using reference angles.

EXAMPLE 3 Trigonometric functions using reference 
angles

If you memorize the exact values of sine and cosine for 30°, 45°, and 60°, then 
you can find the exact value for any nonquadrantal multiple of 30° or 45° using refer-
ence angles.

Figure 1.67

y

x

7p
6

p
6

Figure 1.66

60°
120°

y

x

Figure 1.69

4
p

7p
4

y

x
–

Figure 1.68

30°330°

y

x
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 1.6 The Fundamental Identity and Reference Angles 103

Modeling with the Sine Function
The trigonometric functions can be used to model periodic phenomena. The next 
example shows how the sine function can model the tide in the Bay of Fundy.

The tide in the Bay of Fundy rises and falls every 13 hours, as shown in Fig. 1.70. The 
depth of the water at a certain point in the bay is modeled by the function

d = 8 sina2p

13
tb + 9

where t is time in hours and d is depth in meters. Find the depth at t = 13>4 (high 
tide) and t = 39>4 (low tide).

EXAMPLE 4 Modeling tide

Figure 1.70

420 6
Time (hours)

8 10 12

4

8

12

16

20

D
ep

th
 (

m
et

er
s)

d = 8 sin           + 9
13
2p tQ    R

Solution

If t = 13>4, then

d = 8 sina2p

13
# 13

4
b + 9 = 8 sinap

2
b + 9 = 8 # 1 + 9 = 17.

If t = 39>4, then

d = 8 sina2p

13
# 39

4
b + 9 = 8 sina3p

2
b + 9 = 81-12 + 9 = 1.

So the depth at high tide is 17 meters and the depth at low tide is 1 meter.

TRY THIS. Demand for a seasonal product can be modeled by the function

d = 200 sin Ap1t - 32
6  B + 300, where d is the number of units sold in month t and where 

t ranges from 1 through 12. Find the demand in March and June.

1. sin21p>72 + cos21p>72 = 1

2. For any real number t, sin21t2 + cos21t2 = 1.

3. If sin1a2 6 0 and cos1a2 7 0, then a is an angle in 
quadrant III.

4. If sin1a2 7 0 and cos1a2 6 0, then a is an angle in 
quadrant II.

5. If sin21a2 = 1>4 and a is in quadrant III, then 
sin1a2 = 1>2.

6. If cos21a2 = 1>9 and a is an angle in quadrant I, then 
cos1a2 = 1>3.

7. The reference angle for 120° is 60°.

8. The reference angle for -2p>3 is -p>3.

9. cos1120°2 = -cos160°2
10. sin17p>62 = -sin1p>62

FOR THOUGHT… True or False? Explain.
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104 Chapter 1 Angles and the Trigonometric Functions

CONCEPTS

Fill in the blank.

 1. The identity sin21a2 + cos21a2 = 1 is the __________ 
 identity.

 2. If u is a nonquadrantal angle in standard position, then the 
__________ for u is the positive acute angle formed by the 
terminal side of u and the positive or negative x-axis.

SKILLS

Solve each problem. 

 3. Find sin1a2, given that cos1a2 = 1.

 4. Find cos1a2, given that sin1a2 = 0 and cos1a2 6 0.

 5. Find cos1a2, given that sin1a2 = 5>13 and a is in quadrant II.

 6. Find sin1a2, given that cos1a2 = -4>5 and a is in quadrant III.

 7. Find sin1a2, given that cos1a2 = 3>5 and a is in quadrant IV.

 8. Find cos1a2, given that sin1a2 = -12>13 and a is in quad-
rant IV.

 9. Find cos1a2, given that sin1a2 = 1>3 and cos1a2 7 0.

 10. Find sin1a2, given that cos1a2 = 2>5 and sin1a2 6 0.

Sketch the given angle in standard position and find its reference 
angle in degrees and radians. 

 11. 210°  12. 330°  13. 5p>3  14. 7p>6

 15. -300°  16. -210°  17. 5p>6  18. -13p>6

 19. 405°  20. 390°  21. -3p>4  22. -2p>3

Use reference angles to find the exact value of each expression. 

 23. sin(135°)  24. sin(420°)  25. cos15p>32

 26. cos111p>62  27. sin17p>42  28. sin1-13p>42

 29. cos1-17p>62  30. cos1-5p>32  31. sin1-45°2

 32. cos1-120°2  33. cos1-240°2  34. sin1-225°2

Use reference angles to find sin u, cos u, tan u, csc u, sec u, and 
cot u for each given angle u. 

 35. 3p>4  36. 2p>3  37. 4p>3  38. 7p>6  39. 300°

 40. 315°  41.  -135°  42. -120°  43. -5p>4  44. -7p>3

True or false? Do not use a calculator. 

 45. sin1210°2 = sin130°2  46. sin1150°2 = sin130°2
 47. cos1330°2 = cos130°2  48. cos1150°2 = -cos130°2 

 49. sin1179°2 = -sin11°2  50. sin191°2 = -sin189°2
 51. cos16p>72 = -cos1p>72
 52. cos113p>122 = -cos1p>122
 53. sin123p>242 = -sin1p>242
 54. sin125p>242 = sin1p>242
 55. cos113p>72 = cos1p>72
 56. cos19p>52 = cos1p>52

MODELING

Solve each problem. 

 57. Phoenix Temperature The temperature in Phoenix for a day in 
July is modeled by the function

T = 18 sina p
12

1h - 122b + 102

where h is time in hours and T is degrees Fahrenheit. Find the 
temperature at h = 18 (the daytime high) and at h = 6 (the 
nighttime low).

80
Time (hours)

Daytime
high

Nighttime
low

16 24
30

60

90

150

120
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 (
°F

)

Figure for Exercise 57

 58. Bismarck Temperature The temperature in Bismarck for a day 
in January is modeled by the function

T = 13 cos a p
12

1h + 342b - 7

where h is time in hours and T is degrees Fahrenheit. Find the 
temperature at h = 14 (the daytime high) and at h = 2 (the 
nighttime low).

Time (hours)

Daytime high

Nighttime low
–30

0
8 16 24

20

Te
m

pe
ra

tu
re

 (
°F

)

Figure for Exercise 58

1.6 EXERCISES
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 1.6 Exercises 105

 59. Motion of a Spring A weight is suspended on a vertical spring 
as shown in the accompanying figure. The weight is set in 
motion and its position x on the vertical number line in the fig-
ure is given by the function

x = 4 sin1t2 + 3 cos1t2
where t is time in seconds.
a. Find the initial position of the weight (its position at times 

t = 0).

b. Find the exact position of the weight at time t = 5p>4 
 seconds.

–3

–2

–1

0

1

2

3

Figure for Exercises 59 and 60

 60. Motion of a Spring A weight is suspended on a vertical spring 
as in the previous exercise. The weight is set in motion and its 
position x on the vertical number line in the figure is given by 
the function

x = -  
23

3
 sin ap

3
 tb - cos ap

3
 tb

where t is time in seconds.
a. Find the initial position of the weight.

b. Find the exact position of the weight at time t = 2 seconds.

 61. Spacing Between Teeth The length of an arc intercepted by 
a central angle of u radians in a circle of radius r is r u. The 
length of the chord, c, joining the endpoints of that arc is given 

by c = r22 - 2 cos u. Find the actual distance between the 
tips of two adjacent teeth on a 12-in.-diameter carbide-tipped 
circular saw blade with 22 equally spaced teeth. Compare your 
answer with the length of a circular arc joining two adjacent 
teeth on a circle 12 in. in diameter. Round to the nearest thou-
sandth.

c
u

Figure for Exercise 61

 62. Shipping Stop Signs A manufacturer of stop signs ships 
100 signs in a circular drum. Use the formula from Exercise 61  
to find the radius of the inside of the circular drum, given 
that the length of an edge of the stop sign is 10 in. and the 
signs just fit, as shown in the figure. Round to the nearest 
 hundredth.

10 in.

Figure for Exercise 62

 63. Throwing a Javelin The formula

d =
1

32
 v 20 sin12u2

gives the distance d in feet that a projectile will travel when its 
launch angle is u and its initial velocity is v0 feet per second. 
Approximately what initial velocity in miles per hour does it 
take to throw a javelin 367 ft assuming that u is 43°? Round to 
the nearest tenth.

H
ei

gh
t (

fe
et

)

Distance (feet)
240 3601200

60

30

0

Figure for Exercise 63

 64. Cosine in Terms of Sine Use the fundamental identity to 
write two formulas for cos a in terms of sin a. Indicate which 
 formula to use for a given value of a.

REVIEW

 65. Evaluate the trigonometric functions for the angle a in 
 standard position whose terminal side passes through (3, 4).

a. sec a b. csc a c. cot a

 66. Find the exact value of each function.

a. sec(135°)

b. csc1-3p>42
c. cot1p>42
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106 Chapter 1 Angles and the Trigonometric Functions

 67. Find the exact value of each function.

a. sec(60°)

b. csc1-p>62
c. cot1p>32

 68. If a is an acute angle of a right triangle, then the sine of a is 
the length of the __________ side divided by the length of the 
__________.

 69. Find sin-11-1>22 in degrees.

 70. At a distance of 2000 feet from a building, the angle of eleva-
tion to the top of the building is 30°. Find the height of the 
building to the nearest foot.

OUTSIDE THE BOX

 71. Kicking a Field Goal In professional football the ball must be 
placed between the left and right hash mark when a field goal 
is to be kicked. The hash marks are 9.25 ft from the center line 
of the field. The goal post is 30 ft past the goal line. Suppose 
that u is the angle between the lines of sight from the ball to 
the left and right uprights, as shown in the figure. The larger 
the value of u, the easier it is to kick the ball between the 

uprights. What is the difference (to the nearest thousandth of 
a degree) between the values of u at the right hash mark and 
the value of u at the center of the field when the ball is 60 ft 
from the goal line? The two vertical bars on the goal are 18.5 
ft apart and the horizontal bar is 10 ft above the ground.

u

Figure for Exercise 71

 72. Ruby’s Cube Ruby has 10 white cubes and 17 red cubes that 
are 1 inch on each side. She arranges them to form a larger 
cube that is 3 inches on each side. What is the largest possible 
percentage of red surface area on the larger cube? 

 1. Find sin1a2, if cos1a2 = -3>5 and a is in quadrant III.

 2. What is the reference angle for 120°?

 3. What is the reference angle for 11p>6?

Evaluate each expression using reference angles.

 4. sin(210°)  5. sin1-5p>42
 6. cos(135°)  7. cos111p>62

1.6 POP QUIZ

Highlights
1.1 Angles and Degree Measure

Degree Measure Divide the circumference of a circle into 360 equal arcs. 
The degree measure is the number of degrees through 
which the initial side of an angle is rotated to get to the 
terminal side (positive for counterclockwise, negative for 
clockwise).

90° is 1>4 of a circle. 
180° is 1>2 of a circle.

Degrees-Minutes-Seconds 1 degree = 60 minutes, 1 minute = 60 seconds
1° = 60′, 1′ = 60″

20.5° = 20°30′
5°2′24″ = 5.04°

Coterminal Angles Two angles are coterminal if their measures differ by an 
integer multiple of 360°.

30°, 390°, and 750° are 
coterminal.

1.2 Radian Measure, Arc Length, and Area
Radian Measure The length of the arc on the unit circle through which 

the initial side rotates to get to the terminal side. Radian 
 measure is positive if the rotation is counterclockwise, 
 negative if clockwise.

p>2 is 1>4 of the unit circle. 
p is 1>2 of the unit circle.

Converting Use p radians = 180° and cancellation of units. 90° = 90° #  p rad
180° = p2  rad
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 Chapter 1 Highlights 107

Arc Length s = ar where s is the arc intercepted by a central angle of a 
radians on a circle of radius r

a = 90°, r = 10 ft
s = ar = p2 # 10 ft = 5p ft

Area of a Sector of a 
Circle

Area of a sector of a circle is found by taking a fraction of 

the area of the circle 1pr22, or by the formula A = a r2

2 , 
where a is in radians.

Central angle p>2, radius 4 

Area of sector 14
# p42

A = p2 # 42

2 = 4p

1.3 Angular and Linear Velocity
Angular Velocity A point in motion on a circle of radius r through an angle 

of a radians or arc length s in time t has angular velocity v, 
where v = a>t.

r = 10 ft, a = p>2
s = 5p ft, t = 2 sec
v = p>4 rad>sec

Linear Velocity Linear velocity v is distance divided by time or v = s>t. v = 2.5p ft>sec

Relationship If v is linear velocity and v is angular velocity, then v = rv 
where r is the radius of the circle.

v = 10v
2.5p ft>sec = 10 ft #p4 rad>sec

1.4 The Trigonometric Functions
Trigonometric Functions If a is an angle in standard position and (x, y) is any 

point other than (0, 0) on the terminal side of a, and 

r = 2x2 + y2, then

sin a = y
r, cos a = x

r, tan a = y
x,

csc a = r
y, sec a = r

x, cot a = x
y,

provided no denominator is zero.

sin190°2 = 1

cos1p>22 = 0

sin102 = 0

Reciprocal Identities csc a = 1
sin a, sec a = 1

cos a, cot a = 1
tan a csc 30° = 1

sin 30°

1.5 Right Triangle Trigonometry
Inverse Trigonometric 
Functions

sin-11x2 = a if sin a = x and -90° … a … 90°
cos-11x2 = a if cos a = x and 0° … a … 180°
tan-11x2 = a if tan a = x and -90° 6 a 6 90°

sin-111>22 = 30°
cos-111>22 = 60°
tan-1112 = 45°

Trigonometric Functions 
in a Right Triangle

If a is an acute angle of a right triangle, then

sin a =
opp
hyp, cos a =

adj
hyp, tan a =

opp
adj ,

csc a =
hyp
opp, sec a =

hyp
adj , cot a =

adj
opp.

sin a = 5>13, cos a = 12>13
tan a = 5>12, csc a = 13>5
sec a = 13>12, cot a = 12>5

5
13

12
a

1.6 The Fundamental Identity and Reference Angles
Fundamental Identity For any angle a (or real number a), 

sin21a2 + cos21a2 = 1.
sin2130°2 + cos2130°2 = 1

sin2 A23 2 B + cos2 A23 2 B = 1

Reference Angle The positive acute angle formed by the terminal side of a 
nonquadrantal angle and the positive or negative x-axis

For 120° the reference angle 
is 60°.

Using Reference Angles To find the sine (or cosine) of an angle, first find the sine or 
cosine of its reference angle and prefix the appropriate sign.

sin12p>32 = sin1p>32
cos12p>32 = -cos1p>32
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108 Chapter 1 Angles and the Trigonometric Functions

Chapter 
Find the measure in degrees of the least positive angle that is 
coterminal with each given angle.

 1. 388°  2. -840°

 3. -153°14′27″  4. 455°39′24″

 5. -p  6. -35p>6
 7. 13p>5  8. 29p>12

Convert each radian measure to degree measure. Do not use a 
calculator.

 9. 5p>3  10. -3p>4  11. 3p>2
 12. 5p>6  13. -7p>6  14. 5p>4
Convert each degree measure to radian measure. Do not use a 
calculator.

 15. 330°  16. 405°  17. -300°

 18. -210°  19. 135°  20. 120°

Fill in the tables. Do not use a calculator.

 21.

u deg 0 30 45 60 90 120 135 150 180

u rad

sin u

cos u

 22. 

u rad 0
p

6

p

4

p

3

p

2
2p

3

3p

4
5p

6
p

u deg

sin u

cos u

Give the exact values of each of the following expressions. Do not 
use a calculator. Some of these expressions are underfined.

 23. sin1-p>42  24. cos1-2p>32  25. tan1p>32

 41. cos1-135°2  42. tan(225°)  43. sec12p>32

 44. csc1-3p>42  45. tan15p>62  46. sin17p>62
 47. cot(0)  48. cot1-3p>22
Find an approximate value for each expression. Round to four 
decimal places.

 49. sin(44°)  50. sin1-205°2  51. cos(4.62)

 52. cos(3.14)  53. tan1p>172  54. tan(2.33)

 55. sec1105°4′2  56. sec155°3′12″2  57. csc1p>92

Review Exercises1 

 26. sec1p>62  27. csc1-120°2  28. cot(135°)

 29. tan(90°)  30. tan1-p>22  31. sin(180°)

 32. tan(0°)  33. cos13p>22  34. csc15p>62 

 35. sec1-p2  36. cot1-4p>32  37. csc(0)

 38. sec(90°)  39. cot(420°)  40. sin(390°)

 58. csc(6.88)  59. cot133°44′2  60. cot177°42′9″2 

Find the exact value of each expression in degrees.

 61. sin-1 A1>22 B  62. tan-1112  63. cos-1112
 64. cos-1102  65. cos-1 A23>2 B  66. sin-1 A23>2 B
 67. sin-110.52  68. tan-1 A23 B
For each triangle find the exact values of sin a, cos a, tan a, csc a,
sec a, and cot a.

 69. 

12

5

a

 70. 

6

4
a

Solve each right triangle with the given parts.

71. a = 2, b = 3  72. a = 3, c = 7

 73. a = 3.2, a = 21.3°  74. a = 34.6°, c = 9.4

Solve each problem.

 75. Find sin a if cos a = 1>5 and a is in quadrant IV.

 76. Find cos a if sin a = 1>3 and a is in quadrant II.

 77. Irrigation A center-pivot irrigation system waters a circular 
field by rotating about the center of the field. If the system 
makes one revolution in 8 hr, what is the linear velocity in feet 
per hour of a nozzle that is 120 ft from the center?

 78. Angular Velocity If a bicycle with a 26-in.-diameter wheel is 
traveling 16 mph, then what is the angular velocity of the valve 
stem in radians per hour?
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 Chapter 1 Review Exercises 109

 79. A line passes through the origin at a 60° angle with the x-axis. 
A second line passes through (5, 0) at a 60° angle with the 
x-axis. Find the distance between the two parallel lines.

 80. Find the distance between the lines y = x and y = x - 10.

 81. Crooked Man A man is standing 1000 ft from a surveyor. The 
surveyor measures an angle of 0.4° sighting from the man’s 
feet to his head. Find the height of the man.
 HINT  Assume that the man can be represented by the arc 
intercepted by a central angle of 0.4° in a circle of radius 
1000 ft.

 82. Shooting a Target Judy is standing 200 ft from a circular 
target with a radius of 3 in. To hit the center of the circle, she 
must hold the gun perfectly level, as shown in the figure. Will 
she hit the target if her aim is off by one-tenth of a degree in 
any direction?
 HINT  Assume that the width of the target is an arc on a circle 
of radius 200 ft.

r = 3 in.

200 ft

Figure for Exercise 82

 83. The two legs of a right triangle are 5 ft and 8 ft. Solve the tri-
angle.

 84. One leg of a right triangle is 4 in. and the hypotenuse is 9 in. 
Solve the triangle.

 85. One of the acute angles of a right triangle is 19.3° 
and the hypotenuse is 12 ft. Solve the triangle.

 86. One of the acute angles of a right triangle is 34.6° and 
the side opposite that angle is 8.4 m. Solve the triangle.

 87. Height of Buildings Two buildings are 300 ft apart. From the 
top of the shorter building the angle of elevation of the top of 
the taller building is 23°, and the angle of depression of the 
base of the taller building is 36°, as shown in the figure. How 
tall is each building?

23°

36°

300 ft

Figure for Exercise 87

 88. Cloud Height  Visual Flight Rules require that the height 
of the clouds be more than 1000 ft for a pilot to fly without 
instrumentation. At night, cloud height can be determined 
from the ground by using a search light and an observer as 
shown in the figure. If the beam of light is aimed straight 
upward and the observer 500 ft away sights the cloud with an 
angle of elevation of 55°, then what is the height of the cloud 
cover?

Observer
55°

Searchlight
500 ft

h

Figure for Exercise 88

 89. Devil’s Tower A tourist spots a rock climber quite high up 
at Devil’s Tower in Wyoming. The angle of elevation of the 
climber is 36°. See the accompanying figure. From a point 
that is 100 ft closer to the climber, the angle of elevation is 
44°. What is the height of the climber to the nearest foot?

36°

100 ft
44°

Figure for Exercise 89

 90. Eiffel Tower A tourist wants to determine the height of 
the Eiffel Tower without looking in her guide book. She 
observes the angle of elevation of the top of the tower from 
one point on the street is 31.73°. She moves 200 m closer to 
the tower and observes an angle of elevation to the top of the 
tower of 45°. What is the height of the tower to the nearest 
meter?

 91. Two Pulleys and a Belt The distance between the centers of 
two circular pulleys is 12 inches. The radii of the pulleys are 
3 inches and 6 inches. Find the length (to the nearest tenth 
of an inch) of the belt that wraps around the two pulleys, as 
shown in the accompanying figure on the next page.
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110 Chapter 1 Angles and the Trigonometric Functions

3 in. 6 in.3 in.

Figure for Exercise 91

 92. Three Pulleys and a Belt The centers of three pulleys are 
located at the vertices of a right triangle whose sides are 
5 inches, 12 inches, and 13 inches, as shown in the accompa-
nying diagram. The radii of the pulleys are 1 inch, 2 inches, 
and 3 inches. Find the length (to the nearest tenth of an inch) 
of the belt that wraps around all three pulleys, as shown in the 
diagram.

13 in.

12 in.

5 in.

Figure for Exercise 92

 93. Solve the triangle whose vertices are A(1, 1), B(5, 4), and  
C (5, 1).

 94. Solve the triangle whose vertices are A(4, 13), B(-1, 1), and  
C(4, 1).

 95. Figure Eight Racing A figure eight race track is formed 
from two circles and the tangent lines between the circles, as 
shown in the accompanying figure. The radius of each circle 
is 200 feet and the centers are 800 feet apart. Find the exact 
distance a car travels when it makes one complete figure eight.

200ft

200ft

Figure for Exercises 95 and 96

 96. Figure Eight Racing Repeat the previous exercise with 
the centers of the two circles being 900 feet apart. Find the 
approximate distance (to the nearest foot) that a car travels in 
one complete figure eight.

 97. Figure Skating A figure skater does a figure eight by  skating 
in the pattern shown in the accompanying figure. The circles 
have radius 2 meters and 1 meter and the straight lines are 
tangent to the circles. The distance between the centers is 
6 meters. Find the distance to the nearest tenth of a meter 
that the skater travels in doing one complete figure eight. 

2 m

1 m

Figure for Exercise 97

 98. Serpentine Belt A car’s serpentine belt goes around several 
pulleys as shown in the accompanying figure. Suppose a 
belt goes around four pulleys in a coordinate system as 
shown. The pulleys of radius 1 are centered at (0, 0), (4, 0), 
(-4, 0), and (0, -3). Find the length of the belt to the nearest 
hundredth. 

–4 –2

–3
–2
–1 2 4

x

y

Figure for Exercise 98

 99. Texas Star A welder has five steel rods that are each 2 feet in 
length. She is making a five-pointed star from them, as shown 
in the accompanying figure. Find the height of the star h to 
the nearest tenth of an inch.

h

b

a

Figure for Exercises 99 and 100

 100. Texas Triangles There are five congruent triangles in the 
star shown in the accompanying figure. Find the dimensions 
a and b to the nearest tenth of an inch. Use the length 2 feet 
from the previous exercise.
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 Chapter 1 Test 111

OUTSIDE THE BOX

 101. Clear Sailing A sailor plans to install a windshield wiper on 
a porthole that has radius 1 ft. The wiper blade of length x ft 
is to be attached to the edge of the porthole, as shown in the 
figure. The area cleaned by the blade is a sector of a circle 
centered at the point of attachment.

a. Write the area cleaned by the blade as a function of x.
Figure for Exercise 101

 102. Intersecting Lines For what values of m do the lines 
y = x - 5 and y = mx + 5 intersect in the first quadrant?

Chapter 
Find the exact value of each expression without using a calculator. 
Some of these expressions are underfined

 1. cos 420°  2. sin1-390°2

 17. If a bicycle wheel with a 26-in. diameter is making 103 revolu-
tions per minute, then what is the angular velocity in radians 
per minute for a point on the tire?

 18. At what speed in miles per hour will a bicycle travel if the 
rider can cause the 26-in.-diameter wheel to rotate 103 revolu-
tions per minute?

 19. Find the exact values of all six trigonometric functions for an 
angle a in standard position whose terminal side contains the 
point 15, -22.

 20. One of the acute angles of a right triangle is 24° and the hypot-
enuse is 5 ft. Solve the triangle.

 21. To estimate the blood pressure of Brachiosaurus, Professor 
Ostrom wanted to estimate the height of the head of the famed 
Brachiosaurus skeleton at Humboldt University in Berlin. From 
a distance of 11 m from a point directly below the head, the angle 
of elevation of the head was approximately 48°. Use this infor-
mation to find the height of the head of Brachiosaurus.

 22. From a point on the street the angle of elevation of the top of 
the John Hancock Building is 65.7°. From a point on the street 
that is 100 ft closer to the building, the angle of elevation is 
70.1°. Find the height of the building.

Test1 

 3. sin13p>42  4. cos1-p>32

 5. tan17p>62  6. tan1-2p>32
 7. sec1p>22  8. csc1-p>22
 9. cot1-3p2  10. cot(225°)

 11. sin-1 A22>2 B  12. cos-1 A23>2 B
Solve each problem.

 13. Find the arc length intercepted by a central angle of 46°24′6″ 
in a circle with a radius of 35.62 m.

 14. Find the degree measure (to the nearest hundredth of a degree) 
for an angle of 2.34 radians.

 15. Determine whether 40° and 2200° are coterminal.

 16. Find the exact value of cos a if sin a = 1>4 and a is in quad-
rant II.

b. If the blade cleans half of the window, then what is the 
exact length of the blade? 

c. Use a graphing calculator to find the length for the blade 
that would maximize the area cleaned.
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In Exercises 69 and 70 of Section 2.2 you will use trigonometric functions to 

model some astronomical data obtained from the Web site of the U.S. Naval 

Observatory (aa.usno.navy.mil).

WHAT YOU WILL 

LEARN

2
When will the sun rise and set tomorrow? What percent of the moon will be 
illuminated? When is the next lunar eclipse? Scientists at the Astronomical 
Applications Department of the U.S. Naval Observatory answer these ques-
tions and more. They compute the position, brightness, and other observable 
characteristics of celestial bodies, as well as the circumstances of astronomi-
cal phenomena.

Many of their data are periodic when measured over time. For example, 
the sun rises early in the summer and late in the winter, year after year. 
Because of the circular motion involved in celestial objects, the periodic data 
can often be modeled with the trigonometric functions.

2.1 The Unit Circle and 
Graphing

2.2 The General Sine Wave
2.3 Graphs of the Secant and 

Cosecant Functions
2.4 Graphs of the Tangent 

and Cotangent Functions
2.5 Combining Functions

Graphs of the 
Trigonometric Functions
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 2.1  The Unit Circle and Graphing 113

2.1 
We first defined the trigonometric functions as the trigonometric ratios. Later we 
defined them as the ratios of the sides of a right triangle. When graphing the trigono-
metric functions it is best to use the unit circle definitions of these functions.

The Unit Circle Definition
When we defined the trigonometric functions with trigonometric ratios, (x, y) was 
any point on the terminal side of the angle and r was its distance to the origin. For 
the unit circle definitions of the trigonometric functions we simply choose (x, y) 
on the unit circle, where the distance to the origin is 1. So the unit circle definitions 
are the trigonometric ratios with r = 1.

The Unit Circle and Graphing

Figure 2.1

y

x

–1

1–1

1

a

Unit circle

(x, y) = (cos a, sin a)

Definition: The  
Trigonometric Functions 

If a is an angle in standard position whose terminal side intersects the unit circle 
at point (x, y), then

 sin a = y,  cos a = x,  tan a =
y

x
 ,

 csc a =
1
y

 ,  sec a =
1
x

 ,  cot a =
x
y

 ,

provided no denominator is zero.

Since sin a = y and cos a = x, the point where a intersects the unit circle is 
1cos a, sin a2 as shown in Fig. 2.1. Since we already know the sine and cosine of 
common angles we can label the points where the common angles intersect the unit 
circle as in Fig. 2.2. Then we can use Fig. 2.2 to evaluate trigonometric functions with 
the unit circle definition.

Figure 2.2

a         b a        b

a       b

a      b

a      ba       b

a         b

a          b a        b

a       b

a        b

a         b

(–1, 0)

(0, –1)

(1, 0)

(0, 1)
y

x

, Ë3—–
2

1–
2

Ë3—–
2 , 1–

2

, –Ë3—–
2

1–
2

–

, Ë3—–
2

1–
2

–

, Ë3—–
2

1–
2

–

Ë3—–
2 , 1–

2
–

, Ë3—–
2

1–
2

–, – Ë3—–
2

1–
2

–

, Ë2—–
2

– Ë2—–
2 , Ë2—–

2
Ë2—–
2

, Ë2—–
2

– Ë2—–
2 , – , Ë2—–

2
Ë2—–
2 , –

Find the exact value of each trigonometric function.

 a. sin 45° b. cos12p>32 c. tan1p>22 d. sec1p>32

EXAMPLE 1 Evaluating trigonometric functions with 
the unit circle
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114 Chapter 2 Graphs of the Trigonometric Functions

We can think of the domain of the trigonometric functions as angles, degree 
measures, or radian measures. Since the radian measure of an angle a is the same 
as the length of its intercepted arc s on the unit circle, we can also use the lengths of 
arcs or the real numbers as the domain. When graphing trigonometric functions we 
generally think of the real numbers as the domain.

When graphing functions in an xy-coordinate system, it is customary to use x 
as the independent variable and y as the dependent variable, as in y = cos1x2 and 
y = sin1x2. In this case you should think of cos(x) as the first coordinate (rather than 
the x-coordinate) and sin(x) as the second coordinate (rather than the y-coordinate) 
corresponding to an arc of length x on the unit circle. It is confusing to say that cos(x) 
is the x-coordinate and sin(x) is the y-coordinate.

All graphs in this chapter are in the Cartesian, or rectangular, coordinate system. 
We will study a different system (polar coordinates) in Chapter 6.

Graphing Sine Functions
Any function of the form y = A sin3B1x - C24 + D with A ≠ 0 and B ≠ 0 is 
a sine function. In this section we will graph only sine functions for which B = 1. 
Sine functions with B ≠ 1 are discussed in the next section. We always assume that 
x is a real number or radian measure unless it is stated that x is the degree measure 
of an angle.

In the next example we graph the simplest sine function. Remember that sin x is 
the second coordinate of the terminal point on the unit circle for an arc of length x, 
as shown in Fig. 2.3.Figure 2.3

(1, 0) cos x 

sin x 

(0, 1) 
(cos x, sin x) 

x

(–1, 0)

(0, –1)

Solution

a. A 45° angle intersects the unit circle at A22>2, 22>2 B  as shown in Fig. 2.2. Since 

sin 45° is the y-coordinate, we have sin 45° = 22>2.

b. The angle 2p>3 intersects the unit circle at A-1>2, 23>2 B  as shown in Fig. 2.2. 
Since cos12p>32 is the x-coordinate, we have cos12p>32 = -1>2.

c. Since p>2 intersects the unit circle at (0, 1), tan1p>22 is undefined.

d. Since p>3 intersects the unit circle at A1>2, 23>2 B  in Fig. 2.2 and sec a = 1>x, 
we have sec1p>32 = 2.

TRY THIS. Find the exact value of cos1p>42 and tan (0).

Sketch the graph of y = sin x.

Solution

First consider the behavior of y = sin1x2 on the interval 30, 2p4 . As the arc length x 
increases from length 0 to p>2 on the unit circle, the second coordinate of the endpoint 
increases from 0 to 1, its maximum value. From p>2 to p, the second coordinate of 
the endpoint decreases from 1 to 0. From p to 2p, the second coordinate decreases 
to -1, its minimum value, and then increases to 0. So there are three x-intercepts on 
the interval 30, 2p4  and a maximum and minimum point. These five key points on 
the graph of y = sin x for x in 30, 2p4  are given in the following table:

x 0 p>2 p 3p>2 2p

y = sin x 0 1 0 -1 0

EXAMPLE 2 Graphing the simplest sine function

The ordered pairs in the table are graphed in Fig. 2.4. To determine the actual shape of 
the curve through these five points, we can either accurately plot many more points by 
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 2.1  The Unit Circle and Graphing 115

Figure 2.4

y

x

1

–1
––]

]

Fundamental cycle
Period 2p

y = sin x

R
an

ge
[–

1,
 1

]

p–p–2p
2
p

2
p 2p

2
3p

2
3p

Figure 2.5

2p0

–2

2

TRY THIS. Graph y = sin x for x in the interval 30, 4p4 .

hand or look at the shape of the curve shown in Fig. 2.5. That figure shows many more 
points on the graph of y = sin x. From 2p to 4p, the values of sin x again increase 
from 0 to 1, decrease to -1, then increase to 0. Because sin1x + 2p2 = sin x, 
the exact shape that we saw for the interval 30, 2p4  is repeated for x in intervals such 
as 32p, 4p4 , 3-2p, 04 , 3-4p, -2p4 , and so on. So the curve in Fig. 2.4 continues 
indefinitely to the left and right.

Since the x-intercepts and the maximum and minimum values of y = sin1x2 
occur at multiples of p>2, we labeled the x-axis in Fig. 2.4 with multiples of p>2. 
The domain of y = sin x is the set of all real numbers 1-∞, ∞2 and the range is the 
interval 3-1, 14 .

Since the shape of y = sin x for x in 30, 2p4  is repeated infinitely often, y = sin x 
is called a periodic function. In fact, we will soon see that the other five trigonometric 
functions are also periodic.

Definition: Periodic Function If y = ƒ1x2 is a function and a is a nonzero constant such that ƒ1x2 = ƒ1x + a2 
for every x in the domain of f, then f is called a periodic function. The smallest 
such positive constant a is the period of the function.

The smallest value of a such that sin1x2 = sin1x + a2 is 2p. So the period of 
y = sin1x2 is 2p. The graph of y = sin1x2 over any interval of length 2p is a cycle. 
The graph of y = sin1x2 over 30, 2p4  is the fundamental cycle. The five key points 
on the fundamental cycle of y = sin1x2 are the starting point, maximum point, inflec-
tion point, minimum point, and ending point, as shown in Fig. 2.6. An inflection point 
is a point at which the graph changes from opening downward to opening upward or 
vice versa. Suppose you are driving on a winding road where the road curves to the 
left and then to the right. The inflection point is the point at which you momentarily 
have the steering wheel pointed straight. A more precise definition of inflection is 
given in calculus.

The graph of any function of the form y = A sin3B1x - C24 + D is a sine func-
tion. The graph of any sine function is a transformation (Section P.3) of the graph of 
y = sin1x2, and its graph is called a sine wave, a sinusoidal wave, or a sinusoid. 
To make an accurate graph of a sine function, we use the idea of transformations to 
determine what happens to the five key points of the fundamental cycle of y = sin1x2, 
and then sketch a sine wave between these points.

Sketch the graph of y = 2 sin x for x in the interval 3-2p, 2p4  and determine the 
range of the function.

EXAMPLE 3 Graphing a sine function

Figure 2.6

–2

1

2

y

x
Starting

point

Inflection
point

Ending
point

Maximum
point

Q   , 1R
p
2

Minimum
point

(p, 0) (2p, 0)

(0, 0)

Q      , –1R3p
2

y = sin x
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116 Chapter 2 Graphs of the Trigonometric Functions

TRY THIS. Graph y = 3 sin x for x in the interval 3-2p, 2p4  and determine the range 
of the function.

Solution

To graph y = 2 sin x we stretch the graph of y = sin x by a factor of 2 (see Sec-
tion P.3). The points on the x-axis of y = sin x stay put, but the maximum point 
moves up to 1p>2, 22 and the minimum point moves down to 13p>2, -22. Draw 
one cycle of y = 2 sin x through these five key points, as in Fig. 2.7. Draw another 
cycle of the sine wave for x in 3-2p, 04  to complete the graph of y = 2 sin x for x 
in 3-2p, 2p4 . Since the minimum value of y is -2 and the maximum value of y is 
2, the range of the function is 3-2, 24 .

 The calculator graph shown in Fig. 2.8 supports our conclusions.

Figure 2.7

y

x

1

–2

2

, –2

, 2

(0, 0)

–– p–p–2p
2
p

2
p

2
p 2p

2
3p

2
3p

(p, 0) (2p, 0)

y = 2 sin x

y = sin x

2
3p

Q   R

Q     R

Figure 2.8

2p–2p

–3

3

The amplitude of a sine wave is a measure of the “height” of the wave as shown in 
Fig. 2.9. When an oscilloscope is used to get a picture of the sine wave corresponding 
to a sound, the amplitude of the sine wave corresponds to the intensity or loudness of 
the sound. To find the amplitude we use the following definition.

Definition: Amplitude The amplitude of a sine wave, or the amplitude of the sine function, is the 
absolute value of half the difference between the maximum and minimum 
y-coordinates.

Find the amplitude of the functions y = sin x and y = 2 sin x.

Solution

For y = sin x the maximum y-coordinate is 1, and the minimum is -1. Since

` 1
2
31 - 1-124 ` = 1,

the amplitude for y = sin x  is 1. For y = 2 sin x, the maximum y-coordinate is 2 and 
the minimum is -2. Since

` 1
2
32 - 1-224 ` = 2,

the amplitude for y = 2 sin x is 2.

TRY THIS. Find the amplitude for y = 8 sin1x2.

EXAMPLE 4 Finding amplitude

Figure 2.9

Amplitude

x

y
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 2.1  The Unit Circle and Graphing 117

Graphing Cosine Functions
Any function of the form y = A cos3B1x - C 24 + D with A ≠ 0 and B ≠ 0 is a 
cosine function. In this section we will graph only cosine functions for which B = 1 
and study cosine functions for which B ≠ 1 in the next section.

In the next example we graph the simplest cosine function. Recall that cos x is 
the first coordinate of the terminal point on the unit circle for an arc of length x, as 
shown in Fig. 2.10.

Figure 2.10

(1, 0) cos x

sin x 

(0, 1) 

(–1, 0)

(0, –1) 

(cos x, sin x) 

x

Sketch the graph of y = cos1x2.

Solution

First consider the behavior of y = cos1x2 on the interval 30, 2p4 . As the arc length x 
increases from length 0 to p>2, the first coordinate of the endpoint decreases from 1 
to 0. From p>2 to p, the first coordinate decreases from 0 to  -1. From p to 2p, the 
first coordinate increases from -1 back to 1. So on the interval 30, 2p4  there are two 
x-intercepts, two maximum points, and one minimum point. These five key points on 
the graph of y = cos x for x in 30, 2p4  are given in the following table:

x 0 p>2 p 3p>2 2p

y = cos x 1 0 -1 0 1

These five points are graphed in Fig. 2.11. To determine the actual shape of y = cos x 
we can either accurately plot more points by hand or look at the shape of the curve in 
Fig. 2.12. That figure shows many accurately plotted points on the graph of y = cos x. 
Since cos1x2 = cos1x + 2p2, the curve that we see on 30, 2p4  is repeated on 
32p, 4p4 , 3-2p, 04 , and so on. So the curve in Fig. 2.11 continues indefinitely to 
the left and right.

EXAMPLE 5 Graphing the simplest cosine function

TRY THIS. Graph y = 4 cos x for x in 30, 2p4 .

Figure 2.11

y

x

1

–1

]

]
A

m
pl

itu
de

 1 (0, 1)

, 0 , 0

Fundamental cycle
Period 2p

y = cos x

p–p–2p
2
p

2
p

2
p 2p

2
3p

2
3p

2
3p

(p, –1)

(2p, 1)

– –

Q   R Q    R

Figure 2.12

2p0

–2

2

The graph of y = cos x has exactly the same shape as the graph of y = sin x. 
It has amplitude 1 and period 2p. If the graph of y = sin x were shifted a dis-
tance of p>2 to the left, the graphs would coincide. For this reason the graph of 
y = cos x is also called a sine wave. The graph of y = cos x over 30, 2p4  is called the 
 fundamental cycle of y = cos x. Note that the fundamental cycle starts and ends with 
a  maximum point. Midway between them is a minimum point and midway between 
each  maximum point and the minimum point is an inflection point. See Fig. 2.13.Figure 2.13

–2

–1

1

2

y

x

Starting
point

Inflection
points Ending

point

Maximum
points

Q   , 0R
p
2

Minimum
point

(2p, 1)

(p, –1)

(0, 1)

Q      , 0R3p
2

y = cos x
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118 Chapter 2 Graphs of the Trigonometric Functions

The graph of any cosine function is similar to the graph of y = cos x. When 
graphing a cosine function we always identify the five key points for one cycle.

Sketch the graph of y = -3 cos x for x in the interval 3-2p, 2p4 . Find the amplitude 
and range of the function.

Solution

We graph y = -3 cos x by stretching and then reflecting in the x-axis the graph 
of y = cos x. So the starting point (0, 1) is stretched to (0, 3) and then reflected 
to 10, -32. Similarly, the endpoint is 12p, -32. Since the graph is a reflection, the 
starting and ending points are minimum points on the graph. Midway between these 
two is the maximum point 1p, 32. The inflection points are midway between the 
minimum points and the maximum point at 1p>2, 02 and 13p>2, 02. Note how the 
five key points divide the interval 30, 2p4  into four equal parts. Draw one cycle of 
y = -3 cos x through these five key points, as shown in Fig. 2.14. Repeat the same 
shape for x in the interval 3-2p, 04  to get the graph for x in 3-2p, 2p4 . Since

` 1
2

 13 - 1-322 ` =  3,

the amplitude is 3. Since the minimum y-coordinate is -3 and the maximum is 3, the 
range is the interval 3-3, 34 .

 A calculator graph of y = -3 cos x is shown in Fig. 2.15 and it supports our 
conclusions.

TRY THIS. Graph y = -8 cos x for x in the interval 3-2p, 2p4 . Find the amplitude 
and range of the function.

EXAMPLE 6 Graphing a cosine function

Figure 2.14

y

x

1

–1

2

3

y = –3 cos x

, 0

, 0

p–p 2p–2p

(p, 3)

(0, –3) (2p, –3)

p
2

3p
2

Q   R

Q    R

Figure 2.15

2p–2p

–4

4

Transformations of Sine and Cosine
In Examples 3 and 6 we saw that slight changes in the function affect the graph of the 
function. The graph of y = 2 sin x from Example 3 can be obtained by stretching the 
graph of y = sin x by a factor of 2. The graph of y = -3 cos x in Example 6 can be 
obtained by stretching (by a factor of 3) and then reflecting the graph of y = cos x 
in the x-axis. The amplitude of y = 2 sin x is 2 and the amplitude of y = -3 cos x 
is 3. In general, the amplitude is determined by the coefficient of the sine or cosine 
function.

Theorem: Amplitude The amplitude of y = A sin x or y = A cos x is 0A 0 .

From algebra (Section P.3) we know that the graph of y = ƒ1x - C 2 is a hori-
zontal translation of the graph of y = ƒ1x2, to the right if C 7 0 and to the left if 
C 6 0. So the graphs of y = sin1x - C 2 and y = cos1x - C 2 are horizontal trans-
lations of y = sin x and y = cos x, respectively, to the right if C 7 0 and to the left 
if C 6 0. The term phase shift is used to describe left or right translations of a sine 
wave.

Definition: Phase Shift The phase shift of the graph of y = sin1x - C 2 or y = cos1x - C 2 is C.
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 2.1  The Unit Circle and Graphing 119

Graph two cycles of y = sin1x + p>62. Determine the phase shift, amplitude, and 
range of the function.

Solution

Since x + p>6 = x - 1-p>62, C = -p>6. The phase shift is -p>6. Because 
C 6 0, the graph of y = sin1x + p>62 is obtained by shifting y = sin x a distance 
of p>6 to the left. So the new starting point is 1-p>6, 02 and the new ending point 
is 111p>6, 02. Label the x-axis with multiples of p>6, as in Fig. 2.16, and divide the 
interval 3-p>6, 11p>64  into four equal segments. Plot the inflection point in the 
middle at 15p>6, 02 and the maximum 1p>3, 12 and minimum 14p>3, -12. Draw one 
cycle of the graph through these five key points, as in Fig. 2.16. Continue the pattern 
for another cycle, as shown in the figure. The second cycle could be drawn to the right 
or left of the first. Since the minimum y-coordinate is -1 and the maximum is 1, the 
amplitude is 1 and the range is 3-1, 14 .

 The calculator graph in Fig. 2.17 supports the conclusion that y 2 = sin1x + p>62 
is a shift to the left of y1 = sin1x2.

EXAMPLE 7 Horizontal translation

Figure 2.16

y

x

, 1

, 0

, 0

, –1

, 0–

1

–1

y = sin  x +
6
p

y = sin x

p–p–2p
2
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6
p

3
p

–
2
p 2p

2
3p

6
5p

3
4p

6
11p

–
2

3p

Q    R

Q    R

Q   R

Q     R

Q    R

Q     R

Figure 2.17

2p–2p

–3

3

TRY THIS. Graph one cycle of y = cos1x - p>62 and find the phase shift, amplitude, 
and range.

The graphs of y = sin1x2 + D and y = cos1x2 + D are vertical translations 
of y = sin x and y = cos x, respectively. The translation is upward for D 7 0 and 
downward for D 6 0. The next example combines a phase shift and a vertical transla-
tion. Note how we follow the five key points of the fundamental cycle to see where 
they go in the transformation.

Graph two cycles of y = cos1x - p>42 + 2. Determine the phase shift and range.

Solution

For y = cos1x - p>42 + 2 the phase shift is p>4 and the vertical translation is 2. 
Since the phase shift is p>4, label the x-axis with multiples of p>4, as in Fig. 2.18. 
Now move the starting and ending points (0, 1) and 12p, 12 a distance of p>4 to the 
right and up 2. The new starting and ending points are 1p>4, 32 and 19p>4, 32. Next 
divide the interval 3p>4, 9p>44  into four equal parts and locate the minimum point 
and the two inflection points as in Fig. 2.18. Draw one cycle of the graph through the 

EXAMPLE 8 Horizontal and vertical translation
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120 Chapter 2 Graphs of the Trigonometric Functions

Figure 2.18
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Q    R Q    R
Q    R

Q    R

five key points as in Fig. 2.18. Continue the pattern for another cycle to the right or 
left of the first cycle. Since the minimum y-coordinate is 1 and the maximum is 3, the 
range of the function is the interval [1, 3].

 A calculator graph of y = cos1x - p>42 + 2 is shown in Fig. 2.19 and it sup-
ports our conclusions.

TRY THIS. Graph one cycle of y = sin1x + p>42 + 1 and find the phase shift and 
range.

Figure 2.19

2p–2p

–1

5

If we shift the graph of y = sin x a distance of p>2 to the left, it will coincide 
with the graph of y = cos x. So y = sin(x + p>2) and y = cos x have the same 
graph. Likewise, the graphs of y = cos(x - p>2) and y = sin x are the same. Any 
sine wave is the graph of a sine function or a cosine function. In Example 9 we will 
write two equations for the same curve.

Write an equation of the sine wave shown in Fig. 2.20 in each of the following forms.

 a. y = A sin1x - C 2 + D   b. y = A cos1x - C 2 + D

EXAMPLE 9 Constructing an equation from a graph

Figure 2.20

y
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3

5
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p

3
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6
11p

3
7p

3
7p

3
4p

6
5p

3
2p–

3
2p

–
3

2pQ     R

Q     R
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Q    R Q    R

Q      R

Q   R

Solution

a. Because the y-coordinates range from -1 to 5, the amplitude of the sine curve is 
3. Now concentrate on the cycle of the function that starts at 1p>3, 22 and ends at 
17p>3, 22. We choose this cycle because it duplicates the behavior of y = sin1x2 
on its fundamental cycle 30, 2p4 . That is, from 1p>3, 22 the graph rises to its 
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 2.1 Exercises 121

Figure 2.21

7p
30

–2

6

maximum, then goes down to its minimum, then ends the cycle at 17p>3, 22. So 
if we stretch y = sin1x2 by a factor of 3, then shift it to the right p>3 and up 2, we 
will get the given sine wave. So an equation is y = 3 sin1x - p>32 + 2.

b. The amplitude is the same whether we think of the function in the sine family 
or the cosine family. Concentrate on the cycle that starts at (-p>6, -1) and ends 
at (11p>6, -1). This cycle looks like a reflection of the fundamental cycle of 
y = cos x shifted p>6 to the left. Since the sine wave oscillates about the hori-
zontal line y = 2, the vertical translation is 2 units upward. So the equation is 
y = -3 cos(x + p>6) + 2.

 The calculator graphs of y = 3 sin1x - p>32 + 2 and y = -3 cos1x + p>62
+ 2 in Fig. 2.21 support this conclusion as they appear to coincide.

TRY THIS. The five key points for one cycle of a sine wave are 1p>4, 12, 13p>4, 62, 
15p>4, 12, 17p>4, -42, and 19p>4, 12. Find an equation for the curve in the form 
y = A sin(x - C) + D.

Note that the equations we found in Example 9 are not unique. Any right 
or left shift by a multiple of 2p gives an equivalent equation. For example, 
y = 3 sin1x - 7p>32 + 2 is an equivalent equation because p>3 + 2p = 7p>3. 
Instead of reflecting for the cosine equation, we could have used a right shift of 5p>6 
to get the equation y = 3 cos1x - 5p>62 + 2. If we use reflection with the sine 
function, we get y = -3 sin1x + 2p>32 + 2. You should use a graphing calculator 
to verify that all of these equations have the same graph.

1. The range of y = sin1x2 is 3-1, 14 .

2. The range of y = 4 sin1x2 + 3 is 3-4, 44 .

3. The range of y = cos1x2 - 5 is 3-6, -44 .

4. The graph of y = sin1x + p>62 has a phase shift of 
p>6.

5. The graph of y = sin1x + p>62 lies p>6 to the right of 
the graph of y = sin1x2.

6. The points 15p>6, 02 and 111p>6, 02 are on the graph of 
y = cos1x - p>32.

7. The graphs of y = sin1x2 and y = cos1x + p>22 are 
identical.

8. The minimum value of the function ƒ1x2 = 3 sin1x2 is 
-1.

9. The maximum value of the function 
y = -2 cos1x2 + 4 is 6.

10. If 1-p>6, 02 is moved p>3 units to the right its new 
Cartesian coordinates are 1p>6, 02.

FOR THOUGHT... True or False? Explain.

CONCEPTS

Fill in the blank.

 1. If a is an angle in standard position whose terminal side inter-
sects the unit circle at (x, y) then y =  __________ and x =  
__________.

 2. Any function of the form y = A sin3B1x - C24 + D with 
A ≠ 0 and B ≠ 0 is a(n) __________ function.

 3. The graph of any sine function is a(n) __________.

 4. If a is a nonzero constant such that ƒ1x2 = ƒ1x + a2 for every 
x in the domain of the function f, then f is a(n) __________ 
function.

 5. The graph of y = sin x over 30, 2p4  is the __________ of 
y = sin x.

 6. The __________ of a sine wave is the absolute value of half 
the difference between the maximum and minimum  
y- coordinates on the wave.

 7. The __________ of the graph of y = sin1x - C2 is C.

2.1 EXERCISES
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122 Chapter 2 Graphs of the Trigonometric Functions

 8. Any function of the form y = A cos3B1x - C24 + D with 
A ≠ 0 and B ≠ 0 is a(n) __________ function.

 9. The five key points on the graph of the fundamental cycle 
of y = sin x are the __________ point, the __________ 
point, the __________ point, the __________ point, and the 
__________ point.

 10. The fundamental cycle of y = cos x contains two __________ 
points, two __________ points, and one __________ point.

SKILLS

Find the missing coordinates of the points on each unit circlr. For 
Exercise 11 the angles are multiples of p>6. For Exercise 12 the 
angles are multiples of p>4.

 11. 

a      ba       b

a         b

(–1,   )

(0,     )

(1, 0)

(0,   )
y

x

, Ë3—–
2

, – 1–
2

, 1–
2

–

a        b, Ë3—–
2

– a      b, 1–
2

a       b, 1–
2

–

a        b, 1–
2

a         b, 1–
2

–

6
p

6
p

6
p

 12. 

a         b

a          b a        b

a       b

(    , 0)

(   , –1)

(1, 0)

(   , 1)
y

x

, Ë2—–
2 , Ë2—–

2

, – Ë2—–
2 , , Ë2—–

2 , 

4
p

4
p

Find the exact value of each trigonometric function using the unit 
circle definition. See Fig. 2.2. 

 13. sin 0  14. cos 0

 15. tan1p>32  16.  cot1p>62
 17. sin1p>62  18. cos1p>32
 19. sec1p>32  20. csc1p>32
 21. cos1p>22  22. sin1p>22

 23. tan1-p2  24. cot1-3p>22
 25. csc1-5p>62  26. sec1-2p>32
 27. cos1-3p>42  28. sin1-3p>22
Find the Cartesian coordinates of each given point after it is 
moved p>4 units to the right.

 29. (0, 0)  30. 1p>4, 12
 31. 1p>2, 32  32. 13p>4, -12
 33. 1-p>2, -12  34. 1-p>4, -22
 35. 1p, 02  36. 12p, 02
Find the Cartesian coordinates of each given point after it is 
moved p>3 units to the left.

 37. 1p>3, 02  38. 12p>3, -12
 39. 1p, 12  40. 12p, 42 

 41. 1p>2, -12  42. 1p>4, 22
 43. 1-p, 12  44. 1-p>2, -12
Find the Cartesian coordinates of each given point after it is 
moved p>6 units to the right and 2 units upward.

 45. 1p, -12  46. 1p>6, -22
 47. 1p>2, 02  48. 1p>3, -12
 49. 1-3p>2, 12  50. 1-p>2, 22
 51. 12p, -42  52. 1-p, 52
Determine the point that lies midway between the two given points.

 53. 1p, 02 and 12p, 02  54. 10, -22 and 1p>3, -22

 55. (0, 2) and 1p>4, 22  56. 1p>2, 12 and 1p, 12

 57. 1p>6, 12 and 1p>2, 12  58. 1p>4, 22 and 1p>2, 22

 59. 1p>3, -42 and 1p>2, -42  60. 13p>4, 52 and 1p, 52

Determine the coordinates of points P, Q, R, and S on each given 
sine wave.

 61. 

y

x

1

–1

–2

2

P

Q

R

S

(p, 0)

 62. 

y

x

2

1

3

–1

P

Q

R

S

, 12p
3

Q    R
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 2.1 Exercises 123

 65. 

y

x

2

1

3

P

Q

R

S

, 2p
3Q   R

 66. 

y

x

2

–1

–2

P

Q

R

S

, 07p
8

5p
8

Q    R

Write an equation of the form y = A sin1x - C 2 + D whose 
graph is the given sine wave. 

 93. 
y

x

1

2

–1

–2

2pp

 94. 
y

x

1

2

3

–1

7p
3

p p

3

 95. 
y

x

1

3

–1

2

–p p

 96. 
y

x

3

–

1

3p
2

p

2
p

2

Write an equation of the form y = A cos1x - C 2 + D whose 
graph is the given sine wave. 

 97. 
y

x

1

2

–1

–2

5p
2

3p
2

p

2

 98. 
y

x

1

2

–1

–2

5p
2

3p
2

p

2

 99. 
y

x

1

2

3

–1

4p3p2pp

 100. 
y

x

1

2

– 5p
3

p p

3
p

3

Find the equation of each sine wave in its final position.  

 101. The graph of y = sin1x2 is shifted p>4 units to the right.

 102. The graph of y = cos1x2 is shifted p>6 units to the right.

 63. 
y

x

1

2

–1

–2

P

Q

R

S

, 07p
4

Q     R

 64. 
y

x

1

3

2

–1

–3

–2

P

Q

R

S

, 07p
3

Q     R

Determine the amplitude, period, phase shift, and range for each 
function. 

 67. y = -2 cos x  68. y = -4 cos x

 69. ƒ1x2 = cos1x - p>22  70. ƒ1x2 = sin1x + p>22

 71. y = -2 sin1x + p>32  72. y = -3 sin1x - p>62

Determine the amplitude, phase shift, and range for each function. 
Sketch at least one cycle of the graph and label the five key points 
on one cycle as done in the examples. 

 73. y = -sin x  74. y = -cos x

 75. y = -3 sin x  76. y = 4 sin x

 77. y =
1

2
 cos x  78. y =

1

3
 cos x

 79. y = sin1x + p2  80. y = cos1x - p2
 81. y = cos1x - p>32  82. y = cos1x + p>42
 83. ƒ1x2 = cos1x2 + 2  84. ƒ1x2 = cos1x2 - 3

 85. y = -sin1x2 - 1  86. y = -sin1x2 + 2

 87. y = sin1x + p>42 + 2  88. y = sin1x - p>22 - 2

 89. y = 2 cos1x + p>62 + 1

 90. y = 3 cos1x + 2p>32 - 2

 91. ƒ1x2 = -2 sin1x - p>32 + 1

 92. ƒ1x2 = -3 cos1x + p>32 - 1
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124 Chapter 2 Graphs of the Trigonometric Functions

 103. The graph of y = sin1x2 is shifted p>2 units to the left.

 104. The graph of y = cos1x2 is shifted p>3 units to the left.

 105. The graph of y = cos1x2 is shifted p>5 units to the right and 
reflected in the x-axis.

 106. The graph of y = sin1x2 is shifted p>7 units to the left and 
reflected in the x-axis.

 107. The graph of y = cos1x2 is shifted p>8 units to the right, 
reflected in the x-axis, and then translated upward 2 units.

 108. The graph of y = sin1x2 is reflected in the x-axis, shifted 
p>9 units to the left, and then translated downward 3 units.

 109. The graph of y = cos1x2 is stretched by a factor of 3, 
reflected in the x-axis, shifted p>4 units to the left, and then 
translated downward 5 units.

 110. The graph of y = sin1x2 is reflected in the x-axis, shrunk by 
a factor of 12 , shifted p>3 units to the right, and then trans-
lated upward 4 units.

WRITING/DISCUSSION

 111. The Role of the Parameters The numbers A, C, and D in 
y = A sin1x - C 2 + D are called parameters. Explain how 
each of these parameters affects the location or shape of the 
graph.

 112. Even or Odd An even function is one for which ƒ1-x2 = ƒ1x2 
and an odd function is one for which ƒ1-x2 = -ƒ1x2. 
Determine whether ƒ1x2 = sin1x2 and ƒ1x2 = cos1x2 are 
even or odd functions and explain your answers.

REVIEW

 113. Find the smallest positive angle in radians that is coterminal 
with -23p>6.

 114. Convert the radian measure 7p>4 to degrees.

 115. The earth travels around the sun on a path that is roughly cir-
cular with a radius of 93 million miles. How fast is the earth 
moving through space? Round to the nearest thousand miles 
per hour.

 116. Evaluate without a calculator. Some of these expressions are 
undefined.

a. cos1p2 b. sin13p>42
c. tan1p>32 d. tan1p>22
e. sec12p>32 f. csc1p2
g. cot15p>62 h. sin1-p>42

 117. Use a calculator to find the acute angle a (to the nearest tenth 
of a degree) that satisfies sin1a2 = 0.36.

 118. Find sin1a2 given that cos1a2 = 1>3 and a lies in 
 quadrant IV.

OUTSIDE THE BOX

 119. Tangent Circles The three large circles in the accompanying 
diagram are tangent to each other and each has radius 1. The 
small circle in the middle is tangent to each of the three large 
circles. Find its radius.

Figure for Exercise 119

 120. Sines and Cosines If sin x = 3 cos x then what is the value of 
sin x cos x?

 1. Determine the amplitude, period, phase shift, and range for 
y = -5 sin1x + 2p>32.

 2. List the coordinates for the five key points for one cycle of 
y = 3 sin1x2.

 3. If y = cos1x2 is shifted p>2 to the right, reflected in the 
x-axis, and shifted 3 units upward, then what is the equation of 
the curve in its final position?

 4. What is the range of ƒ1x2 = -4 sin1x - 32 + 2?

 5. The five key points for one cycle of a sine wave are 1p>2, 02, 
1p, -32, 13p>2, 02, 12p, 32, and 15p>2, 02. Find an equation 
for the curve.

2.1 POP QUIZ
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 2.2  The General Sine Wave 125

Taylor Polynomials

In calculus it is proved that many functions can be approximated to any degree of 
accuracy by polynomial functions called Taylor polynomials. The Taylor polynomi-
als for sin(x) are

y = x,  y = x -
x3

3!
,  y = x -

x3

3!
+

x5

5!
,  y = x -

x3

3!
+

x5

5!
-

x7

7!
,

and so on. As shown in the accompanying figure, the seventh-degree Taylor polyno-
mial approximates the sine curve very well between -p and p.

a) Graph y1 = x and y2 = sin1x2 on a graphing calculator and determine approxi-
mately the values for x for which 0 y1 - y2 0 6 0.1.

b) Repeat part (a) using the fifth-degree, ninth-degree, and nineteenth-degree 
Taylor polynomials for y1.

c) The Taylor polynomials for cos(x) are y = 1, y = 1 - x2>2!, y = 1 - x2>2! +  
x4>4!, y = 1 - x2>2! + x4>4! - x6>6!, and so on. Graph the zero-degree, 
fourth-degree, eighth-degree, and eighteenth-degree Taylor polynomials and 
determine approximately the intervals on which each of them differs from 
cos(x) by less than 0.1. Compare your answers to the answers obtained for parts 
(a) and (b).

d) Suppose that each operation 1+ , - , * , , 2 takes one second. Explain how to 
find sin(x) to the nearest tenth for any real number x in the shortest amount of 
time by using Taylor polynomials.

LINKING
concepts... For Individual or Group Explorations

2p–2p

–4

4

The general sine wave equations are

y = A sin3B 1x - C 24 + D  and  y = A cos3B 1x - C 24 + D.

In the last section we studied these equations with B = 1. In this section we will see 
what happens to the sine wave when B ≠ 1.

Changing the Period
Both y = sin x and y = cos x have period 2p and complete one cycle for 0 … x … 2p. 
To determine the period of y = sin1Bx2 or y = cos1Bx2 for B 7 0 replace x in the 
inequality 0 … x … 2p with Bx:

 0 … Bx … 2p

 
0

B
…

Bx

B
…

2p

B

 0 … x …
2p

B

2.2 The General Sine Wave
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126 Chapter 2 Graphs of the Trigonometric Functions

So if x is between 0 and 2p>B, Bx is between 0 and 2p, and y = sin(Bx) or 
y = cos(Bx) completes one cycle.

Theorem: Period of 
y = sin(Bx) and y = cos(Bx) 

The period P of y = sin1Bx2 and y = cos1Bx2 for B 7 0 is given by

P =
2p

B
.

Graph two cycles of y = sin12x2 and determine the period of the function.

Solution

The period of y = sin(2x) is 2p>2 or p. So one cycle of y = sin12x2 is completed 
between 0 and p. Divide the interval 30, p4  into four equal parts. Midway between 
the starting point (0, 0) and the ending point 1p, 02 is an inflection point 1p>2, 02. 
Now locate the maximum point at 1p>4, 12 and the minimum point at 13p>4, -12. 
Draw one cycle y = sin12x2 through these five key points, as shown in Fig. 2.22. 
Draw a second cycle to the left or right of the first cycle.

 The calculator graph in Fig. 2.23 supports our conclusions. The scale on this 
graph is p>4.

EXAMPLE 1 Changing the period

TRY THIS. Graph two cycles of y = cos12x2 and determine the period.

Figure 2.22

y

x

1

–1

y = sin (2x)

7p
4

5p
4

3p
4

p

4

Figure 2.23

2p0

–2

2

If B is a multiple of p, then p cancels out in the expression 2p>B and we can 
obtain a period that is a natural number, as is shown in the next example.

Determine the period of y = cos Ap2  x B  and graph two cycles of the function.

Solution

Use P = 2p>B with B = p>2:

P =
2p

p>2 = 2p # 2
p

= 4

So one cycle of y = cos Ap2x B  is completed on the interval [0, 4]. Divide this interval 
into four equal parts. Recall the fundamental cycle of y = cos x in Fig. 2.24. The 

EXAMPLE 2 A period that is not a multiple of P

Figure 2.24

–1

1

y

xp
2

3p
2

p 2p

y = cos x
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 2.2  The General Sine Wave 127

Figure 2.26

80

–2

2

new starting point is (0, 1) and the new ending point is (4, 1), and these are maximum 
points. The minimum point is midway between these at 12, -12. Midway between the 
maximum points and the minimum points are the inflection points (1, 0) and (3, 0) 

Draw one cycle of y = cos Ap2  x B  through these five key points, as shown in Fig. 2.25. 

Continue this pattern from 4 to 8 to get a second cycle.
 The calculator graph in Fig. 2.26 supports this conclusion. The scale on this 

graph is 1.

Figure 2.25

(4, 1)(0, 1)

y

x

1

–1

1 2 3 4 5 6 7 8

(2, –1)

y = cos      x
p
2Q  R

TRY THIS. Graph two cycles of y = cos1px2 and determine the period.

Graphing a General Sine Wave
We can use any combination of translating, reflecting, phase shifting, stretching, 
shrinking, or period changing in a single trigonometric function.

The General Sine Wave The graph of

y = A sin3B1x - C 24 + D or y = A cos3B1x - C 24 + D

is a sine wave with amplitude 0A 0 , period 2p>B 1B 7 02, phase shift C, and 
vertical translation D. The phase shift is to the right for C 7 0 and to the left for 
C 6 0. The vertical translation is upward for D 7 0 and downward for D 6 0.

We can assume that B 7 0, because any general sine or cosine function can be rewrit-
ten in this form with B 7 0 using identities, which we will study in Chapter 3. Notice 
that A and B affect the shape of the curve whereas C and D determine its location. Use 
the following procedure when graphing a general sine wave.

PROCEDURE

Graphing y = A sin 3B (x − C ) 4 + D

1. Determine the period 2p>B, amplitude 0A 0 , phase shift C, and vertical 
translation D.

2. The starting point is (C, D) and the ending point is 1C + 2p>B, D2.
3. Midway between the starting and ending points is an inflection point.

4. Midway again, locate the maximum and minimum points. If A 6 0 the 
graph is a reflection and the minimum point comes first.

5. Sketch one cycle of the curve through the five key points.
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128 Chapter 2 Graphs of the Trigonometric Functions

Determine the amplitude, period, and phase shift, and sketch two cycles of 
y = 2 sin13x + p2 + 1.

Solution

First rewrite the function in the form y = A sin3B 1x - C 24 + D by factoring 3 out 
of 3x + p:

y = 2 sin J3¢x +
p

3
≤ R + 1

From this equation we get A = 2, B = 3, C = -p>3, and D = 1. The amplitude is 2. 
The period is 2p>3. The phase shift is -p>3. The starting point is 1-p>3, 12 and the 
ending point is 1-p>3 + 2p>3, 12 or 1p>3, 12. Midway between these is the inflec-
tion point (0, 1). Midway again are the maximum and minimum points 1-p>6, 32 
and 1p>6, -12. Draw one cycle of the graph through these five points, as shown in 
Fig. 2.27, and continue this pattern to the right for another cycle. Note that the tick 
marks on the x-axis are at multiples of p>6 and the dashed line is a new “x-axis” cor-
responding to the vertical translation. Since the amplitude is 2, the graph ranges from 
2 units above to 2 units below this new axis.

EXAMPLE 3 A transformation of y =  sin(x)

Figure 2.28

3–1

–2

4

 The calculator graph in Fig. 2.28 supports our conclusions about the amplitude, 
period, and phase shift. Note that it is easier to obtain the amplitude, period, and phase 
shift from the equation than from the calculator graph.

TRY THIS. Determine the amplitude, period, and phase shift, and graph one cycle of 
y = 3 sin12x - p2 - 1.

Figure 2.27

y

x
–

2

–1

3

, 1

(0, 1)

p

3
p

3
2p p

3

p
3

p
3

, –1p
6

, 1p
3

–

, 3p
6

–

y = 2 sin  3  x +        + 1

Q    R

Q    R

Q   R

S Q     RT

Q    R

Determine the amplitude, period, and phase shift, and sketch two cycles of 
y = -2 sin(2px - 2p) - 2.

EXAMPLE 4 A transformation of y = sin(x)

Before you start to graph a transformation of y = sin x you should have a mental 
picture of the fundamental cycle of y = sin x. If you don’t yet remember this image, 
look back to Fig. 2.4 to get it in mind. See the Function Gallery on page 131 for a 
visual summary of this procedure.
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 2.2  The General Sine Wave 129

PROCEDURE

Graphing y = A cos 3B  (x − C ) 4 + D

1. Determine the period 2p>B, amplitude 0A 0 , phase shift C, and vertical 
translation D.

2. The starting point is 1C, D + A2 and the ending point is 
1C + 2p>B, D + A2. These are maximum points if A 7 0 and minimum 
points if A 6 0.

3. Midway between the starting and ending points is a minimum point if 
A 7 0 or a maximum point if A 6 0.

4. Midway again, locate the two inflection points.

5. Sketch one cycle of the curve through the five key points.

Solution

First rewrite the function in the form y = A sin[B(x - C)4 + D by factoring out 2p:

y = -2 sin32p(x - 1)4 - 2

From this equation we get A = -2, B = 2p, C = 1, and D = -2. The amplitude is 
2 and because A is negative the graph is a reflection. The period is 2p>(2p) or 1. The 
phase shift is 1 and the graph oscillates about the line y = -2. So one cycle starts 
at (1, -2) and ends at (2, -2). Midway between these points is an inflection point at  
(1.5, -2). Since the graph is a reflection the curve goes down to a minimum point  
at (1.25, -4) and then rises to a maximum point at (1.75, 0). Sketch one cycle through 
these five points as shown in Fig. 2.29. Since the period is 1, there is another cycle 
between 0 and 1 as shown in Fig. 2.29. Since the phase shift is equal to the period, 
the phase shift does not affect the graph.

Figure 2.29

y

x

1

1 1.25 1.50 1.75 2

–1

–3

–4

y = –2 sin  2p(x – 1)  – 2S        T

–2
(1, 22)

(2, 22)

(1.25, 24)

(1.50, 22)

(1.75, 0)

Figure 2.30

20

–4

1

 The calculator graph in Fig. 2.30 supports our conclusions.

TRY THIS. Determine the amplitude, period, and phase shift, and graph one cycle of 
y = -sin(px - 2p) - 1.

The procedure for graphing a transformation of y = cos x is similar to that for 
y = sin x. Again, you should recall the fundamental cycle of y = cos x before you begin.

See the Function Gallery on page 131 for a visual summary of this procedure.
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130 Chapter 2 Graphs of the Trigonometric Functions

Determine the amplitude, period, and phase shift, and sketch one cycle of 
y = -3 cos12x - p2 - 1.

Solution

Rewrite the function in the general form y = A cos3B1 x - C 24 + D by factoring 
2x - p:

y = -3 cos J2¢x -
p

2
≤ R - 1

From this equation we get A = -3, B = 2, C = p>2, and D = -1. The amplitude 
is 0-3 0  or 3. The period is 2p>2 or p. The phase shift is p>2. The starting point is 
1p>2, -42 and the ending point is 1p>2 + p, -42 or 13p>2, -42. Since A 6 0, these 
are minimum points. Midway between these is the maximum point 1p, 22. Midway 
again are the inflection points 13p>4, -12 and 15p>4, -12. Draw one cycle of the 
graph through these five points, as shown in Fig. 2.31. Note that the tick marks on 
the x-axis are at multiples of p>4 and the dashed line is a new “x-axis” corresponding 
to the vertical translation.

 The calculator graph in Fig. 2.32 supports our conclusions.

EXAMPLE 5 A transformation of y = cos(x)

Figure 2.31

y

x

1

2

–2

–3

–4

3p
2

p

2
p

4
p

, –4p
2

, –43p
2

, –15p
4

, –13p
4

(p, 2)
y = –3 cos  2  x –        – 1p

2S Q     RT

Q     R Q      R

Q      R Q      R

Figure 2.32

3p
20

–4

3

TRY THIS. Determine the amplitude, period, and phase shift, and graph one cycle of 
y = -2 cos12x + p2 + 1.

Frequency
Sine waves are used to model physical phenomena such as radio, sound, or light 
waves. A high-frequency radio wave is a wave that has a large number of cycles per 
second. If the x-axis is a time axis, then the period of a sine wave is the amount of 
time required for the wave to complete one cycle, and the reciprocal of the period is 
the number of cycles per unit of time. For example, the sound wave for middle C on 
a piano completes 262 cycles per second. The period of the wave is 1>262 second, 
which means that one cycle is completed in 1>262 second.

Definition: Frequency The frequency F of a sine wave with period P is defined by F = 1>P.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 2.2  The General Sine Wave 131

Find the frequency of the sine wave given by y = sin1524px2 and sketch one cycle 
of the graph of the sine wave.

Solution

First find the period:

P =
2p

524p
=

1

262
≈ 0.004

Since F = 1>P, the frequency is 262. A sine wave with this frequency completes 262 
cycles for x in the interval [0, 1] or one cycle in the interval [0, 1>262]. We will not 
draw a graph showing 262 cycles in an interval of length one, but we can see the cycle 
that occurs in the interval [0, 1>262] in Fig. 2.33.

 The calculator graph in Fig. 2.34 supports our conclusions.

TRY THIS. Find the frequency of the sine wave given by y = cos1100px2.

EXAMPLE 6 Frequency of a sine wave

Figure 2.33

y

x

1

–1

1
524

1
262

y = sin (524px)

Figure 2.34

1
2620

–2

2

Note that if B is a large positive number in y = sin1Bx2 or y = cos1Bx2, then the 
period is short and the frequency is high.

The following Function Gallery summarizes what we have learned about the sine 
and cosine functions.

THE SINE AND COSINE FUNCTIONS

FUNCTION 

GALLERY

y

x

–1

1
y = sin x

0

Amplitude 1

Period 2p
Phase shift 0

2p3p
2

pp

2

y

D – A

D

D + A

x0 C C + 

Amplitude A

PeriodPhase
shift C

y = A sin[B(x – C)] + D

A, B, C, D 7 0

2p
B

2p
B

y

x

–1

1
y = cos x

0

Amplitude 1

Period 2p
Phase shift 0

2p3p
2

pp

2

y

D – A

D

D + A

x0 C C + 

Amplitude A

PeriodPhase
shift C

y = A cos[B(x – C)] + D
A, B, C, D 7 0

2p
B

2p
B
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132 Chapter 2 Graphs of the Trigonometric Functions

Sinusoidal Curve Fitting
We now consider the problem of constructing an equation for a sinusoid that passes 
through some given points. If we know the five key points on one cycle of a sinusoid, 
then we can write an equation for the curve in the form y = A sin3B1x - C 24 + D 
or y = A cos3B1x - C24 + D. For simplicity, we will just write a sine equation in 
the next example.

Ten minutes after a furnace is turned on, the temperature in a room reaches 74°F 
and the furnace turns off. It takes two minutes for the room to cool to 70°F and two 
minutes for the furnace to bring it back to 74°F as shown in the table.

Time (minutes) 10 11 12 13 14 15 16 17 18

Temperature (°F) 74 72 70 72 74 72 70 72 74

Assuming that the temperature (after time 10) is a sine function of the time, construct 
the function and graph it.

Solution

Because the temperature ranges from 70° to 74°, the amplitude of the sine curve is 2. 
Because the temperature goes from its maximum of 74° back to 74° in 4 minutes, the 
period is 4. Since the period is 2p>B, we can solve 2p>B = 4 to get B = p>2. Now 
concentrate on one cycle of the function. Starting at (13, 72) the temperature increases 
to its maximum of 74°, decreases to its minimum of 70°, and then ends in the middle 
at (17, 72). We choose this cycle because it duplicates the behavior of y = sin1x2 on 
its fundamental cycle 30, 2p4 . So shift y = sin1x2 to the right 13 and up 72 to get 

y = 2 sin3p2  1x - 1324 + 72. Its graph is shown in Fig. 2.35. Changing this equa-
tion with any right or left shift by a multiple of 4 gives an equivalent equation. For 
example, y = 2 sin3p2  1x - 124 + 72 is an equivalent equation.

TRY THIS. The points (1, 2), (2, 5), (3, 2), 14, -12, and (5, 2) are the five key points 
on one cycle of a sine wave. Find an equation for the curve.

EXAMPLE 7 Constructing a sine function

Figure 2.35

y

x10 11 12 13 14 15 16 17

70

72

74

2
(10, 74)

(13, 72)

(15, 72)

y = 2 sin (x – 13)  + 72
pS        T

If we have real data, the points will usually not fit exactly on a sine curve as they 
did in the last example. In this case we can use the sinusoidal regression feature of a 
graphing calculator to find a sine curve that approximates the data.

The times of sunrise in Miami, Florida, on the first of every month for one year are 
shown in the following table (U.S. Naval Observatory, http://aa.usno.navy.mil). The 
time is the number of minutes after 5 a.m.

Month Time Month Time

1
2
3
4
5
6

127
125
104
72
44
29

7
8
9

10
11
12

33
47
61
73
90

111

Use the sinusoidal regression feature of a graphing calculator to construct an equation 
that fits the data. Graph the data and the curve on your graphing calculator. Find the 
period from the equation.

EXAMPLE 8 Constructing a sine function using 
a calculator
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 2.2 Exercises 133

Figure 2.36

13
0
0

140

Solution

Enter the data and use the sinusoidal regression feature (SinReg) to get 
y = 49.92 sin10.47x + 1.422 + 81.54 where x is the month and y is the number of 
minutes after 5 a.m. Fig. 2.36 shows the data and the sine curve. The period is 2p>0.47 
or approximately 13.4 months.

TRY THIS. Use sinusoidal regression to find an equation that fits the points (1, 2.2), 
(2, 4.9), (3, 1.9), 14, -1.12, and (5, 2.1).

1. The period of y = sin14x2 is p>2.

2. The period of y = cos12px2 is p.

3. The period of y = -3 sin1px - p2 + 1 is 2.

4. The period of y = sin10.1px2 is 20.

5. The graph of y = sin12x + p>62 has a period of p and 
a phase shift p>6.

6. The graph of y = cos12x + p>42 has phase shift p>8.

7. The frequency of y = sin x is 1>12p2.

8. The frequency of y = cos1px2 is 1>2.

9. The graphs of y = -cos1x2 and y = sin1x + p>22 are 
identical.

10. The graphs of y = -sin1x2 and y = cos1x - 3p>22 are 
identical.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. The __________ of y = sin1Bx2 and y = cos1Bx2 is 2p>B.

 2. The __________ of a sine wave with period P is 1>P.

 3. The graph of y = A sin3B1x - C24 + D is a sine wave with 
__________ 0A 0 .

 4. The graph of y = A cos3B1x - C24 + D is a sine wave with 
__________ C.

SKILLS

Determine amplitude, period, and phase shift for each function. 

 5. y = sin(x) + 2  6. y = cos(x) - 3

 7. y = cos(6x)  8. y = sin(2x)

 9. y = sin(6x) + 1  10. y = -cos(2x) - 3

 11. y = 2 cos(x + p)  12. y = 2 sin(x - p>4)

 13. y = 3 sin14x2  14. y = -cos1x>22 + 3

 15. y = -2 cos¢2 x +
p

2
≤ - 1

 
16. y = 4 cos13x - 2p2

 17. y = -2 sin1px - p2
 
18. y = sin¢p

2
 x + p≤

Sketch at least one cycle of the graph of each function. Determine 
the period, the phase shift, and the range of the function. Label the 
five key points on the graph of one cycle as done in the examples. 

 19. y = sin13x2  20. y = cos1x>32
 21. y = -sin12x2  22. y = -cos13x2
 23. y = cos14x2 + 2  24. y = sin13x2 - 1

 25. y = 2 - sin1x>42  26. y = 3 - cos1x>52

 27. y = sin¢p
3

 x≤  28. y = sin¢p
4

 x≤
 29. ƒ(x) = sinJ2¢x -

p

2
≤ R  30. ƒ(x) = sinJ3¢x +

p

3
≤ R

 31. ƒ(x) = sin¢p
2

 x +
3p

2
≤  32. ƒ(x) = cos¢p

3
 x -

p

3
≤

 33. y = 2 cosJ2¢x +
p

6
≤R + 1  34. y = 3 cosJ4¢x -

p

2
≤ R - 1

 35. y = -  
1

2
 sinJ3¢x -

p

6
≤ R - 1

 36. y = -  
1

2
 sinJ4¢x +

p

4
≤ R + 1

2.2 EXERCISES
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134 Chapter 2 Graphs of the Trigonometric Functions

Write an equation of the form y = A sin3B 1x - C24 + D whose 
graph is the given sine wave. There are infinitely many equations 
for any given sine wave. You can check your equation with a graph-
ing calculator. 

 37. 
y

x
–1

1

2

–2

2pp–p–2p

 38. 
y

x

–2

–1
4
p

2
p p

4
3p

1

2

 39. 
y

1

–3

–2

–1

2

3

x
8
p

8
3p

8
5p

8
7p

8
9p

 40. 
y

x

1

–3

–2

2

3

– p

2
p

2
p

 41. 

y

x

4

3

2

1

– p–p p

3
p

3

 42. 

y

x

2

–2

–3

–4

–
2
p

2
p

Let ƒ1x2 = sin1x2, g1x2 = x - p>4, and h1x2 = 3x. Find each of 
the following.

 43. g1p>42  44. g1p>22
 45. ƒ1g1p>422  46. ƒ1g1p>222
 47. h1ƒ1g1p>4222  48. h1ƒ1g1p>2222
 49. ƒ (g(x))  50. f (h(x))

 51. h(ƒ (g(x)))  52. f (h(g(x)))

MODELING

Solve each problem. 

 53. What is the frequency of the sine wave determined by 
y = sin1200px2, where x is time in seconds?

 54. What is the frequency of the sine wave determined by y =
cos10.001px2, where x is time in seconds?

 55. If the period of a sine wave is 0.025 hour, then what is the 
 frequency?

 56. If the frequency of a sine wave is 40,000 cycles per second, 
then what is the period?

 57. Motion of a Spring A weight hanging on a vertical spring is 
set in motion with a downward velocity of 6 cm>sec from its 
equilibrium position. A formula that gives the location of the 
weight in centimeters as a function of the time t in  seconds is 
x = 3 sin12t2. Find the amplitude and period of the function 
and sketch its graph for t in the interval 30, 2p4 .

 58. Motion of a Spring A weight hanging on a vertical spring is 
set in motion with an upward velocity of 4 cm>sec from its 
equilibrium position. A formula that gives the location of the 
weight in centimeters as a function of the time t in seconds is 
x = -  4p sin1pt2. Find the period of the function and sketch its 
graph for t in the interval [0, 4].

 59. Sunspots Astronomers have been recording sunspot  activity 
for over 130 years. The number of sunspots per year  varies 
periodically over time as shown in the graph. What is the 
approximate period of this periodic function?

50

1900 1950

100
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N
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Sunspot
Activity

Figure for Exercise 59

 60. First Pulsar In 1967 Jocelyn Bell, a graduate student at 
 Cambridge University, England, found the peculiar  pattern 
shown in the graph on a paper chart from a radio  telescope. She 
had made the first discovery of a pulsar, a very  small neutron star 
that emits beams of radiation as it rotates as fast as 1000 times 
per second. From the graph shown here, estimate the period of 
the first discovered pulsar, now known as CP 1919.

0 10

In
te

ns
ity

Time (seconds)

Pulsar
CP 1919 

Figure for Exercise 60
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 2.2 Exercises 135

 61. Lung Capacity The volume of air n in cubic centimeters in the 
lungs of a certain distance runner is modeled by the equation 
n = 400 sin160pt2 + 900, where t is time in minutes.

a.  What are the maximum and minimum volumes of air in the 
runner’s lungs?

b.  How many breaths does the runner take per minute?

 62. Blood Velocity The velocity n of blood at a valve in the heart 
of a certain rodent is modeled by the equation

n = -4 cos16pt2 + 4,

where n is centimeters per second and t is time in seconds.
a.  What are the maximum and minimum velocities of the 

blood at this valve?

b.  What is the rodent’s heart rate in beats per minute?

 63. Periodic Revenue For the past three years, the  manager 
of The Toggery Shop has observed that revenue reaches 
a high of about $40,000 in December and a low of about 
$10,000 in June, and that a graph of the revenue looks 
like a sinusoid. If the months are numbered 1 through 
36 with 1 corresponding to January, then what are the 
period, amplitude, and phase shift for this  sinusoid? 
What is the vertical translation? Write a  formula for 
the curve and find the approximate revenue for April.

 64. Periodic Cost For the past three years, the manager 
of The Toggery Shop has observed that the utility bill 
reaches a high of about $500 in January and a low of 
about $200 in July, and the graph of the utility bill looks 
like a sinusoid. If the months are numbered 1 through 
36 with 1 corresponding to  January, then what are the 
period, amplitude, and phase shift for  this sinusoid? 
What is the vertical translation? Write a formula for the 
curve and find the approximate utility bill for  November.

 65. Discovering a Planet On April 26, 1997, astronomers 
announced the discovery of a new planet orbiting the star Rho 

Coronae Borealis (Sky & Telescope, July 1997). The astrono-
mers deduced the existence of the planet by measuring the 
change in line-of-sight velocity of the star over a period of ten 
months. The measurements appear to fall along a sine wave as 
shown in the accompanying figure.

a.  What are the period, amplitude, and equation for the sine 
wave?

b.  How many Earth days does it take for the planet to orbit 
Rho Coronae Borealis?

c.  Use the equation to estimate the change in line-of-sight 
velocity on day 36.
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–65

65
50

0

10 20 30 40

Figure for Exercise 65

 66. Jupiter’s Satellites The accompanying graph shows the 
 positions in June of Ganymede, Callisto, Io, and Europa, 
the four bright satellites of Jupiter (Sky & Telescope, April 
1997). Jupiter itself is the center horizontal bar. The paths of 
the  satellites are nearly sine waves because the orbits of the 
satellites are nearly circular. The distances from Jupiter to 
Io, Europa, Ganymede, and Callisto are 262,000, 417,000, 
666,000, and 1,170,000 miles, respectively.

a.  From the graph, estimate the period of revolution to the 
nearest hour for each satellite. For which satellite can you 
obtain the period with the most accuracy?

b.  What is the amplitude of each sine wave?

JulyJune

JUPITER

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Ganymede

Io
Europa

Callisto

Figure for Exercise 66
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136 Chapter 2 Graphs of the Trigonometric Functions

 67. Ocean Waves Scientists use the same types of terms to 
describe ocean waves that we use to describe sine waves. 
The wave period is the time between crests and the wavelength 
is the distance between crests. The wave height is the  vertical 
distance from the trough to the crest. The accompanying 
 figure shows a swell in a coordinate system. Write an  equation 
for the swell, assuming that its shape is that of a sinusoid.

H
ei

gh
t (

m
et

er
s)

Period (seconds)
0

1

2

30252015

Wavelength

105

Crest 

Trough 

Figure for Exercise 67

 68. Large Ocean Waves A tsunami is a series of large waves 
caused by an earthquake. The wavelength for a tsunami can 
be as long as several hundred kilometers. The  accompanying 
 figure shows a tsunami in a coordinate system. Write an 
 equation for the tsunami, assuming that its shape is that of a 
sinusoid.

H
ei

gh
t (

m
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Wavelength (kilometers)
0

15

30

30025020015010050

Figure for Exercise 68

 69. Moon Illumination The accompanying table shows the 
 percentage of the moon that will be illuminated at midnight for 
the 31 days of January, 2020. (U.S. Naval Observatory, http://
aa.usno.navy.mil).

Day % Day % Day %

1
2
3
4
5
6
7
8
9

10
11

32
41
50
60
69
78
85
92
97

100
100

12
13
14
15
16
17
18
19
20
21
22

97
92
85
76
65
54
43
32
22
14
7

23
24
25
26
27
28
29
30
31

3
1
0
2
5

10
17
24
33

  Use the sinusoidal regression feature of a graphing calculator 
to find the equation for a sine curve that fits the data. Graph 
the data and the curve on your graphing calculator. Find the 
period from the equation. Use the equation to predict the 
 percentage of the moon that will be illuminated on February 8, 
2020.

 70. Amount of Daylight The accompanying table gives the num-
ber of minutes between sunrise and sunset for the first day of 
each month in the year 2020 in Miami, Florida.

Month Time Month Time

1
2
3
4
5
6

634
659
699
746
788
819

7
8
9

10
11
12

823
799
759
714
669
638

  Use the sinusoidal regression feature of a graphing calculator 
to find the equation for a sine curve that fits the data. Graph 
the data and the curve on your graphing calculator. Find the 
period from the equation. Use the equation to predict the 
number of minutes between sunrise and sunset on February 1, 
2021.

WRITING/DISCUSSION

 71. Periodic Temperature Air temperature T generally varies 
in a periodic manner, with highs during the day and lows 
during the night. Assume that no drastic changes in the 
weather are expected and let t be time in hours with t = 0 at 
 midnight tonight. Graph T for t in the interval [0, 48] and write 
a function of the form T = A sin3B1t - C2 4 + D for your 
graph. Explain your choices for A, B, C, and D.

 72. Equivalent Equations Find B, C, and D so that the graph 
of y = -3 sin3B1x - C24 + D is the same as the graph of 
y = 3 sin341x - p>224 + 5.

REVIEW

 73. Determine the amplitude, period, phase shift, and range for the 

function ƒ(x) =
1

2
 sin1x - p>22 + 3.

 74. The graph of y = cos1x2 is shifted p units to the left, reflected 
in the x-axis, and then shifted 2 units upward. What is the 
equation of the curve in its final position?

 75. At a distance of 500 feet from a giant redwood tree, the angle 
of elevation to the top of the tree is 30°. What is the height of 
the tree to the nearest foot?

 76. The terminal side of the angle b in standard position 
passes through the point 1-3, 62. Find exact values for 
sin1b2, cos1b2, and tan1b2.

 77. Two angles of a triangle are 32°37′ and 48°39′. Find the third 
angle in degrees-minutes-seconds format.

 78. Find the central angle (to the nearest tenth of a degree) that inter-
cepts an arc of length 5 feet on a circle of radius 60 feet.
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 2.3  Graphs of the Secant and Cosecant Functions 137

OUTSIDE THE BOX

 79. Two Wrongs Make Right In the following addition problem 
each letter represents a different digit from 1 through 9, 
and zero is not allowed. Find digits that make the addition 
correct.

WRONG

+WRONG

R I GHT 

 80. Concentric Circles A circular fountain has a circular island 
exactly in the center, as shown in the accompanying figure. A 
student on vacation finds that the water is 2 feet deep and the 
distance from A to B, measured along the edge of the island, is 
80 feet. Find the volume of water in the fountain to the nearest 
cubic foot.

A B

Figure for Exercise 80

 1. Determine the amplitude, period, and phase shift for 
y = 4 sin12x - 2p>32.

 2. List the coordinates for the five key points for one cycle of 
y = -3 sin12x2.

 3. Determine the period and range for y = 4 cos1px2 + 2.

 4. The five key points for one cycle of a sine wave are 1-p>6, 02, 
10, 42, 1p>6, 02, 1p>3, -42, and 1p>2, 02. Find an equation 
for the curve.

 5. What is the frequency of the sine wave determined by 
y = sin1500px2, where x is time in minutes?

2.2 POP QUIZ

In this section we graph the secant and cosecant functions. A secant function 
has the form y = A sec3B1x - C24 + D and a cosecant function has the form 
y = A csc3B1x - C24 + D. Because sec1x2 = 1>cos1x2 and csc1x2 = 1>sin1x2, 
the graphs of the secant and cosecant functions are closely related to the graphs of 
the cosine and sine functions, respectively.

Vertical Asymptotes
A vertical asymptote is a vertical line that is approached by a graph. You will recall that 
the graph of the rational function y = 1>x has the y-axis as a vertical asymptote as shown 
in Fig. 2.37. As x approaches 0 from the right, the y–coordinates increase without bound 
1 y S ∞2. As x approaches 0 from the left, the y-coordinates decrease without bound 
1 y S -∞2. We read the arrow as “approaches” or “goes to.” The graphs of secant and 
cosecant functions approach vertical asymptotes much as the graph of y = 1>x does.

Graphing Secant Functions
Suppose (a, b) is the terminal point for an arc of length x on the unit circle as shown 
in Fig. 2.38. Since sec1x2 = 1>a, sec1x2 is undefined if a = 0. The only points on 
the unit circle where a = 0 are (0, 1) and 10, -12. Arcs such as p>2, 3p>2, 5p>2, and 
so on, have terminal points (0, 1) and 10, -12. These arcs are of the form p>2 + k p 
where k is any integer. So sec1p>2 + k p2 is undefined for any integer k. As a 
approaches 0 the absolute value of 1>a gets larger and larger, which causes the graph 
of y = sec1x2 to have a vertical asymptote. So y = sec1x2 has a vertical asymptote 
for every x at which sec(x) is undefined or cos1x2 = 0.

2.3 Graphs of the Secant and Cosecant Functions

Figure 2.37

y

x

1

2

–1

1 2–1–2

y = 1
x

–2
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138 Chapter 2 Graphs of the Trigonometric Functions

Domain and Asymptotes of 
y = sec(x)

The domain of y = sec1x2 is the set of all real numbers except numbers of the 
form p>2 + k p where k is an integer. The equations of the vertical asymptotes 
are x = p>2 + k p for any integer k.

Graph y = sec1x2. Determine the period, asymptotes, and range of the function.

Solution

Because of the reciprocal identity sec x = 1>cos x, we first draw the graph of 
y = cos x for reference when graphing y = sec x. If cos x 7 0 and cos x S 0, then 
sec x S ∞. If cos x 6 0 and cos x S 0, then sec x S -∞. So y = sec1x2 has a verti-
cal asymptote at every x-intercept of y = cos1x2. If cos x = {1, then sec x = {1. 
So every maximum or minimum point on the graph of y = cos x is also on the graph 
of y = sec x, which is shown in Fig. 2.39. The period of y = sec x is 2p, the same 
as the period for y = cos x. The equations of the asymptotes are x = p>2 + k p for 
any integer k. The range is 1-∞, -14 ∪ 31, ∞2.

 The calculator graph of y = 1>cos x in Fig. 2.40 shows many points on the graph 
of y = sec x and supports our conclusions about the shape and location of the graph.

EXAMPLE 1 The simplest secant function

Figure 2.39

y

x

–1

p–
2

p 3p—
2

2p–p–2p

2

–2
sec x  S – q
because cos x < 0
and cos x  S 0

sec x  S q
because cos x  > 0
and cos x  S 0

y = cos x

p–
2

–3p—
2

–

y = sec x

Fundamental Cycle
Period 2p

Figure 2.40

2p–2p

–3

3

TRY THIS. Graph one cycle of y = 3 sec1x2 and determine the period, asymptotes, 
and range.

Sketch two cycles of y = 2 sec1x - p>22. Determine the period, asymptotes, and 
range of the function.

Solution

First graph y = cos1x - p>22 as shown in Fig. 2.41, because

y = 2 sec(x - p>2) =
2

cos1x - p>22.

Now y = sec1x - p>22 goes through the maximum and minimum points 
of y = cos1x - p>22 and has a vertical asymptote at every x-intercept of 
y = cos1x - p>22. To get y = 2 sec1x - p>22, stretch y = sec1x - p>22 by a 
factor of 2. So the portions of the curve that open up do not go lower than 2, and 
the portions that open down do not go higher than -2, as in Fig. 2.41. The period is 
2p. The asymptotes are x = k p for any integer k. The range is 1-∞, -24 ∪ 32, ∞2.

 The calculator graph of y = 2>cos1x - p>22 in Fig. 2.42 supports our 
conclusions.

EXAMPLE 2 A transformation of y =  sec x

Figure 2.38

y

x

sec(x) = 1
a

(–1, 0)

(0, –1)

(0, 1)

(1, 0)
a

b

(a, b)

x
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 2.3  Graphs of the Secant and Cosecant Functions 139

Figure 2.42

2p–2p

–4

4

TRY THIS. Graph one cycle of y = 3 sec12x2 and determine the period, asymptotes, 
and range.

Figure 2.41

Period 2p

y

x

1

–1

–2

–3

––

2

3

2p3pp

2
3p
2

p

2

p
2

p–p–2p
2

y = 2 sec  x –

p
2

y = cos  x –Q     R

Q     R

Graphing Cosecant Functions
Suppose (a, b) is the terminal point for an arc of length x on the unit circle as shown 
in Fig. 2.43. Since csc1x2 = 1>b, csc1x2 is undefined if b = 0. The only points on 
the unit circle where b = 0 are (1, 0) and 1-1, 02. Arcs such as 0, p, 2p, and so on, 
have terminal points (1, 0) and 1-1, 02. These arcs are of the form kp where k is any 
integer. So csc1k p2 is undefined for any integer k. Like the secant function, the graph 
of y = csc1x2 has a vertical asymptote wherever csc(x) is undefined.

Domain and Asymptotes of 
y = csc(x)

The domain of y = csc1x2 is the set of all real numbers except numbers of the 
form kp where k is an integer. The equations of the vertical asymptotes are 
x = kp for any integer k.

Figure 2.43

y

x

csc(x) = 1
b

(–1, 0)

(0, –1)

(0, 1)

(1, 0)
a

b

(a, b)

x

Graph y = csc1x2. Determine the period, asymptotes, and range of the function.

Solution

Because of the reciprocal identity csc x = 1>sin x, we first draw the graph of 
y = sin x for reference when graphing y = csc x. The graph of y = csc x has a ver-
tical asymptote at each x-intercept of y = sin1x2. If sin x = {1, then csc x = {1. 
So every maximum or minimum point on the graph of y = sin x is also on the graph 
of y = csc x, which is shown in Fig. 2.44 on the next page. The period for y = csc x 
is 2p, the same as the period for y = sin x. The equations of the vertical asymptotes 
are x = k p for any integer k. The range is 1-∞, -14 ∪ 31, ∞2.

 The calculator graph of y = 1>sin x in Fig. 2.45 on the next page shows many 
points on the graph of y =  csc x and it supports our conclusions.

EXAMPLE 3 The simplest cosecant function

The graph of a cosecant function is very similar to the graph of a secant function and 
we graph them in the same manner.
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140 Chapter 2 Graphs of the Trigonometric Functions

Figure 2.44

y

x

–1

p–
2

1

p 3p—
2

2pp–
2

–p3p—
2

–2p ––

2

y = sin x

y = csc x

Fundamental Cycle
Period 2p

Figure 2.45

2p–2p

–4

4

TRY THIS. Graph one cycle of y = 2 csc1x2 and determine the period, asymptotes, 
and range.

The cosecant function in the next example has a shorter period and horizontal 
translation.

Sketch two cycles of the graph of y = csc12 x - 2p>32. Determine the period, 
asymptotes, and the range of the function.

Solution

First graph y = sin321x - p>324  because

y = csc(2 x - 2p>3) =
1

sin321x - p>324 .

The period for y = sin321x - p>324  is p with phase shift of p>3. So the fundamental 
cycle of y = sin x is transformed to occur on the interval 3p>3, 4p>34 . Draw two 
cycles of y = sin321x - p>324 . The graph of y = csc321x - p>324  has a vertical 
asymptote at every x-intercept of the sine curve, as shown in Fig. 2.46. Each por-
tion of y = csc321x - p>324  that opens up has a minimum value of 1, and each 
portion that opens down has a maximum value of -1. The period of the function is 
p. The vertical asymptotes are x = p>3 + kp>2 for any integer k and the range is 
1-∞, -14 ∪ 31, ∞2.

 The calculator graph of y = 1>sin321x - p>324  in Fig. 2.47 supports these 
conclusions.

EXAMPLE 4 A cosecant function  
with a transformation

Figure 2.46

Period p

y

x

–1

2

1

y = csc 2 x –

y = sin 2 x – p–
3

p–
6

–

p–
3

p–
3

p—
6

– 7 p—
3

– 2 p—
6

5 p—
3

4

Figure 2.47

–

–3

3

4p
3

7p
6

TRY THIS. Graph one cycle of y = 3 csc12x - p2 and determine the period, 
 asymptotes, and range.
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 2.3 Exercises 141

1. sec1p>42 = 1>sin1p>42
2. csc11.242 = 1>sin11.242
3. csc1p>22 = 1

4. sec1p>22 = 0

5. The period of y = csc12x2 is p.

6. The period of y = sec1px2 is 2.

7. The graphs of y = 2 csc x and y = 1>12 sin x2  are 
identical.

8. The range of y = 0.5 csc113x - 5p2 is 
1-∞, -0.5] ∪ 30.5, ∞2.

9. The lines x = {p>4 are vertical asymptotes for 
y = sec12x2.

10. The line x = 0 is a vertical asymptote for y = csc14x2.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. The __________ of y = sec1x2 is the set of all real  numbers 
except numbers of the form p>2 + kp where k is an 
integer.

 2. The __________ of y = csc1x2 is the set of all real numbers 
except numbers of the form kp, where k is an integer.

 3. A vertical __________ is a vertical line that is approached by 
a graph.

 4. The vertical asymptotes of y = sec1x2 pass through the 
__________ of y = cos1x2.

SKILLS

Find the exact value of each expression. Some of these expressions 
are undefined.

 5. sec1p>32  6. sec1p>42  7. csc1-p>42
 8. csc1p>62  9. sec1p>22  10. sec13p>22

 11. csc1p2  12. csc(0)

Find the approximate value of each expression to the nearest tenth.

 13. sec(1.56)  14. sec(1.58)  15. csc(0.01)

 16. csc1-0.0022  17. csc(3.14)  18. csc(6.28)

 19. sec(4.71)  20. sec(4.72)

Determine the period of each function. 

 21. y = 5 sec12x2  22. y = 3 sec14x2
 23. y = csc13x>22  24. y = 2 csc1x>22
 25. y = sec1px2  26. y = sec12px2

Determine the range of each function. 

 29. y = 2 sec1x2  30. y = 4 sec1x2

 31. y =
1

2
 csc1x2  32. y =

1

3
 csc1x2

 33. y = 3 sec(x) + 1  34. y = 4 sec(x) - 2

 35. y = sec1px - 3p2 - 1  36. y = sec13x + p>32 + 1

Sketch at least one cycle of the graph of each secant function. 
Determine the period, asymptotes, and range of each function. 

 37. y = 2 sec x
 
38. y =

1

2
 sec x

 39. y = sec13x2  40. y = sec14x2
 41. y = sec1x + p>42  42. y = sec1x - p>62
 43. y = sec1x>22  44. y = sec1x>32
 45. y = 2 sec1px2  46. y = 3 sec1px>22
 47. y = 2 + 2 sec12x2  48. y = 2 - 2 secax

2
b

Sketch at least one cycle of the graph of each cosecant function. 
Determine the period, asymptotes, and range of each function. 

 49. y = -2 csc1x2  50. y = -3 csc1x2
 51. y = -csc1x + p>22  52. y = -csc1x - p2
 53. y = csc12x - p>22  54. y = csc13x + p2

 55. y = cscap
2

 x -
p

2
b  56. y = cscap

4
 x +

3p

4
b

 57. y = -cscap
2

 x +
p

2
b  58. y = -2 csc1px - p2

2.3

 27. y = 3 sec¢p
2

x - p≤ + 3  28. y = 2 csc¢p
3

 (x - 1)≤ - 4

EXERCISES
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142 Chapter 2 Graphs of the Trigonometric Functions

Write an equation for each curve in its final position.  

 59. The graph of y = sec1x2 is shifted p>2 units to the right and 
1 unit upward.

 60. The graph of y = sec1x2 is shifted p units to the left, reflected 
in the x-axis, then shifted 2 units upward.

 61. The graph of y = csc1x2 is reflected in the x-axis, shifted 1 unit 
to the left, then shifted 4 units upward.

 62. The graph of y = csc1x2 is reflected in the x-axis, shifted 
2 units to the right, and then shifted 3 units downward.

Find the equations for all vertical asymptotes for each function. 

 63. y = -sec1x2  64. y = -csc1x2
 65. y = csc12x2  66. y = csc14x2
 67. y = sec1x - p>22  68. y = sec1x + p2

 69. y = csc12x - p2  70. y = csc14x + p2

 71. y =
1

2
 csc12x2 + 4  72. y =

1

3
  csc13x2 - 6

 73. y = sec1px + p2  74. y = sec1px>2 - p>22

WRITING/DISCUSSION

 75. What is the range of the function y = A sec3B 1x - C 24 + D? 

 76. What is the range of the function y = A csc3B 1x - C 24 + D? 

REVIEW

 77. If a is an angle in standard position whose terminal side 
intersects the unit circle at the point (x, y), then sin1a2 =  
__________ and cos1a2 =  __________.

 78. The graph of y = 3 cos151x - p22 + 7 is a __________ 
wave.

 79. Find the amplitude, period, phase shift, and range for the 
 function f 1x2 = 5 cos12x - p2 + 3.

 80. If the period of a sine wave is 0.125 second, then what is the 
frequency?

 81. If b is an angle in standard position such that sin1b2 = 1, then 
what is cos1b2?

 82. Evaluate each function. Give the result in degrees.

a. sin-11-1>22 b. cos-11-1>22 c. tan-11-12

OUTSIDE THE BOX

 83. Cutting Cardboard A cardboard tube has height 1 and diam-
eter 1. Suppose that it is cut at a 45° angle as shown in the 
first figure. The tube is then laid flat in the first quadrant as 
shown in the second figure. What is the equation of the curve? 
(Assume that the curve is a sine wave.)

x

y

Figure for Exercise 83

 84. Lightest Kid Mitt has 5 kids. He weighs them in groups of 
4 and gets 354, 314, 277, 265, and 254 pounds. What is the 
weight of the lightest kid?

 1. Find the exact value of sec1p>42.

 2. Find the exact value of csc1p2.

 3. Find the equations of all asymptotes for y = sec1x2 + 3.

 4. Find the equations of all asymptotes for y = csc1x2 - 1.

 5. Find the equations of all asymptotes for y = sec12x2.

 6. What is the range of y = 3 csc12x2?

2.3 POP QUIZ
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 2.4  Graphs of the Tangent and Cotangent Functions 143

2.4 
So far we have graphed four of the six trigonometric functions. In this sec-
tion we will graph functions of the form y = A tan3B1x - C 24 + D and 
y =A cot3B1x - C 24 + D, which are the tangent functions and the cotangent 
functions. Like the secant and cosecant functions, the tangent and cotangent func-
tions have vertical asymptotes.

Graphing Tangent Functions
Suppose (a, b) is the terminal point for an arc of length x on the unit circle as shown 
in Fig. 2.48. Since tan1x2 = b>a, tan1x2 is undefined if a = 0. The only points on the 
unit circle where a = 0 are (0, 1) and 10, -12. Arcs such as p>2, 3p>2, 5p>2, and so 
on, terminate at either (0, 1) or 10, -12. These arcs are of the form p>2 + kp where 
k is any integer. So tan(x) is undefined for these arcs. As x approaches p>2 + kp for 
any k, a approaches 0 and tan(x) approaches ∞ or -∞. So y = tan x has a vertical 
asymptote wherever it is undefined.

Modeling a Guitar Note

The waveform of a guitar note is characterized by an initial sharp peak that falls off 
rapidly as shown in the figure. Guitar effects pedals electronically modify that 
waveform. We can mathematically modify the oscillation of the sine wave to get the 
waveform of a guitar note as well as many others. The basic sine wave oscillates 
between the two horizontal lines y = 1 and y = -1. If we multiply sin(x) by any 
other function g(x), we will get a curve that oscillates between the graphs of 
y = g1x2 and y = -g1x2.

a) Graph y1 = x sin1x2, y 2 = x, and y3 = -x. For what exact values of x is 
x sin1x2 = x? For what exact values of x is x sin1x2 = -x?

b) For what exact values of x is x 2 sin1x2 = x 2? For what exact values of x is 
x 2 sin1x2 = -x 2? Support your conclusions with a graph.

c) Graph y1 = 1
x sin1x2 for 0 … x … 10 and -2 … y … 2. Is it true that for 

x 7 0, -1
x 6 1

x sin1x2 6 1
x? Prove your answer.

d) Graph ƒ(x) = 1
x sin1x2 for -2 … x … 2 and -2 … y … 2. What is f (0)? Is it 

true that for all x in the interval 3-0.1, 0.14  for which f (x) is defined, f (x) satis-
fies 0.99 6 ƒ1x2 6 1? Explain.

e) Experiment with functions until you get one that looks like the one in the 
figure.

LINKING
concepts... For Individual or Group Explorations

Wavelength
= 1/ Frequency

A
m

pl
itu

de

Domain and Asymptotes of 
y = tan(x)

The domain of y = tan1x2 is the set of all real numbers except numbers of the 
form p>2 + k p where k is an integer. The equations of the vertical asymptotes 
are x = p>2 + k p for any integer k.

Figure 2.48

y

x

tan (x) =

(–1, 0)

(0, –1)

(0, 1)

(1, 0)
a

b

(a, b)

x
b
a

Graphs of the Tangent and Cotangent Functions
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144 Chapter 2 Graphs of the Trigonometric Functions

Graph y = tan1x2.

Solution

As x S -p>2 from the right, y S -∞. For example, tan1-1.562 ≈ -92.6. So 
x = -p>2 is a vertical asymptote. As x S p>2 from the left, y S ∞. For example, 
tan11.562 ≈ 92.6. So x = p>2 is a vertical asymptote. The numbers -p>4, 0, and 
p>4 divide the interval between the asymptotes 1-p>2, p>22 into four equal parts. So 
we evaluate the function at these points as shown in the following table:

x -p>2 -p>4 0 p>4 p>2
y = tan x undefined -1 0 1 undefined

Graph the vertical asymptotes x = {p>2 and the three points as shown in Fig. 2.49. 
The tangent curve is increasing on the interval 1-p>2, p>22 and approaches its 
asymptotes as shown in the figure. The graph between -p>2 and p>2 is repeated 
between each pair of consecutive asymptotes, which are the lines x = p>2 + kp for 
any integer k. Note that we draw the asymptotes and then draw the curve so that it 
approaches its asymptotes.

EXAMPLE 1 The simplest tangent function

Figure 2.49

Period

y

x

–2

–
2

–

, 1–
4

1

–
2

3—
2

, –1–
4

–

–3—
2

–

–3

2

3

Fundamental cycle

y = tan x

p p p p p p

p

p

p

Figure 2.50

–

–4

4

3p
2

3p
2

 The calculator graph of y = tan1x2 in Fig. 2.50 shows many more points than 
we could plot by hand and it confirms the shape of the curve in Fig. 2.49.

TRY THIS. Graph two cycles of y = 2 tan1x2. Determine the period and equations of 
the asymptotes.

The period of  y = tan1x2 is p and the fundamental cycle is the portion of the 
graph between -p>2 and p>2. The points 1-p>4, -12, 10, 02, and 1p>4, 12 are  
the key points for the graph of y = tan1x2. The point (0, 0) is an inflection point. The 
inflection point, the other two key points, and the asymptotes determine the shape 
of the graph. Since the range of y = tan1x2 is 1-∞, ∞2, the concept of amplitude is 
not applicable.

To graph y = A tan3B1x - C24 + D, a transformation of y = tan1x2, we use 
the following procedure. Remember that the asymptotes are essential, but they are 
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 2.4  Graphs of the Tangent and Cotangent Functions 145

PROCEDURE

Graphing y = A tan 3B(x − C) 4 + D

1. Determine the period p>B, phase shift C, and vertical translation D.

2. The asymptotes are x = C + p>12B2.
3. Midway between the asymptotes is the inflection point (C, D).

4. Locate the other two key points midway between the inflection point 
and the asymptotes.

5. Sketch one cycle of the curve through the three key points and 
approaching the asymptotes. The function is increasing for A 7 0 and 
decreasing for A 6 0.

The period of y = tan x is p and the fundamental cycle occurs when 
-  p2 6 x 6 p2  . To determine the period for y = tan Bx we replace x with Bx:

 -  
p

2
6 Bx 6

p

2

 -  
p

2B
6 x 6

p

2B
  Divide each part of the inequality by B.

Since the length of this interval is p2B - A-  p2B B  or pB, the period of tan Bx is pB. So we 
divide the old period p by B to get the new period. This is the same rule that we used to 
find the periods for y = sin Bx and y = cos Bx. The Function Gallery on the next page 
illustrates the period change for all three of these trigonometric functions for B 7 1.

Figure 2.51

Period
p
2

y

x
–

, 1

1

–1

p

2
p

4
p

4

p
8

3p
4

, –1p
8

–

y = tan (2x)

Q     R

Q   R

Sketch two cycles of the function y = tan12x2. Determine the period and equations 
of the asymptotes.

Solution

For y = tan12x2 the period is p>2. Since C = 0 and D = 0, the asymptotes are 
x = {p>4 and the inflection point is (0, 0). Midway between the asymptotes and 
the inflection point we find the points 1-p>8, -12 and 1p>8, 12. Sketch one cycle of 
y = tan12x2 through the three key points and approaching its asymptotes as shown 
in Fig. 2.51. Continue the same pattern to draw another cycle to the right of the first 
cycle. Because the period is p>2, the equations of all of the asymptotes have the form 
y = p>4 { kp>2 for any integer k.

 The calculator graph is shown in Fig. 2.52.

TRY THIS. Graph two cycles of y = 6 tan12x2. Determine the period and equations 
of the asymptotes.

EXAMPLE 2 Changing the period

Figure 2.52

–

–5

5

3p
4

p
4

not part of the graph of the function. Think of them as boundary lines for the graph. 
Note how we divide one cycle into four equal parts, just as we did for the sine and 
cosine functions.
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146 Chapter 2 Graphs of the Trigonometric Functions

PERIODS OF SINE, COSINE, AND TANGENT (B + 1)

FUNCTION 

GALLERY

y

x

1

–1

Period
2p
B

y = sin x

y = sin (Bx)

2pp 2p
B

p

B

Fundamental cycles

y

x

1

–1

Period
2p
B

y = cos x

y = cos (Bx)

2p

p 2p

B
p

B

y

x

1

–1

y = tan (Bx)
Period

p
B

y = tan x

p

2
p

2
p

2B
p

2B
––

In Example 2 the transformation involved changing only the period. In 
Example 3 we will perform a more complicated transformation.

Sketch two cycles of the function ƒ1x2 = 1
2 tan13x + p>22 + 1. Determine the 

period and equations of the asymptotes.

Solution

First rewrite the function as ƒ1x2 = 1
2  tan J3 Ax + p6 B R + 1 to determine that A = 1

2,

B = 3, C = -p6 , and D = 1. So the period is p>3, the phase shift is -p>6, and the 
vertical translation is 1. The asymptotes for one cycle are x = -p>6 { p>6, which is 
x = -p>3 and x = 0. The inflection point is 1-p>6, 12. The other two key points are mid-
way between the inflection point and the asymptotes at 1-p>4, 1>22 and 1-p>12, 3>22. 
Sketch one cycle of the curve through the three key points and approaching the asymptotes, 
as shown in Fig. 2.53. Repeat the same pattern for another cycle to the right. Since the 
period is p>3, the equations of all asymptotes are of the form x = kp>3 for any integer k.

EXAMPLE 3 A transformation of y = tan x

Figure 2.53

y

x

1

2

–1

–2

6
–

y =     tan  3x +      + 11
2

3

, 
2
3

pp

6
–p

12
– p

6
p

3
–p

, 1

, 
2
1

4
– p

2
p

Q    R

Q     R

Q      R

Q      R

Figure 2.54

–

–5

5

p
3

p
3

 The calculator graph shown in Fig. 2.54 supports these conclusions.

TRY THIS. Graph two cycles of y = 8 tan12x + p2 - 5. Determine the period and 
equations of the asymptotes.
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 2.4  Graphs of the Tangent and Cotangent Functions 147

Graphing Cotangent Functions
Suppose (a, b) is the terminal point for an arc of length x on the unit circle as shown 
in Fig. 2.55. Since  cot1x2 = a>b, cot(x) is undefined if b = 0. The only points on 
the unit circle where b = 0 are (1, 0) and 1-1, 02. Arcs that terminate at those points 
are multiples of p, such as 0, p, 2p, and so on. These arcs are of the form kp where 
k is an integer. Just like y = tan1x2, y = cot1x2 has a vertical asymptote wherever it 
is undefined.

Figure 2.55

y

x

cot (x) =

(–1, 0)

(0, –1)

(0, 1)

(1, 0)
a

b

(a, b)

x
a
b

Domain and Asymptotes of 
y = cot(x)

The domain of y = cot1x2 is the set of all real numbers except numbers of the 
form kp where k is an integer. The equations of the vertical asymptotes are 
x = kp for any integer k.

Graph y = cot x.

Solution

Consider some ordered pairs that satisfy y = cot x.

x 0 p>4 p>2 3p>4 p

y = cot x undefined 1 0 -1 undefined

As x S 0 from the right, y S ∞. For example  cot10.012 ≈ 99.997. So x = 0 is a ver-
tical asymptote. As x S p from the left, y S -∞. For example, cot 13.132 ≈ -86.26. 
So x = p is a vertical asymptote. The graph of y = cot x is decreasing on the interval 
10, p2, as shown in Fig. 2.56. The cycle of the curve in the interval 10, p2 is repeated 
between each pair of consecutive asymptotes, which are the lines x = kp for any 
integer k.

 Graph y = cot1x2 on a graphing calculator by graphing y = cos1x2>sin1x2 as in 
Fig. 2.57. The graph of y = 1>tan1x2 looks the same as y = cot1x2, but it is techni-
cally incorrect. When  cot1x2 = 0, tan(x) is undefined. So there are no x-intercepts 
on the graph of y = 1>tan1x2. Graph it and see.

EXAMPLE 4 The simplest cotangent function

Figure 2.56

, –13p—
4

y

xpp–
2

–

, 1p–
41

p–
2

3p—
2

–p
–1

2

3

Fundamental cycle
Period p

2p

y = cot x

Figure 2.57

2p–p

–5

5

TRY THIS. Graph two cycles of y = 5 cot1x2. Determine the period and the equations 
of the asymptotes.
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148 Chapter 2 Graphs of the Trigonometric Functions

The point 1p>2, 02 is an inflection point for y = cot1x2. The asymptotes, inflec-
tion point, and the other two key points determine the shape of the curve. Since the 
range of y = cot1x2 is 1-∞, ∞2, the concept of amplitude is not applicable.

The period of y = cot1x2 is p, and the fundamental cycle occurs for 0 6 x 6 p. 
To determine the period of y = cot1Bx2 for B 7 0, replace x with Bx:

 0 6 Bx 6 p

 0 6 x 6
p

B
  Divide each part of the inequality by B.

The period for y =  cot1Bx2 with B 7 0 is p>B and y = cot1Bx2 completes one cycle 
for 0 6 x 6 p>B with asymptotes x = 0 and x = p>B.

To graph y = A cot3B1x - C24 + D, a transformation of y = cot1x2, we use the 
following procedure. Remember to start with the asymptotes, then locate the inflection 
point midway between them. Then midway again, locate the other two key points.

PROCEDURE

Graphing y = A cot 3B(x − C) 4 + D

1. Determine the period p>B, phase shift C, and vertical translation D.

2. The asymptotes for one cycle are x = C  and x = C + p>B.

3. Midway between the asymptotes is the inflection point 1C + p>12B2, D2.
4. Locate the other two key points midway between the inflection point 

and the asymptotes.

5. Sketch one cycle of the curve through the three key points  and 
approaching the asymptotes. The function is decreasing for A 7 0 and 
increasing for A 6 0.

Sketch two cycles of the function ƒ1x2 = 0.3 cot12x + p>22. Determine the period 
and equations of the asymptotes.

Solution

First rewrite the function as ƒ1x2 = 0.3 cot J2 Ax + p4 B R  to determine that

A = 0.3, B = 2, C = -p4 , and D = 0. So the period is p>2, the phase shift is 
-p>4, and the vertical translation is 0. The asymptotes for one cycle are x = -p>4 
and x = p>4. In the middle is the inflection point (0, 0). The other two key points 
are midway between the inflection point and the asymptotes at 1-p>8, 0.32 and 
1p>8, -0.32. Sketch one cycle of the curve through the three key points and approach-
ing the asymptotes as shown in Fig. 2.58. Repeat the same pattern for another cycle 
to the right. Since the period is p>2, the equations of all asymptotes are of the form 
x = -p>4 + kp>2 for any integer k.

 The calculator graph shown in Fig. 2.59 supports these conclusions.

TRY THIS. Graph two cycles of y = 3 cot12x + p2. Determine the period and the 
equations of the asymptotes.

EXAMPLE 5 A transformation of y = cot x

Figure 2.58

Period

y

x3p
4

1

–1
, –0.3

y = 0.3 cot  2  x + 

p

2
p

4
p

4
–

p
4

p
2

p
8

, 0.3p
8Q    R

Q      R

S Q    R T

Figure 2.59

–

–2

2

p
4

3p
4

Because cot x is the reciprocal of tan x, cot x is large when tan x is small, and vice 
versa. The graph of y = cot x has an x-intercept wherever y = tan x has a vertical 
asymptote, and a vertical asymptote wherever y = tan x has an x-intercept.

The following Function Gallery summarizes some of the facts that we have 
learned about the six trigonometric functions. Also, one cycle of the graph of each 
trigonometric function is shown.
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TRIGONOMETRIC FUNCTIONS

FUNCTION 

GALLERY

y

x

–1

1

2pp

y = sin (x)

y

x

–1

1 y = cos (x)

2pp

y

x

–4

4
3
2
1

–1
–2
–3

y = tan (x)

p

2
p

2
–

Domain 
(k any integer)

1-∞, ∞2 1-∞, ∞2 x ≠
p

2
+ kp

Range
Period

3-1, 14
2p

3-1, 14
2p

1-∞, ∞2
p

Fundamental cycle 30, 2p4 30, 2p4 c-p
2

, 
p

2
d

y

x

–4

4
3
2
1

–1
–2
–3

2pp

y = csc (x) y

x

–4

4
3
2
1

–1
–2
–3

y = sec (x)

2p

p

y

x

–4

4
3
2
1

–1
–2
–3

y = cot (x)

pp

2

Domain 
(k any integer)

x ≠ kp x ≠
p

2
+ kp x ≠ kp

Range
Period

1-∞, -14 ∪ 31, ∞2
2p

1-∞, -14 ∪ 31, ∞2
2p

1-∞, ∞2
p

Fundamental cycle 30, 2p4 30, 2p4 30, p4

1. tan1p>42 = sin1p>42>cos1p>42
2.  cot11.242 = 1>tan11.242
3.  cot1p>22 = 1>tan1p>22
4. tan102 = 0

5. tan1p>22 = 1

6. tan15p>22 = 0

7. The range of y = tan x is 1-∞, ∞2.

8. The range of y = cot x is 10, p2.

9. The graph of y = tan13x2 has vertical asymptotes at 
x = {p>6.

10. The graph of y = cot14x2 has vertical asymptotes at 
x = {p>4.

FOR THOUGHT... True or False? Explain.
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150 Chapter 2 Graphs of the Trigonometric Functions

CONCEPTS

Fill in the blank.

 1. Any function of the form y = A tan3B1x - C24 + D with 
A ≠ 0 and B ≠ 0 is a __________ function.

 2. A vertical line approached by a graph is a(n) __________.

 3. The __________ of y = tan1x2 is the set of all real numbers 
except numbers of the form p>2 + kp, where k is an integer.

 4. The __________ of y = cot1x2 is the set of all real numbers 
except numbers of the form kp, where k is an integer.

 5. The point (0, 0) on the graph of y = tan x is a(n) __________ 
point.

 6. The __________ of y = tan1Bx2 or y = cot1Bx2 is p>B.

SKILLS

Find the exact value of each expression. Some of these expressions 
are undefined.

 7. tan1p>32  8. tan1p>42
 9. tan1p>22  10. tan13p>22
 11. tan1p2  12. tan12p2
 13. cot1p>42  14. cot1p>32
 15. cot(0)  16. cot1p2
 17. cot1p>22  18. cot13p>22
Find the approximate value of each expression to the nearest tenth.

 19. tan(1.56)  20. tan(1.57)

 21. tan(1.58)  22. tan(1.575)

 23. cot(0.002)  24. cot(0.003)

 25. cot1-0.0022  26. cot1-0.0032
Determine the period of each function. 

 27. y = tan18x2  28. y = tan12x2
 29. y = cot1px2  30. y = cot1px>22
 31. y = 2 tan1px>32  32. y = 3 tan1px + 12
 33. y = cot13x + p2  34. y = cot12x - p2
 35. y = tan Ap2  x B + 5  36. y = co t Ap3  x B - 7

 37. y = 3 tan(px - p) + 6  38. y = -2 cot(2p(x - 1)) - 4

Sketch at least one cycle of the graph of each function. Deter-
mine the period and the equations of the vertical asymptotes. 

 39. y = tan13x2  40. y = tan14x2

 41. y = tan1px2  42. y = tan1px>22

 43. y = -2 tan1x2 + 1  44. y = 3 tan1x2 - 2

 45. y = - tan1x - p>22  46. y = tan1x + p>22

 47. y = tanap
2

 x -
p

2
b  48. y = tanap

4
 x +

3p

4
b

 49. y = cot1x + p>42  50. y = cot1x - p>62

 51. y = cot1x>22  52. y = cot1x>32

 53. y = -cot1x + p>22  54. y = 2 + cot x

 55. y = cot12x - p>22 - 1  56. y = cot13x + p2 + 2

Write the equation of each curve in its final position. 

 57. The graph of y = tan1x2 is shifted p>4 units to the right, 
stretched by a factor of 3, then translated 2 units upward.

 58. The graph of y = tan1x2 is shifted p>2 units to the left, shrunk 
by a factor of 12, then translated 5 units downward.

 59. The graph of y = cot1x2 is shifted p>2 units to the 
left, reflected in the x-axis, then translated 1 unit 
upward.

 60. The graph of y = cot1x2 is shifted p>3 units to the 
right, stretched by a factor of 2, then translated 2 units 
downward.

Write an equation for the given tangent curve in the form 
y = A tan3B 1x - C 24 + D. 

 61. 
y

x

1

2

–1

–2

, 1

3p p

4

3p
8

p

2
p

4

Q    R

 62. 

y

x

1

2

–1

–2

pp

2

, 13p
4

Q    R

2.4 EXERCISES
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 63. 
y

x

1

2

–1

–2

1–1

Q Q , –11
2

 64. 
y

x

1

2

–1

– 11
2

1
4

, 1

–1 1
2

Let ƒ1x2 = tan1x2, g1x2 = x + 3, and h1x2 = 2x. Find the 
following.

 65. ƒ1g1-322  66. g(  f (0))

 67. g1h1 f 1p>2222  68. g1 f 1h1p>6222
 69. f (g(h(x)))  70. g(  f (h(x)))

 71. g(h(  f (x)))  72. h(  f (g(x)))

Let u be the “angle of inclination” for the line through 1x1, y12 as 
shown in the accompanying figure. For -p>2 6 u 6 p>2, tan u is 
the slope of the line and the equation of the line is

y - y1 = 1tan u21x - x12.

Find the equation in the form y = mx + b for each line described 
below.

 73. The line through (2, 3) with angle of inclination p>4 

 74. The line through 1-1, 22 with angle of inclination -p>4

 75. The line through 13, -12 with angle of inclination p>3

 76. The line through 1-2, -12 with angle of inclination p>6

y

x

(x1, y1)
u

Figure for Exercises 73 through 76

MODELING

Solve each problem.

 77. Discovering Planets On October 23, 1996, astronomers 
announced that they had discovered a planet orbiting the star 
16 Cygni B (Sky & Telescope, January 1997). They did not 
see the planet itself. Rather, for eight years they detected the 
periodic wobbling motion toward and away from earth that the 
planet induced in the star as it orbited the star. See the accom-
panying figure.

a.  Estimate the period of the function shown in the figure.

b.  Which trigonometric function has a graph similar to the 
graph in the figure?
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Figure for Exercise 77

 78. Average Rate of Change The average rate of change of a 
function on a short interval 3x, x + h4  for a fixed value of 
h is a function itself. Sometimes it is a function that we can 
recognize by its graph.

a.  Graph y1 = sin1x2 on a graphing calculator and its aver-
age rate of change

y2 = 1 y11x + 0.12 - y11x22>0.1

for -2p … x … 2p. What familiar function does y2 look 
like?

b.  Repeat part (a) for y1 = cos1x2, y1 = e x, y1 = ln1x2, and 
y1 = x 2.

REVIEW

 79. If a is an angle in standard position whose terminal side 
intersects the unit circle at (x, y), then csc a =  __________, 
sec a =  __________, and cot a =  __________, provided 
no denominator is zero.

 80. The five key points on one cycle of a sine wave are 
1-p>4, 02, 10, -22, 1p>4, 02, 1p>2, 22, and 13p>4, 02. 
Write the equation of the sine wave in the form 
y = A sin1B1x - C22 + D.

 81. Determine the period, asymptotes, and range for the graph 
of y = 3 sec12x - p2.

 82. If b is an angle in standard position such that sin1b2 = 1>4 
and b terminates in quadrant II, then what is the exact value 
of cos1b2?

 83. A worker on top of a 432-foot building spots the boss on the 
ground. The angle of depression for the line of sight to the 
boss is 28°. How far from the building (to the nearest foot) is 
the boss?

 84. Evaluate each trigonometric function if possible.

a. sin17p>62 b. cos13p2
c. tan1-3p>42 d. sec1p>22
e. csc1p>32 f. cot1-p>42
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152 Chapter 2 Graphs of the Trigonometric Functions

OUTSIDE THE BOX

 85. Tiling a Room Tile Mart is selling new T-shaped ceramic tiles 
as shown in the figure. Each tile is 3 ft long and 2 ft wide, and 
covers four square ft.

a.  Is it possible to tile completely an 8@ft * 8@ft room with 
these T-shaped tiles? No cutting, breaking, or overlapping 
of the tiles is allowed. Explain.

b. Is it possible to tile a 6@ft * 6@ft room with these tiles?

Figure for Exercise 85

 86. Arranging Digits It is possible to rearrange the digits 
1 through 9 in the cells shown in the accompanying figure so 
that the sum of the 5 digits that run vertically is 27 and the 
sum of the 5 digits that run horizontally is 24. What digit must 
be place in the shared corner cell?

1

2

3

4

5 6 7 8 9

Figure for Exercise 86

 1. What is the exact value of tan1-3p>42?

 2. What is the exact value of cot12p>32?

 3. What is the period for y = tan13x2?

 4. Find the equations of all asymptotes for y = cot12x2.

 5. The graph of y = tan1x2 is shifted p>4 to the left, stretched by a 
factor of 3, then translated 1 unit downward. What is the  equation 
of the curve in its final position?

2.4 POP QUIZ

2.5 Combining Functions
In this section we will investigate the graphs of functions of the form y = y1 + y2 
where y1 and y2 are familiar functions. Drawing graphs of these functions by hand 
would be very time consuming. So it is highly recommended that a graphing calcula-
tor or computer be used in this section. Concentrate on understanding why a graph 
appears the way it does. Anticipating what the graph should look like will help you 
to choose an appropriate viewing window.

Combining Algebraic and Trigonometric Functions
We graphed functions such as y = 1 + sin x in Section 1.2 by using the idea of trans-
formations. Note that this function is the sum of an algebraic constant function y1 = 1 
and a trigonometric function y2 = sin x. Every y-coordinate of the combined function 
is the sum of two y-coordinates as shown in Fig 2.60. The y-coordinates of y2 oscillate 
between -1 and 1. When these y-coordinates are added to the constant y-coordinate 
1 the y-coordinates oscillate between 0 and 2. Adding the oscillating trigonometric 
functions sine or cosine to any algebraic function can make the resulting function 
oscillate. The kind of oscillations we get depends on the period and amplitude of the 
sine or cosine function.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 2.5  Combining Functions 153

Figure 2.60

y

x

1

2

–1

2pp

y = 1 + sin x

y1 = 1

y2 = sin x

3p
2

p

2

Describe the graph of y = x + sin x, then graph the function.

Solution

The graphs of y1 = x and y2 = sin x are shown in Fig. 2.61. For each x-coordinate, 
the y-coordinate on y = x + sin x is the sum of the y-coordinates on y1 and y2. Since 
sin x oscillates between -1 and 1, the graph of y = x + sin x will oscillate about 
the line y1 = x as shown in the figure, crossing y1 = x whenever sin x is zero. The 
combined function is not periodic.

 The calculator graph of y = x + sin x in Fig. 2.62 supports our conclusions 
about the shape and location of the graph.

Note that if we use a larger viewing window, as in Fig. 2.63, we don’t see the 
oscillations. The combined function looks like the line y1 = x.

EXAMPLE 1 A sum of a linear and a trigonometric 
function

Figure 2.61

y

x

2

4

6

–2

–4

–6

y2 = sin x

y1 = x

y = x + sin x

2p–2p p–p 3p
2

3p
2

p

2
p

2
––

Figure 2.62

2p–2p

–6

6

Figure 2.63

500

–500

500

–500

TRY THIS. Graph y = x - sin1x2.
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154 Chapter 2 Graphs of the Trigonometric Functions

Figure 2.64

–2

2

2–2

Describe the graph of y = 21 - x2 + 0.2 sin(10px), then graph the function.

Solution

The graph of x2 + y2 = 1 is a circle of radius 1 centered at the origin. So 

y1 = 21 - x2 is the top half of that circle. The period for y2 = 0.2 sin(10px) is 
(2p)>(10p) or 1>5. So between -1 and 1 the graph will have 10 cycles. Since the 
amplitude 0.2 is relatively small compared to the radius of the circle, the graph should 
be a “wavy” semicircle.

 The calculator graph in Fig. 2.64 supports these conclusions.

TRY THIS. Graph y = -  21 - x2 + 0.1 sin(12px).

EXAMPLE 2 A sum of a circular and a trigonometric 
function

Describe the graph of y = sin x + cos x, then graph the function.

EXAMPLE 4 A sum of two trigonometric functions

Describe the graph of y = 1
x + cos x, then graph the function.

Solution

First graph the functions y1 = 1
x and y2 = cos x as shown in Fig. 2.65. For each 

x-coordinate, we obtain the y-coordinate on y = 1
x + cos x by adding the correspond-

ing values of y1 and y2. Note that y = 1
x + cos x has a vertical asymptote at x = 0 

because y1 has a vertical asymptote at x = 0. Near zero the graph y = 1
x + cos x 

looks like the graph of y1 because 1x is large and cos x is relatively small. When x is 
large, 1x is small and the graph looks more like the graph of y2.

 The calculator graph of y = 1
x + cos x in Fig. 2.66 supports our conclusions.

EXAMPLE 3 A sum of a rational and a trigonometric 
function

Figure 2.65

y

x

2

4

6

–6

y2 = cos x
y1 =

y =     + cos x1
x

1
x

2p–2p –p 3p
2

3p
2

p

2
p

2
–– p

Figure 2.66

2p–2p

–4

4

TRY THIS. Graph y = 1>x - cos1x2.

Combining Trigonometric Functions
If the sum or difference of two periodic functions is a periodic function, then we can 
usually identify the period from the graph. However, it is not easy to determine the exact 
amplitude. The topic of amplitude for functions of the form y = A sin x + B cos x is 
addressed in Section 3.6 with the reduction formula.
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 2.5  Combining Functions 155

Figure 2.67

y

x

2

–1

–2

2pp–p–2p p

2

y2 = cos x
y1 = sin x

y = sin x + cos x

Figure 2.68

2p–2p

–2

2

TRY THIS. Graph y = sin1x2 + 2 cos1x2.

Solution

The graphs of y1 = sin x and y2 = cos x are shown in Fig. 2.67. For each x- coordinate, 
the y-coordinate on y = sin x + cos x is the sum of the y-coordinates on y1 and y2. 
When the y-coordinate on one graph is negative, it will reduce the y-coordinate on 
the other. Since sin x oscillates between -1 and 1, the graph of y = sin x + cos x 
oscillates about the curve y2 = cos x as shown in the figure. The combined function 
appears to have period 2p. The amplitude and period of this function can be deter-
mined exactly using the reduction formula in Section 3.6.

 The calculator graph of y = sin x + cos x in Fig. 2.68 supports our conclusions 
about the shape and location of the graph.

Describe the graph of y = cos x - sin 2x, then graph the function.

Solution

First graph the functions y1 = cos x and y2 = sin 2x as shown in Fig. 2.69. For each 
x-coordinate, we obtain the y-coordinate on y = cos x - sin 2x by subtracting y2 
from y1. Since sin 2x has a smaller period than cos x, it is best to think of y2 = sin 2x 
as being subtracted from cos x and causing y = cos x - sin 2x to oscillate about y1. 
The graph of y = cos x - sin 2x crosses y1 = cos x whenever y2 is zero. The period 
appears to be 2p.

 The calculator graph of y = cos x - sin 2x in Fig. 2.70 supports our conclusions.

EXAMPLE 5 A difference of two trigonometric 
functions

Figure 2.69

y

x

2

–1

–2 y2 = sin 2x

y1 = cos xy = cos x – sin 2x

–2p –p 2pp

Figure 2.70

2p–2p

–3

3

TRY THIS. Graph y = cos 12x2 - sin1x2.
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156 Chapter 2 Graphs of the Trigonometric Functions

Modeling the Motion of a Spring
The sine and cosine functions are used in modeling the motion of a spring. If a 
weight is at rest while hanging from a spring, as shown in Fig. 2.71, then it is at the 
 equilibrium position, or 0 on a vertical number line. If the weight is set in motion 
with an initial velocity v0 from location x0, then the location at time t is given by

x =
v0

v
 sin1vt2 + x0 cos1vt2.

The letter v (omega) is a constant that depends on the stiffness of the spring and 
the amount of weight on the spring. For positive values of x the weight is below 
 equilibrium, and for negative values it is above equilibrium. The initial velocity is 
considered to be positive if it is in the downward direction and negative if it is upward.

Figure 2.71

–6

–4

–2

0

2

4

6

x

A weight on a certain spring is set in motion with an upward velocity of 3 centimeters 
per second from a position 2 centimeters below equilibrium. Assume that for this 
spring and weight combination the constant v has a value of 1. Write a formula that 
gives the location of the weight in centimeters as a function of the time t in seconds, 
and find the location of the weight 2 seconds after the weight is set in motion. Graph 
the function and estimate the period and amplitude.

Solution

Since upward velocity is negative and locations below equilibrium are positive, use 
n0 = -3, x0 = 2, and v = 1 in the formula for the motion of a spring:

x = -3 sin1t2 + 2 cos1t2
If t = 2 seconds, then x = -3 sin122 + 2 cos122 ≈ -3.6 centimeters, which is 
3.6 centimeters above the equilibrium position. To graph the function, make a table 
of values for x between 0 and 2p:

t 0 p>2 p 3p>2 2p

x = -3 sin1t2 + 2 cos1t2 2 -3 -2 3 2

Sketch the graph through these points as shown in Fig. 2.72. From the graph, it appears 
that the period of the function is 2p and the amplitude is about 3.6. In  Section 3.6 
we will see how to determine the exact period and exact amplitude of this function.

 The calculator graph in Fig. 2.73 can be used to estimate the period and ampli-
tude of this function.

EXAMPLE 6 Motion of a spring

Figure 2.73

2p0

–5

5

Figure 2.72

–3
–2
–1

4

–4

3
2
1

x

tp p

2
3p 2p
2

x = –3 sin (t) + 2 cos (t)

TRY THIS. If x = -2 sin12t2 + 3 cos12t2 gives the location in centimeters of a weight 
on a spring t seconds after it is set in motion, then what is the location at time t = 3? Graph 
the function and estimate the period and amplitude.
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 2.5 Exercises 157

1. The function y = x + sin x is a periodic function.

2. The graph of y = x + sin x oscillates about the line 
y = x.

3. The graph of y = 1
x has a vertical asymptote at x = 0.

4. The x-axis is the horizontal asymptote for the graph of 
y = 1

x.

5. The graph of y = 1
x + sin x oscillates about the graph of 

y = 1
x.

6. The graph of y = 1
x + sin x has infinitely many  

x- intercepts.

7. The maximum y-coordinate on y = cos x + cos 2x is 1.

8. The maximum y-coordinate on y = sin x + cos x is 2.

9. On the interval 30, 2p4 , y = sin x + cos x crosses the 
graph of y = cos x at x = 0, p, and 2p.

10. The period of the function y = sin px is 2.

FOR THOUGHT... True or False? Explain.

SKILLS

Describe the graph of each function then graph the function using 
a graphing calculator or computer. 

 1. y = 1 + cos1x2  2. y = 2 + sin1x2
 3. y = x + cos x  4. y = -x + sin x

 5. y =
1
x

- sin x  6. y =
1
x

+ sin x

 7. y =
1

2
 x + sin x  8. y =

1

2
 x - cos x

 9. y = x2 + sin x  10. y = x 2 + cos x

 11. y = 1x + cos x  12. y = 1x - sin x

 13. y = 0 x 0 + 2 sin x  14. y = 0 x 0 - 2 cos x

 15. y = -21 - x2 + 0.1 cos 18px2
 16. y = 24 - x2 + 0.1 sin14px2
 17. y = 21 - 4x2>3 + 0.1 sin110px2
 18. y = 281 - x2>3 - 0.4 cos18px2
Describe the graph of each function then graph the function 
between -2p and 2p using a graphing calculator or computer. 

 19. y = cos x + 2 sin x  20. y = 2 cos x + sin x

 21. y = sin x - cos x  22. y = cos x - sin x

 23. y = sin x + cos 2x  24. y = cos x + sin 2x

 25. y = 2 sin x - cos 2x  26. y = 3 cos x - sin 2x

 27. y = sin x + sin 2x  28. y = cos x + cos 2x

 29. y = sin x + cos 
1

2
 x  30. y = cos x + sin 

1

2
 x

Describe the graph of each function then graph the function 
between -2 and 2 using a graphing calculator or computer. 
 

 31. y = x + cos px  32. y = x - sin px

 33. y =
1
x

+ cos px  34. y =
1
x

- sin 2px

 35. y = sin px - cos px  36. y = cos px - sin 2px

 37. y = sin px + sin 2px  38. y = cos px + cos 2px

 39. y = cos 
p

2
 x + sin px  40. y = sin 

p

2
 x + cos px

 41. y = sin px + sin 
p

2
 x  42. y = cos px + cos 

p

2
 x

Match each equation with its graph (a)–(f). Do not use a graphing 
calculator. 

 43. y = x + sin16x2  44. y =
1
x

+ sin16x2 

 45. y = -x + cos10.5x2  46. y = cos1x2 + cos110x2

 47. y = sin1x2 + cos110x2  48. y = x 2 + cos16x2
a. 

y

x–5 5 10–10

5

10

–10

–5

b. 

y

x

4

–4

8

12

16

2–2–4 4

2.5 EXERCISES
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158 Chapter 2 Graphs of the Trigonometric Functions

c. 
y

x

5

10

–10

–5

–5 5 10–10

d. 
y

x

2

–2

2–4

 55. Graph y = x + tan x on a graphing calculator for -6 … x … 6 
and -10 … y … 10. Explain your results.

 56. Cooperative Learning Work in a small group to combine 
some basic trigonometric functions using addition, subtraction, 
 multiplication, or division and graph the combined function. 
(For instance, graph y = sin x + cos x - tan x.) A graphing 
calculator would be useful here. Are these combined  functions 
periodic? Can you determine the period of a combined 
 function from the periods of the basic functions that are used 
to form it?

REVIEW

 57. Find the amplitude, period, phase shift, and range for the 
 function y = -3 sin1px>2 - p>22 + 7.

 58. The five key points on one cycle of a sine wave are 
1p>4, 22, 1p>2, 52, 13p>4, 22, 1p, -12, and 15p>4, 22. 
Write the equation of the sine wave in the form 
y = A cos1B1x - C22 + D.

 59. Find the period and range for the function y = 5 sec1px2.

 60. Find the domain of the function y = csc12x2.

 61. Find the period and range of the function y = cot1px2.

 62. Find the equations of all asymptotes to the graph of 
y = -6 tan12x2 + 1.

OUTSIDE THE BOX

 63. Renumbering Elm Street The city council in Perfect City 
has changed the numbering scheme for the 200 houses on 
Elm Street. The houses will be renumbered with the natural 
numbers from 1 through 200. A city worker is given a box 
containing 1000 metal numbers, 100 of each digit, and told to 
distribute new house numbers in order of the addresses starting 
with 1 Elm Street. What address is the first one for which she 
will not have the correct digits?

Figure for Exercise 63

 64. Real Solutions Find all real solutions to

ax - 5

3
b

x2 + x

= 1.

e. 
y

x

2

–2

4–4

f. 

y

x

5

–5

–5 5 10–10

MODELING

Solve each problem. 

 49. Motion of a Spring A weight on a vertical spring is given 
an initial downward velocity of 4 cm>sec from a point 3 cm 
above equilibrium. Assuming that the constant v has a value 
of 1, write the formula for the location of the weight at time 
t, and find its location 3 sec after it is set in motion. Use a 
graph of the function to estimate the period and amplitude.

 50. Motion of a Spring A weight on a vertical spring is given an 
initial upward velocity of 3 in.>sec from a point 1 in. below 
equilibrium. Assuming that the constant v has a value of 23, write the formula for the location of the weight at time 
t, and find its location 2 sec after it is set in motion. Use a 
graph of the function to estimate the period and amplitude.

 51. Total Profit A person owns two businesses. For one 
the  profit is growing exponentially at a rate of 1% per 
month. The other business is cyclical, with a higher 
profit in the summer than in the winter. The function 

P1x2 = 100011.012x + 500 sin Ap61x - 42B + 2000 gives the 
total profit as a function of the month with x = 1 correspond-
ing to January of 2018.
a. Graph the function for 60 months.

b.  What does the graph look like if the domain is 600 months 
(50 years)?

 52. Maximum Profit What is the maximum profit for 2020 in the 
previous exercise?

FOR WRITING/DISCUSSION

 53. Graph y = x + sin x on a graphing calculator for 
-100 … x … 100 and -100 … y … 100. Explain your results.

 54. Graph y = x + sin150x2 on a graphing calculator for 
-10 … x … 10 and -10 … y … 10. Explain your results. 
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 Chapter 2 Highlights 159

Match each function with its graph (a)–(f).

 1. y = x - sin x  2. y = sin1x2 - 2 cos1x2

 3. y =
1
x

+ sin12x2  4. y = x3 + cos19x2

 5. y = sin1x2 - cos18x2  6. y = 1x + sin1px2
a.

–8–10 –4 –2–6 42 86 10

2
4
6
8

10

y

x

b.

–8–10 –4–6 42 86 10

–10

–8

–6

–4

–2

2
4
6
8

10

y

x

c.

–4 2 8

–10
–8
–6
–4

2
4
6
8

10

y

x

d.

42–2–6 10

–10
–8
–6
–4

2
4
6
8

10

y

x

2.5

Highlights
2.1 The Unit Circle and Graphing
Unit Circle Definition If a is an angle in standard position and (x, y) is the 

point of intersection of the terminal side and the unit 
circle, then

sin a = y, cos a = x, tan a =
y

x
,

csc a =
1
y
, sec a =

1
x
, cot a =

x
y
.

sin190°2 = 1
cos1p>22 = 0
sin130°2 = 1>2
sin1p>42 = 22>2
sin172.62 ≈ -0.3367

Graphs The graphs of y = sin x and y = cos x are sine waves 
with domain 1-∞, ∞2, range 3-1, 14 , and period 2p.

2.2 The General Sine Wave
General Sine and Cosine 
Functions

The graph of y = A sin3B1x - C24 + D or 
y = A cos3B1x - C24 + D is a sine wave with 
 amplitude 0A 0 , period 2p> 0B 0 , phase shift C, and 
 vertical translation D.

y = -3 sin121x - p22 + 1 am-
plitude 3, period p, phase shift 
p, vertical translation 1

Graphing a General Sine 
Function

Start with the five key points on y = sin x:

(0, 0), Ap2 , 1 B , 1p, 02, A3p2 , -1 B , 12p, 02
Divide each x-coordinate by B and add C.
Multiply each y-coordinate by A and add D.
Sketch one cycle of the general function through the 
five new points.
Graph a general cosine function in the same manner.

y = 3 sin A2 Ax - p2 B B + 1

Five new points: Ap2 , 1 B , A3p4 , 4 B ,
1p, 12, A5p4 , -2 B , A3p2 , 1 B
Draw one cycle through these 
points.

Frequency F = 1>P, P is the period and F is the frequency y = sin124px2, F = 12

e.

–10 –4 42 86 10

–10
–8
–6
–4

2
4
6
8

10

y

x

f.

–8–10 –4–6 42 86 10

–10
–8
–6
–4
–2

2
4
6
8

10

y

x

POP QUIZ
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160 Chapter 2 Graphs of the Trigonometric Functions

Chapter 
For each ordered pair find the exact value(s) of a so that the point 
is on the unit circle.

 1. (a, 0)  2. (0, a)

 3. (a, 1)  4. (a, -1)

 5. (a, 1/2)  6. (a, -1>2)

 7. 1a, -23>22  8. 123>2, a2
 9. 122 >2 , a2  10. 1a, -22>22
Determine the exact value of each expression.

 11. sin1p>22  12. cos1p>32
 13. tan1p>42  14. cot1p>42
 15. sec1p2  16. csc1p>22
 17. cos1-3p>22  18. tan1-3p2
 19. cos1p>32 + 1>2  20. sin1p>42 - 22

 21. sin1p>32 + cos1p>62  22. 2 sin1p>62 - 1

 23. 2 sin1p>2 - p>42 + 1  24. 2 cos1p>3 - p>62 - 2

Determine the period of each function.

 25. y = 2 sin1x2  26. y = 3 cos1x2

 27. y = 6 tan12x2  28. y = cot13x - 32
 29. y = sec1px2 + 2  30. y = 4 csc1px>22
 31. y = cos1x>2 - 12  32. y = 4 tan13px2
Determine the domain and range of each function.

 33. y = 2 sin13x2  34. y = 5 cos14x2

35.  y = tan12x2  36. y = cot13x2

 37. y = sec1x2 - 2 38.  y = csc1x>22

 39. y = cot1px2  40. y = tan1px2

 41. y = 2 cos A x3 - 2 B + 7  42. y = 3 sin A x2 - 5 B - 8

Determine the asymptotes for the graph of each function.

 43. y = tan12x2  44. y = tan14x2

 45. y = cot1px2 + 1  46. y = 3 cot1px>22
 47. y = sec1x - p>22  48. y = sec1x + p>22
 49. y = csc1px + p2
 50. y = csc12x - p2

Review Exercises2 

2.3 Graphs of the Secant and Cosecant Functions
y = sec1x2 Domain x ≠ p>2 + kp, range 1-∞, -14 ∪ 31, ∞2, 

vertical asymptotes x = p>2 + kp
See the Function Gallery in 
 Section 2.4 on page 149.

y = csc1x2 Domain x ≠ kp, range 1-∞, -14 ∪ 31, ∞2, vertical 
asymptotes x = kp

2.4 Graphs of the Tangent and Cotangent Functions
y = tan1x2 Domain x ≠ p>2 + kp, range 1-∞, ∞2, vertical 

 asymptotes x = p>2 + kp, period p

y = cot1x2 Domain x ≠ kp, range 1-∞, ∞2, vertical asymptotes 
x = kp, period p

2.5 Combining Functions
Adding Functions The graph of y = y1 + y2 is obtained by adding 

the y-coordinates of the graphs of y1 and y2. If y is 
a sine wave, then the graph of y oscillates about the 
graph of y1.
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 Chapter 2 Review Exercises 161

Sketch at least one cycle of the graph of each function. Label the 
five key points on one cycle and determine the amplitude, period, 
phase shift, and range.

 51. y = sin1x2 + 3  52. y = cos1x2 - 2

 53. y = cos12x2 + 1  54. y = sin13x2 - 2

 55. y = 3 sin12x2  56. y = 2 cos13x2
 57. y = cos1x - p>62  58. y = sin1x + p>42
 59. y = 1 + cos1x + p>42  60. y = sin1x - p>22 - 3

 61. y = cosap
2

 xb  62. y = sinap
3

 xb
 63. y = sin12x + p2  64. y = sin13x - p2

 65. y = -  
1

2
 cos12x2  66. y = 1 - 2 sin1x2

 67. y = -2 sin12x + p>32 + 1  68. y = -3 sin12x + p>22 + 3

 69. y =
1

3
 cos1px + p2 + 1

 
70. y = 1 + 2 cos1px - p2

 79. y = sec a1

2
 xb  80. y = cscap

2
 xb

 81. y =
1

2
 cot12x2  

82. y = 1 - tan1x - p>32

 83. y = cot12x + p>32  84. y = 2 tan1x + p>42

 85. y =
1

3
 csc12x + p2 

 86. y = 1 + 2 sec1x - p>42

 87. y = 2 sec1x + p>42 - 1 

 88. y =
1

2
 csc1x - p2 + 1

Graph of each function between -2p and 2p.

 89. y =
1

2
 x + sin x  90. y = 2x + cos x

 91. y = x 2 - sin x  92. y = -x2 + cos x

 93. y = sin x - sin 2x  94. y = cos x - cos 2x

 95. y = 3 sin x + sin 2x  96. y = 3 cos x + cos 2x

Solve each problem.

 97. Broadcasting the Oldies If radio station Q92 is broadcasting 
its oldies at 92.3 FM, then it is broadcasting at a frequency 
of 92.3 megahertz, or 92.3 * 106 cycles per second. What 
is the period of a wave with this frequency? (FM stands for 
 frequency modulation.)

 98. AM Radio WWL in New Orleans is broadcasting at 870 AM 
(amplitude modulation), and its signal has a frequency of 870 
kilohertz, or 870 * 103 cycles per second. What is the period 
of a wave with this frequency?

 99. Oscillating Depth The depth of water in a tank oscillates 
between 12 ft and 16 ft. It takes 10 min for the depth to 
go from 12 to 16 ft and 10 min for the depth to go from  
16 to 12 ft. Express the depth as a function of time in the 
form y = A sin3B 1x - C 24 + D where the depth is  
16 ft at time 0. Graph one cycle of the function.

 100. Oscillating Temperature The temperature of the water 
in a tank oscillates between 100°F and 120°F. It takes 

 73. 

y

x

20

10

30

–10

1 2 3 4 5 6 7 8

 74. 

y

x

2

4

6

1 2 3 4 5

Sketch at least one cycle of the graph of each function. Determine 
the period, asymptotes, and range of the function.

 75. y = tan13x2  76. y = 1 + tan1x + p>42

 77. y = tan12x + p2  78. y = cot1x - p>42

For each of the following curves find an equation of the form 
y = A sin3B1x - C 24 + D.

 71. 

y

x

5

10

–5

–10

2 4 6 8

 72. 

y

x

2

4

–2

–4

3 6 9 12

30 min for the temperature to go from 100° to 120° and 
30 min for the  temperature to go from 120° to 100°. 
Express the temperature as a function of time in the form 
y = A sin3B 1x - C 24 + D where the temperature is  
100° at time 20 min. Graph one cycle of the function. 
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162 Chapter 2 Graphs of the Trigonometric Functions

OUTSIDE THE BOX

 101. Nines Nine people applying for credit at the Highway 
99 Loan Company listed nine different incomes, each 
 containing a  different number of digits. Each of the nine 
incomes was a whole number of dollars and the maximum 
income was a nine-digit number. The loan officer found that 
the arithmetic mean of the nine incomes was $123,456,789. 
What are the nine incomes?

 102. Tortoise and Hare A scientist has trained a tortoise and a 
hare to travel around a circular track. The tortoise takes 10 
min for one revolution and the hare takes 6 min. They start 
traveling simultaneously around the track in the same direc-
tion from the same starting point. In how many minutes will 
the hare pass the tortoise for the first time?

Chapter 
Sketch at least one cycle of the graph of each function. Determine 
the period, range, and amplitude for each function. Label the five 
key points on one cycle of the curve.

 1. y = sin13x2  2. y = cos1x + p>42
 3. y = sin1px>22  4. ƒ1x2 = -2 cos1x - p2

 5. ƒ1x2 = -  
1

2
 sin1x - p>22  6. y = -cos12x - p>32 + 3

 7. Determine the amplitude and period for the sine curve in 
the accompanying graph. Write its equation in the form 
y = A sin3B1 x - C 24 + D.

y

x

2

4

–2

–4

–6

3 6 9 12 15

Sketch at least one cycle of the graph of each function. Determine 
the period, asymptotes, and range for each function.

 8. y = tan13x2 - 2

 9. y = cot1x + p>22
 10. y = 2 sec1x - p2
 11. y = csc1x - p>22 + 1

Solve each problem.

 12. Graph the function y = 3 sin x + cos12x2 for x between -2p 
and 2p.

 13. The pH of a water supply oscillates between 7.2 and 7.8. 
It takes 2 days for the pH to go from 7.2 to 7.8 and 2 days 
for the pH to go from 7.8 to 7.2. Express the pH as a func-
tion of time in the form y = A sin3B 1x - C 24 + D where 
the pH is 7.2 on day 13. Graph one cycle of the function.

Test2 

Chapters P–2

Fill in the tables. Do not use a calculator.

 1. 

U deg 0 30 45 60 90 120 135 150 180

u rad

sin u

cos u

tan u

csc u

sec u

cot u

TYING IT ALL TOGETHER
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 Chapter 2 Tying It All Together 163

 2. 

U rad P 7P ,6 5P ,4 4P ,3 3P ,2 5P ,3 7P ,4 11P>6 2P

u deg

sin u

cos u

tan u

csc u

sec u

cot u

Sketch at least one cycle of the graph of each function. State the domain, range, and period of each function.

 3. y = sin12x2  4. y = cos12x2  5. y = tan12x2  6. y = sec12x2

 7. y = csc12x2  8. y = sin1px2  9. y = cos1px2  10. y = tan1px2

If ƒ1-x2 = ƒ1x2 for all x then f is an even function, and if ƒ1-x2 = -ƒ1x2 then f is an odd function. Determine whether each function is 
even, odd, or neither by examining its graph.

 11. ƒ1x2 = sin1x2  12. ƒ1x2 = cos1x2  13. ƒ1x2 = tan1x2  14. ƒ1x2 = cot1x2
 15. ƒ1x2 = sec1x2  16. ƒ1x2 = csc1x2  17. ƒ1x2 = sin21x2  18. ƒ1x2 = cos21x2
Determine whether each function is increasing or decreasing on the given interval.

 19. ƒ1x2 = sin x, 10, p>22  20. ƒ1x2 = cos1x2, 12p, 5p>22  21. ƒ1x2 = tan x, 13p>2, 5p>22
 22. ƒ1x2 = cos13x2, 12p>3, p2  23. ƒ1x2 = cot12x2, 13p>2, 2p2  24. ƒ1x2 = sec1x2, 1p>2, p2

SOME BASIC FUNCTIONS OF TRIGONOMETRY

FUNCTION 

GALLERY

Period 2p
Amplitude 1

y

x2p–2p –p p

2

1

–2

y = sin x

Period p 
Amplitude 1

y

x2p–2p p

2

1

–2

y = sin (2x)

–p

Period 2p
Amplitude 2

y

x2pp–p–2p

2

1

–2
y = 2 sin x
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164 Chapter 2 Graphs of the Trigonometric Functions

Period 2p
Amplitude 1

y

x2p–2p –p p

2

1

–1

–2

y = cos x

Period p 

y

x2p–2p

2

1

–

y = tan x

p

2
p

2

y

x2p–2p p

2

–1

–2

x
2y = cos

–p

Period 4p
Amplitude 1

Q R

Period 2p

y

x2p

2

1

–1

–2

y = tan x–
2

p–p–2p

Q R

Period 2p
Amplitude 

y

x2p–2p

2

1

–1

–2

1
2

1–
2

y =    cos x

Period p 

y

x
–1

–2

2p–2p –p p

y = tan  x +
p
2Q    R

Period 2p

y

x

2

1

2p–p–2p p

y = csc x

Period 2p

y

x2p–2p –p p

2

1

–1

–2

y = sec x

Period p 

y

x

2

1

2p–2p –p p

y = cot x

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



In this chapter, we will use trigonometric equations to analyze the  

flight of a projectile. Using trigonometry we can find the velocity and  

angle of trajectory to achieve the maximum distance for a projectile.

WHAT YOU WILL 

LEARN

People have been hurling missiles of one kind or another since the Ice Age. 
Whether a ball, a rock, or a bullet is thrown, we’ve learned through trial and 
error that a projectile’s path is determined by its initial velocity and the angle 
at which it’s launched.

Athletes achieve a balance between accuracy and distance through years 
of practice. Operators of modern artillery achieve accuracy by calculating the 
velocity and angle of trajectory with mathematical precision.

3.1 Basic Identities
3.2 Verifying Identities
3.3 Sum and Difference 

 Identities for Cosine
3.4 Sum and Difference 

 Identities for Sine and 
Tangent

3.5 Double-Angle and 
 Half-Angle Identities

3.6 Product and Sum Identities

Trigonometric  
Identities3
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166 Chapter 3 Trigonometric Identities 

Reciprocal Identities The following equations are identities:

sin x =
1

csc x
   cos x =

1
sec x
   tan x =

1

cot x

csc x =
1

sin x
   sec x =

1
cos x

   cot x =
1

tan x

Tangent and Cotangent  
in Terms of Sine and Cosine

The following equations are identities:

tan x =
sin x
cos x

   cot x =
cos x

sin x

Pythagorean Identities The following equations are identities:

sin2 x + cos2 x = 1  cot2 x + 1 = csc2 x  tan2 x + 1 = sec2 x

Recall that an identity is an equation that is satisfied by every number for which both sides 
are defined. Identities are used to simplify expressions and determine whether expres-
sions are equivalent. There are infinitely many trigonometric identities, but only the most 
common identities should be memorized. We start by reviewing the most basic ones.

Reciprocal Identities
We first mentioned the reciprocal relationships between the trigonometric functions 
in Section 1.4. Because of the definitions of the trigonometric functions, every trigo-
nometric function is the reciprocal of another.

3.1

If x is an arc on the unit circle that terminates at (a, b), then sin x = b, 
cos x = a, tan x = b>a, and cot x = a>b. Replacing a and b with sin x and cos x 
yields the following identities.

In Section 1.6 we used r 2 = x 2 + y 2 (which comes from the Pythagorean 
theorem) to prove that sin2 a + cos2 a = 1 for any angle a. Dividing each side of 
sin2 a + cos2 a = 1 by sin2 a (provided sin a ∙ 0) yields a new identity:

 
sin2 a

sin2 a
+

cos2 a

sin2 a
=

1

sin2 a

 1 + acos a

sin a
b

2

= a 1

sin a
b

2

 1 + cot2 a = csc2 a

If we divide each side of the fundamental identity by cos2 a (provided cos a ∙ 0), 
we get another new identity:

 
sin2 a

cos2 a
+

cos2 a

cos2 a
=

1

cos2 a

 tan2 a + 1 = sec2 a

Since these three identities are related to the Pythagorean theorem, they are called the 
Pythagorean identities. Note that we discussed these identities in terms of an angle a, 
but the identities are true for any angle or real number x.

Basic Identities

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 3.1 Basic Identities 167

We can support our conclusion that an equation is an identity by examining a 
graph. The calculator graph of y = sin2 x + cos2 x in Fig. 3.1 agrees with the graph of 
y = 1 for all of the points plotted by the calculator. This graph supports our conclu-
sion that sin2 x + cos2 x = 1 is satisfied by all real numbers. However, a calculator 
graph can’t be used to prove an equation is an identity because a calculator plots only 
a finite number of points. In Fig. 3.2 the viewing window was chosen so that the 
calculator would plot only the points on y = cos x with y-coordinate 1. So the graph 
looks like the straight line y = 1, but cos x = 1 is certainly not an identity.

Find each product.

 a. 1sin x + 221sin x + 32  b. 11 + tan x211 - tan x2 c. 12 sin a + 122

Solution

a. In algebra we use FOIL (First, Outer, Inner, Last) to find a product of two 
binomials:

1a + 221a + 32 = a2 + 3a + 2a + 6 = a2 + 5a + 6.

Replace a with sin x to get

1sin x + 221sin x + 32 = sin2 x + 5 sin x + 6.

b. Using FOIL we have 1a + b21a - b2 = a2 - b2 because the sum of the inner 
and outer terms is zero. The product of a sum and difference is equal to the differ-
ence of two squares. Using this idea from algebra, we have

11 + tan x211 - tan x2 = 1 - tan2 x

c. Using FOIL we get 1a + b22 = a2 + 2ab + b2 because the sum of the inner 
and outer terms is 2ab. Use this idea from algebra for squaring a binomial here:

 12 sin a + 122 = 12 sin a22 + 2 # 2 sin a # 1 + 12

 = 4 sin2 a + 4 sin a + 1

TRY THIS. Find the product 11 - 2 sin x211 + 2 sin x2.

F   O    I   L

EXAMPLE 1 Multiplying trigonometric binomials

Figure 3.1

2p–2p

–2

2

Figure 3.2

0
829.38

–2

2

Multiplying Trigonometric Binomials and Factoring
The identity sin2 x + cos2 x = 1 can be rewritten as sin2 x = 1 - cos2 x. The right-
hand side of this equation is a difference of two squares, which can be factored using 
ideas from algebra. In this chapter we will frequently see trigonometric expressions 
that can be multiplied or factored like polynomials.

Factor each expression.

 a. sec2 x - tan2 x b. sin2 b + sin b - 2

EXAMPLE 2 Factoring with trigonometric functions
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168 Chapter 3 Trigonometric Identities 

Write each expression in terms of sines and>or cosines, and then simplify.

 a. 
tan x
sec x

 b. sin x + cot x cos x

Solution

a. Replace tan x with sin x
cos x and sec x with 1

cos x :

 
tan x
sec x

=

sin x
cos x

1
cos x

 =
sin x
cos x

# cos x

1

 = sin x

b.  sin x + cot x cos x = sin x +
cos x

sin x
# cos x

 = sin x +
cos2 x

sin x

 =
sin2 x

sin x
+

cos2 x

sin x

 =
sin2 x + cos2 x

sin x

 =
1

sin x

 = csc x

TRY THIS. Simplify tan x csc x
sec x .

Invert and multiply.

Rewrite using sines and cosines.

Multiply sin x by sin x
sin x.

Add the fractions.

Since sin2 x + cos2 x = 1

Definition of cosecant

EXAMPLE 3 Using identities to simplify

The equations that appear in Examples 1 and 2 are identities. They are not the 
kind of identities that are memorized because they can be obtained at any time by the 
principles of multiplying or factoring.

Using Identities
Identities are used in many ways. One way is to simplify expressions involving trigo-
nometric functions. Since all of the trigonometric functions are related to the sine and 
cosine functions, we can simplify an expression by first writing it in terms of sines 
and cosines only. In the next example we follow that strategy.

Solution

a. The expression sec2 x - tan2 x is a difference of two squares. A difference 
of two squares is equal to a product of a sum and a difference, a2 - b2 =  
1a + b21a - b2. So

sec2 x - tan2 x = 1sec x + tan x21sec x - tan x2.

b. If x = sin b, then sin2 b + sin b - 2 has the form x2 + x - 2, which factors as 
1x + 221x - 12. So

sin2 b + sin b - 2 = 1sin b + 221sin b - 12.

TRY THIS. Factor sin2 x + 4 sin x + 4.
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 3.1 Basic Identities 169

Using identities we can write any one of the six trigonometric functions in terms 
of any other.

Find an identity that expresses

a. sine in terms of cosecant
b. sine in terms of cosine
c. tangent in terms of sine.

Solution

a. To express sine in terms of cosecant, we have the reciprocal identity

sin x =
1

csc x
.

b. The fundamental identity can be rewritten to express sine in terms of cosine:

 sin2 x + cos2 x = 1

 sin2 x = 1 - cos2 x

 sin x = {21 - cos2 x

The { symbol in this identity means that if sin x 7 0 then the identity is 

sin x = 21 - cos2 x, and if sin x 6 0 then sin x = -21 - cos2 x.

 Note that the graph of y = 21 - cos2 x in Fig. 3.3 is the same as the graph 
of y = sin x only when sin x 7 0.  ∙

c. The Pythagorean identity sin2 x + cos2 x = 1 yields

cos x = {21 - sin2 x.

Since tan x = sin x>cos x, we can write

tan x = { 
sin x21 - sin2 x

.

We use the positive or negative sign depending on the value of x.

TRY THIS. Write an identity that expresses the cotangent function in terms of the sine 
function.

EXAMPLE 4 Writing one function in terms of another

Figure 3.3

2p–2p

–2

2

Because all of the trigonometric functions are related by identities, we can find 
their values for an angle if we know the value of any one of them and the quadrant 
of the angle.

Given that tan a = -2>3 and a is in quadrant IV, find the values of the remaining five 
trigonometric functions at a by using identities.

Solution

Use tan a = -2>3 in the identity sec2 a = 1 + tan2 a:

 sec2 a = 1 + a-  
2

3
b

2

=
13

9

 sec a = { 
213

3

EXAMPLE 5 Using identities to find function values
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170 Chapter 3 Trigonometric Identities 

Example 5 can be checked with right triangle trigonometry. If a is an angle of 
a right triangle, tan1a2 = opp>adj. Since tan1a2 = -2>3, draw a right triangle with 
angle a and label the opposite side 2 and the adjacent side 3 as in Fig. 3.4, ignoring 
the negative sign. By the Pythagorean theorem, the hypotenuse is 113. In quadrant 
IV only cosine and secant are positive. Now use the right triangle to find the other 
five values, affixing the appropriate sign for quadrant IV:

sin1a2 = -  
2213

= -  
2213

13
,  csc1a2 = -  

213

2
,

cos1a2 =
3213

=
3213

13
,  sec1a2 =

213

3
,  cot1a2 = -  

3

2
.

Odd and Even Identities
An odd function is one for which ƒ1-x2 = -ƒ1x2, and an even function is one for 
which ƒ1-x2 = ƒ1x2. We can classify each of the six trigonometric functions as either 
odd or even, based on the definitions of the functions in terms of the unit circle.

Figure 3.5 shows the real numbers s and -s as arcs on the unit circle. If the ter-
minal point of s is (x, y), then the terminal point of -s is 1x, -y2. The y-coordinate 
for the terminal point of -s is the opposite of the y-coordinate for the terminal point 
of s. So sin1-s2 = -sin1s2, and sine is an odd function. Since the x-coordinates for 
s and -s are equal, cos1-s2 = cos1s2, and cosine is an even function. Because sine 
is an odd function, cosecant is also an odd function:

csc1-s2 =
1

sin1-s2 =
1

-sin1s2 = -csc1s2

Likewise, we can establish that secant is an even function and tangent and cotangent 
are both odd functions. These arguments establish the following identities.

Figure 3.4

2

3

a

Ë13

Figure 3.5

s

y

x1

1

–s

–1

–1

(x, y)

(x, –y)

Odd and Even Identities Odd:  sin1-x2 = -sin1x2     csc1-x2 = -csc1x2
  tan1-x2 = - tan1x2     cot1-x2 = -cot1x2
Even:  cos1-x2 = cos1x2     sec1-x2 = sec1x2

Since a is in quadrant IV, cos a 7 0 and sec a 7 0. So sec a = 213>3. Since 
cosine is the reciprocal of secant and cotangent is the reciprocal of tangent,

cos a =
3213

=
3213

13
  and  cot a = -  

3

2
.

Since sin a is negative in quadrant IV, sin a = -21 - cos2 a:

sin a = -  A1 -
9

13
= -  A 4

13
= -  

2213

13

Since cosecant is the reciprocal of sine, csc a = -213>2.

TRY THIS. Suppose that cot a = -1>3 and a is in quadrant II. Find sin a and cos a. 

Note that only cosine and secant are even and the rest are odd functions. The 
graph of an odd function is symmetric about the origin and the graph of an even func-
tion is symmetric about the y-axis. The graphs of y = sin x, y = csc x, y = tan x, 
and y = cot x are symmetric about the origin, while y = cos x and y = sec x are 
symmetric about the y-axis.
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 3.1 Basic Identities 171

Simplify each expression.

 a. sin1-x2cot1-x2
b. 

1

1 + cos1-x2 +
1

1 - cos x

Solution

a.  sin1-x2cot1-x2 = 1-sin x21-cot x2
 = sin x # cot x

 = sin x # cos x

sin x

 = cos x

b. First note that cos1-x2 = cos1x2. Then find a common denominator and add the 
expressions.

 
1

1 + cos1-x2 +
1

1 - cos x
=

1

1 + cos x
+

1

1 - cos x

 =
111 - cos x2

11 + cos x211 - cos x2 +
111 + cos x2

11 - cos x2 11 + cos x2

 =
1 - cos x

1 - cos2 x
+

1 + cos x

1 - cos2 x

 =
1 - cos x

sin2 x
+

1 + cos x

sin2 x

 =
1 - cos x + 1 + cos x

sin2 x

 =
2

sin2 x
= 2 # 1

sin2 x

 = 2 csc2 x

TRY THIS. Simplify csc1-x2tan1-x2.

Product of a sum and difference

Pythagorean identity

Add the fractions.

csc x = 1>sin x

EXAMPLE 6 Using odd and even identities

 We can check Example 6(b) by making a table for y 1 = 1>11 + cos1-x22 +  
1>11 - cos1x22 and y 2 = 2>1sin1x222 as shown in Fig. 3.6. The identical values for 
y1 and y2 support the result. What are the exact values listed in the x-column in 
Fig. 3.6? ∙

Figure 3.6

Determine whether each function is odd, even, or neither.

 a. ƒ1x2 =
cos12x2

x
b. g1t2 = sin t + cos t

EXAMPLE 7 Odd or even functions
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172 Chapter 3 Trigonometric Identities 

Figure 3.8

2p–2p

–2

2

Figure 3.7

2p–2p

–2

2

Show that sin12t2 = 2 sin1t2 is not an identity.

Solution

We select a value for t for which we can easily evaluate each side of the equation. If 
t = p>4, then

sin12t2 = sina2 # p
4
b = sinap

2
b = 1

and

2 sin1t2 = 2 sinap
4
b = 2 # 22

2
= 22.

EXAMPLE 8 Proving that an equation is not an identity

Solution

a. Replace x by -x and see whether ƒ1-x2 is equal to ƒ1x2 or -ƒ1x2:

 ƒ1-x2 =
cos121-x2 2

-x

 =
cos1-2x2

-x

 =
cos12x2

-x

 = -  
cos12x2

x

Since ƒ1-x2 = -ƒ1x2, the function f is an odd function.
 The graph of y = cos12x2>x in Fig. 3.7 appears to be symmetric about the 

origin, which supports the conclusion that the function is odd. ∙
b. Replace t by - t and see whether g1- t2 is equal to g1t2 or -g1t2:

 g1- t2 = sin1- t2 + cos1- t2
 = -sin t + cos t

Since g1- t2 ∙ g1t2 and g1- t2 ∙ -g1t2, the function is neither odd nor even.

 Since the graph of y = sin1x2 + cos1x2 in Fig. 3.8 is neither symmetric about 
the origin nor symmetric about the y-axis, the graph supports the conclusion that 
the function is neither odd nor even.

TRY THIS. Determine whether ƒ1x2 = csc1x2 + tan1x2 is an odd or even function.

Replace x by -x.

Since cosine is an even function

This is -ƒ1x2.

Replace t by - t.

Sine is odd and cosine is even.

Identity or Not?
In this section we have seen the reciprocal identities, the Pythagorean identities, 
and the odd-even identities and we are just getting started. With so many identities 
in trigonometry it might seem difficult to determine whether a given equation is an 
identity. Remember that an identity is satisfied by every value of the variable for 
which both sides are defined. If you can find one number for which the left-hand 
side of the equation has a value different from the right-hand side, then the equation 
is not an identity. An equation that is not an identity might have many solutions. So 
you might have to try more than one value for the variable to find one that fails to 
satisfy the equation.
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 3.1 Exercises 173

Figure 3.9

2p–2p

–2

2
Since the values of sin(2t) and 2 sin(t) are unequal for t = p>4, the equation is not an 
identity. Note, if t = 0, the equation is satisfied. So t = 0 is a bad choice.

 The graphs of y1 = sin12x2 and y2 = 2 sin1x2 shown in Fig. 3.9 appear to be 
different. This supports the conclusion that sin12t2 = 2 sin1t2 is not an identity.

TRY THIS. Show that cos13t2 = 3 cos1t2 is not an identity.

1. The equation sin x = cos x is an identity.

2. If we simplify the expression (tan x) (cot x), we get 1.

3. If sin12x2 = 2 sin1x2cos1x2 is an identity, then so is
sin12x2
sin1x2 = 2 cos1x2.

4. The equation 1sin x + cos x22 = sin2 x + cos2 x is an 
identity.

5. tan 1 = 21 - sec2 1

6. sin21-62 = -sin2162
7. cos31-92 = -cos3192
8. sin1-32csc1-32 = 1

9. sin21-42 + cos21-42 = -1

10. 11 - sin 2211 + sin 22 = 1 - sin2 2

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. The identity 1 + cot2 x = csc2 x is one of the __________ 
identities.

 2. If ƒ1-x2 = ƒ1x2, then f is a(n) __________ function.

 3. If ƒ1-x2 = -ƒ1x2, then f is a(n) __________ function.

 4. An equation that is true for all values of the variable for which 
both sides are defined is a(n) __________.

 5. Sine, cosecant, tangent, and cotangent are __________ 
 functions.

 6. Cosine and secant are __________ functions.

 7. The sine function is the __________ of the cosecant function.

 8. The tangent function is the __________ function divided by 
the __________ function.

SKILLS

Find the products. 

 19. cos x 1cos x + 22 1cos x - 12
 20. tan x 1tan x - 12 1tan x + 12
 21. 1sin x + 12 1cos x - 12
 22. 1cos x - 12 1sin x - 12
Factor each trigonometric expression. 

3.1

 9. 1sin a + 22 1sin a - 22  10. 1tan a + 221tan a - 22
  

 11. 12 cos b + 121cos b - 12  12. 12 csc b - 121csc b - 32

 13. 12 sin u - 1212 sin u + 12  14. 13 sec u - 2213 sec u + 22

 15. 11 + sin x22  16. 12 cos x - 122

 17. 13 sin u + 222  18. 13 cos u - 222

 23. 2 sin2 g - 5 sin g - 3  24. cos2 g - cos g - 6

 25. tan2 a - 6 tan a + 8
  

 26. 2 cot 2 a + cot a - 3

 27. 4 sec2 b + 4 sec b + 1  28. 9 csc2 u - 12 csc u + 4

 29. tan2 a - sec2 b
  

 30. sin4 y - cos4 x

 31. sin2 b cos b + sin b cos b - 2 cos b

 32. cos2 u tan u - 2 cos u tan u - 3 tan u

EXERCISES
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174 Chapter 3 Trigonometric Identities 

 33. 4 sec4 x - 4 sec2 x + 1

 34. cos4 x - 2 cos2 x + 1

 35. sin a cos a + cos a + sin a + 1

 36. 2 sin2 u + sin u - 2 sin u cos u - cos u

Write each expression in terms of sines and>or cosines, and then 
simplify. 

 37. 
sec x

tan x
 38. 

cot x

csc x

 39. 
sin x

csc x
+

cos x

sec x
 40. 

1

sin2 x
-

1

tan2 x

 67. sin1-b2cos1-b2csc1b2
 68. tan1-b2csc1-b2cos1b2
Determine whether each function is odd, even, or neither. 

 69. ƒ1x2 = sin12x2  70. ƒ1x2 = cos12x2
 71. ƒ1x2 = cos x + sin x  72. ƒ1x2 = 2 sin x cos x

 73. ƒ1t2 = sec21t2 - 1  74. ƒ1t2 = 2 + tan1t2
 75. ƒ1a2 = 1 + sec a  76. ƒ1b2 = 1 + csc b

 77. ƒ1x2 =
sin x

x
 78. ƒ1x2 = x cos x

 79. ƒ1x2 = x + sin x  80. ƒ1x2 = csc1x 22
Show that each equation is not an identity. Write your explanation 
in paragraph form. 

 81. 1sin g + cos g22 = sin2 g + cos2 g

 82. tan2 x - 1 = sec2 x

 83. 11 + sin b22 = 1 + sin2 b 84. sin12a2 = sin a cos a

 85. sin a = 21 - cos2 a  86. tan a = 2sec2 a - 1 

 87. sin1 y2 = sin1-y2 88. cos1-y2 = -cos y

 89. cos21 y2 - sin21 y2 = sin12y2 90. cos12x2 = 2 cos x sin x

Use identities to simplify each expression.

 91. 1 -
1

cos2 x
 92. 

sin4 x - sin2 x

sec x

 93. 
- tan2 t - 1

sec2 t
 94.  

cos w sin2 w + cos3 w

sec w

 95. 
sin2 a - cos2 a

1 - 2 cos2 a
 96. 

sin31-u2
sin3 u - sin u

 97. 
tan3 x - sec2 x tan x

cot1-x2  98. sin x +
cos2 x

sin x

 99. 
1

sin3 x
-

cot2 x

sin x
 100. 1 -

sec2 x

tan2 x

 41. 11 - sin a211 + sin a2  42. 1sec a - 121sec a + 12

 43. 1cos b tan b + 121sin b - 12
 44. 11 + cos b211 - cot b sin b2

 45. 
1 + cos a tan a csc a

csc a

 46. 
1cos a tan a + 12 1sin a - 12

cos2 a

Write an identity that expresses the first function in terms of the 
second. 

 47. cot(x), in terms of csc(x)  48. sec(x), in terms of tan(x)

 49. sin(x), in terms of cot(x)  50. cos(x), in terms of tan(x)

 51. tan(x), in terms of csc(x)  52. cot(x), in terms of sec(x)

In each exercise, use identities to find the exact values at a for the 
remaining five trigonometric functions. 

 53. tan a = 1>2 and 0 6 a 6 p>2
 54. sin a = 3>4 and p>2 6 a 6 p

 55. cos a = -23>5 and a is in quadrant III

 56. sec a = -425>5 and a is in quadrant II

 57. cot a = -1>3 and -p>2 6 a 6 0

 58. csc a = 23 and 0 6 a 6 p>2
Simplify each expression. 

 59. sin1-x2cot1-x2  60. sec1-x2 - sec1x2
 61. sin1 y2 + sin1-y2  62. cos1 y2 + cos1-y2

 63. 
sin1x2

cos1-x2 +
sin1-x2
cos1x2  64. 

cos1-x2
sin1-x2 -

cos1-x2
sin1x2

 65. 11 + sin1a2211 + sin1-a22
 66. 11 - cos1-a2211 + cos1a22 

 101. sin4 x - cos4 x 102. csc4 x - cot4 x

MODELING

Solve each problem.

 103. Rake and Trail How well a motorcycle or bicycle handles 
depends on the steering geometry. The formula

T =
r  cos  u - R

 sin u
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 3.1 Pop Quiz 175

gives the trail T as a function of the radius of the wheel r, 
head angle u, and rake or offset R. Show that this formula is 
correct. See the accompanying figure.

Rake

Steering
head

Trail

Head angle

Figure for Exercise 103

 104. Finding the Head Angle Find the head angle u, in degrees, 
that would produce a trail of 4.9 inches when R = 3 in. and 
r = 13.5 in. Use the formula from the previous exercise 
along with a graphing calculator.

WRITING/DISCUSSION

 105. Algebraic Identities List as many algebraic identities as you 
can and explain why each one is an identity.

 106. Trigonometric Identities List as many trigonometric identi-
ties as you can and explain why each one is an identity.

REVIEW

 107. Find the smallest positive angle that is coterminal with -35°. 

 108. Convert each degree measure to radian measure.
 a. 225°  b. -210°  c. 270°

 109. Find the exact area of the sector of the circle with radius 
6 feet and central angle 15°.

 110. A race car is averaging 180 mph on a circular track with 
radius 1>4 mile. Find its angular velocity in radians per 
 minute.

 111. Evaluate without a calculator. Some of these expressions are 
undefined.

 a. cos1-3p>22  b. sin19p>42
 c. tan1-3p>22  d. tan13p2
 e. sec113p>62  f. csc15p>22
 g. cot1-5p>32  h. sin13p>22

 112. The lengths of the legs of a right triangle are 5 meters and 
8 meters. Find the length of the hypotenuse and the degree 
measures of the acute angles. Round to the nearest tenth. 

OUTSIDE THE BOX

 113. Army of Ants An army of ants is marching across the 
kitchen floor. If they form columns with 10 ants in each 
column, then there are 6 ants left over. If they form columns 
with 7, 11, or 13 ants in each column, then there are 2 ants 
left over. What is the smallest number of ants that could be 
in this army?

 114. Four Pipes Four pipes with circular cross sections are placed 
in a V-shaped trench so that they all just fit as shown in the 
accompanying figure. If the radius of the smallest pipe is 
16 inches and the radius of the largest is 54 inches, then what 
are the radii of the two pipes in between?

Figure for Exercise 114

 1. Simplify the expression cot x sec x.

 2. Find exact values for cos a and cot a if sin a = 1>3  and 
0 6 a 6 p>2.

 3. Is ƒ1x2 = cos13x2 even or odd?

 4. Simplify 
2

sec2 a
+

2

csc2 a
.

 5. Is sin12x2 = 2 sin1x2 an identity?

3.1 POP QUIZ
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176 Chapter 3 Trigonometric Identities 

Modeling the Motion of a Projectile

A projectile is fired with initial velocity of v0 feet per second. The projectile can be pic-
tured as being fired from the origin into the first quadrant, making an angle u with the 
positive x-axis, as shown in the figure. If there is no air resistance, then at t seconds the 
coordinates of the projectile (in feet) are x = v0 t cos u and y = -16t 2 + v0 t sin u. 
Suppose a projectile leaves the gun at 100 ft>sec and u = 60 °.

x

(x, y)

y

u

a) What are the coordinates of the projectile at time t = 4 sec?

b) For how many seconds is the projectile in the air?

c) How far from the gun does the projectile land?

d) What is the maximum height attained by the projectile?

e) Find an expression in terms of v0 and u for the time in the air.

f) Find an expression in terms of v0 and u for the distance from the gun.

g) Find an expression in terms of v0 and u for the maximum height.

h) Show that y = -  16 sec2 u
v 20

 x 2 + x tan u.

LINKING 
concepts... For Individual or Group Explorations

In Section 3.1 we saw that any trigonometric function can be expressed in terms of any 
other trigonometric function. So an expression involving one or more trigonometric 
functions could be written in many different equivalent forms. We must often decide 
whether two expressions are equivalent. The fact that two expressions are equivalent 
is expressed as an identity. In this section we concentrate on techniques for verifying 
that a given equation is an identity.

Developing a Strategy
To prove or verify that an equation is an identity, we start with the expression on one 
side of the equation and use known identities and properties of algebra to convert it 
into the expression on the other side of the equation. It is the same process as simpli-
fying expressions, except that in this case we know exactly what we want as the final 
expression. If one side appears to be more complicated than the other, we usually start 
with the more complicated side and simplify it. An expression that involves fewer 
symbols is generally considered simpler.

3.2 Verifying Identities
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 3.2 Verifying Identities 177

Verify that (sin x + 1)(sin x - 1) = -cos2 x is an identity.

Solution

Start with the left-hand side, the more complicated side, and note that it is the product 
of a sum and a difference.

 (sin x + 1)(sin x - 1) = sin2 x - 1

 = 1 - cos2 x - 1

 = -cos2 x

So (sinx + 1)(sinx - 1) = -cos2 x is an identity.

TRY THIS. Verify that (1 - cos x)(1 + cos x) = sin2 x is an identity.

Product of a sum and a difference

Pythagorean identity: 
sin2 x = 1 - cos2 x
Simplify.

EXAMPLE 1 Verifying an identity

Keep in mind that tangent, cotangent, secant, and cosecant can be written 
in terms of sines and cosines. This is often a good technique to use in verifying 
an identity.

Verify that 1 + sec x sin x tan x = sec2 x is an identity.

Solution

We start with the left-hand side, the more complicated side, and write it in terms of 
sine and cosine. Our goal is to get sec2 x as the final simplified expression.

 1 + sec x sin x tan x = 1 +
1

cos x
 sin x 

sin x
cos x

 = 1 +
sin2 x

cos2 x
 

 = 1 + tan2 x

 = sec2 x

So 1 + sec x sin x tan x = sec2 x is an identity.

TRY THIS. Verify that 1 - sec1x2csc1x2tan1x2 = - tan21x2 is an identity.

Convert to sines and cosines.

Simplify.

Definition of tangent

Pythagorean identity

EXAMPLE 2 Verifying an identity

If an identity expresses the equality of two fractions, then we can sometimes sim-
plify by multiplying the numerator and denominator of one fraction by the numerator 
(or denominator) of the other fraction.

Prove that cos a
1 - sin a = 1 + sin a

cos a  is an identity.

Solution

To prove that the equation is an identity, multiply the numerator and denominator of 
the left-hand side by 1 + sin a because 1 + sin a appears in the numerator of the 
right-hand side.

EXAMPLE 3 An identity with equal fractions
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178 Chapter 3 Trigonometric Identities 

Figure 3.10

10–10

–3

3

 
cos a

1 - sin a
=

cos a11 + sin a2
11 - sin a211 + sin a2

 =
cos a11 + sin a2

1 - sin2 a

 =
cos a11 + sin a2

cos2 a

 =
1 + sin a

cos a

So cos a
1 - sin a = 1 + sin a

cos a  is an identity.

 In Fig. 3.10, the graphs of y1 = cos1x2>11 - sin1x22 and y2 = 11 + sin1x22> 
cos1x2 appear to coincide. This supports our conclusion that the equation is an 
identity.

TRY THIS. Prove that csc x - 1
cot x = cot x

csc x + 1 is an identity.

Leave numerator in factored form.

Pythagorean identity

Reduce.

In Example 3 the numerator and denominator were multiplied by 1 + sin a 
because the expression on the right-hand side has 1 + sin a in its numerator. We 
could have multiplied the numerator and denominator of the left-hand side by cos a 
because the expression on the right-hand side has cos a in its denominator. You should 
prove that the equation of Example 3 is an identity by multiplying the numerator and 
denominator by cos a.

Another strategy to use when a fraction has a sum or difference in its numerator 
is to write the fraction as a sum or difference of two fractions, as in the next example.

Prove that csc x - sin x
sin x = cot2 x is an identity.

Solution

First rewrite the left-hand side as a difference of two rational expressions.

 
csc x - sin x

sin x
=

csc x

sin x
-

sin x

sin x

 = csc x # 1

sin x
- 1

 = csc2 x - 1

 = cot2 x

So csc x - sin x
sin x = cot 2 x is an identity.

TRY THIS. Prove that sec x - cos x
cos x = tan2 x is an identity.

a
b - c

b = a - c
b

Since 1>sin x = csc x

a
b = a # 1

b

Pythagorean identity

EXAMPLE 4 Separating one fraction into two

In verifying an identity, you can start with the expression on either side of the 
equation and use known identities and properties of algebra to get the expression on 
the other side. In the next example the expression on the right-hand side appears to 
be more complicated. So we start with it and simplify it.

Prove that 2 tan2 x = 1
csc x - 1 - 1

csc x + 1 is an identity.

EXAMPLE 5 Subtracting fractions in an identity
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 3.2 Verifying Identities 179

In every example so far, we started with one side and converted it into the other 
side. Although all identities can be verified by that method, sometimes it is simpler to 
convert both sides into the same expression. If both sides are shown to be equivalent 
to a common expression, then the identity is certainly verified. This technique works 
best when both sides are rather complicated and we simply set out to simplify them.

Solution

In this equation, the right-hand side is the more complicated one. We will simplify 
the right-hand side by getting a common denominator and combining the fractions, 
keeping 2 tan2 x in mind as our goal.

 
1

csc x - 1
-

1

csc x + 1
=

11csc x + 12
1csc x - 121csc x + 12 -

11csc x - 12
1csc x + 121csc x - 12

 =
csc x + 1

csc2 x - 1
-

csc x - 1

csc2 x - 1

 =
2

csc2 x - 1

 =
2

cot2 x

 = 2 # 1

cot2 x

 = 2 tan2 x

TRY THIS. Prove that -2 cot2 x = 1
1 - sec x + 1

1 + sec x is an identity.

Subtract the numerators.

Pythagorean identity

a
b = a # 1

b

Reciprocal identity.

Prove that 1 - sin2 t
1 - csc1- t2 =

1 + sin1- t2
csc t  is an identity.

Solution

Use csc1- t2 = -csc t to simplify the left-hand side:

1 - sin2 t

1 - csc1- t2 =
1 - sin2 t

1 + csc t
=

cos2 t

1 + csc t

Now look for a way to get the right-hand side of the original equation equivalent to 
1cos2 t2>11 + csc t2.  Since sin1- t2 = -sin t, we can write 1 + sin1- t2 as 1 - sin t 
and then get cos2 t in the numerator by multiplying by 1 + sin t:

 
1 + sin1- t2

csc t
=

1 - sin t

csc t

 =
11 - sin t2 11 + sin t2

csc t11 + sin t2

 =
1 - sin2 t

csc t + csc t sin t

 =
cos2 t

csc t +
1

sin t
 sin t

 =
cos2 t

1 + csc t

EXAMPLE 6 Verifying an identity

Since sin1- t2 = -sin t

Multiply numerator and denominator by 
1 + sin t.

1a - b21a + b2 = a2 - b2

Pythagorean identity
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180 Chapter 3 Trigonometric Identities 

The Strategy
Verifying identities takes practice. There are many different ways to verify a particular 
identity, so just go ahead and get started. If you do not seem to be getting anywhere, 
try another approach. The strategy that we used in the examples is stated below. Other 
techniques are sometimes needed to prove identities, but you can prove most of the 
identities in this text using the following strategy.

Since both sides of the equation are equivalent to the same expression, the equation 
is an identity.

TRY THIS. Prove that 
1 - cos21- t2

 sin1- t2 =  tan1- t2cos1- t2 is an identity.

STRATEGY

Verifying Identities

1. Work on one side of the equation (usually the more complicated 
side), keeping in mind the expression on the other side as your goal. 
(See Example 1.)

2. Some expressions can be simplified quickly if they are rewritten in 
terms of sines and cosines only. (See Example 2.)

3. To convert one rational expression into another, multiply the numera-
tor and denominator of the first by either the numerator or the 
denominator of the desired expression. (See Example 3.)

4. If the numerator of a rational expression is a sum or difference, con-
vert the rational expression into a sum or difference of two rational 
expressions. (See Example 4.)

5. If a sum or difference of two rational expressions occurs on one side 
of the equation, then find a common denominator and combine them 
into one rational expression. (See Example 5.)

6. Sometimes it is easiest to simplify both sides of the equation. If each 
side is equivalent to a third expression, then the equation is an iden-
tity. (See Example 6.)

1. sin x
csc x = sin2 x 2. cot x

tan x = tan2 x

3. sec x
csc x = tan x 4. sin x sec x = tan x

5. cos x + sin x
cos x = 1 + tan x

6. sec x + sin x
cos x = 1 + sin x cos x

cos x  

7. 1
1 - sin x = 1 + sin x

cos2 x

8. tan x cot x = 1

9. 11 - cos x211 - cos x2 = sin2 x

10. 11 - csc x211 + csc x2 = cot2 x

FOR THOUGHT…
True or False? Answer true if the equation is an identity and false if it is not.  
If false, find a value for x for which the two sides have different values.

CONCEPTS

Fill in the blank.

 1. To verify an identity, we often simplify the more __________ 
side.

 2. Sometimes we write all expressions in terms of __________ 
and __________.

 3. To convert one rational expression into another, multiply the 
__________ and __________ of the first by the numerator or 
denominator of the second.

3.2 EXERCISES
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 3.2 Exercises 181

 4. If each side of an equation can be converted into the same 
expression, then the equation is a(n) __________.

SKILLS

Match each expression on the left with one on the right that com-
pletes each equation as an identity. 

 5. cos x tan x = ?

 6. sec x cot x = ?

 7. 1csc x - cot x21csc x + cot x2 = ?

 8. 
sin x + cos x

sin x
= ?

 9. 11 - sec x211 + sec x2 = ?

 10. 1csc x - 121csc x + 12 = ?

 11. 
csc x - sin x

csc x
= ?

 12. 
cos x - sec x

sec x
= ?

 13. 
csc x

sin x
= ?

 14. 
sin x

cos x
+

cos x

sin x
= ?

Prove that each of the following equations is an identity.
 HINT  See Number 4 in the Strategy for Verifying Identities on 
page 180

 27. 
sin2 x - cos2 x

sin2 x
= 2 - csc2 x

 28. 
sin2 x + 1

cos2 x
= 2 sec2 x - 1

 29. 
sin x - sec x

cos x
= tan x - sec2 x

 30. 
cot x - sin x

cos x
= csc x - tan x

Prove that each of the following equations is an identity.
 HINT  See Number 5 in the Strategy for Verifying Identities on 
page 180.

 31. 
1

1 + sin x
+

1

1 - sin x
= 2 sec2 x

 32. 
1

1 + cos x
-

1

1 - cos x
= -2 cos x csc2 x

 33. 
1

sin2 x tan x
-

1

tan x
= cot3 x

 34. 
1

cos2 x cot x
-

1

cot x
= tan3 x

Prove that each of the following equations is an identity.
 HINT  See Number 6 in the Strategy for Verifying Identities on 
page 180.

 35. 
sin x + sin x tan x

1 + tan x
=

sin2 x + cos2 x

csc x

 36. 
cos2 x + sin2 x

1 + cos x
=

1 - cos x

1 - cos2 x

 37. sin(-x)cot(x)sec(-x) = cos(-x)tan(-x)csc(x)

 38. 31 - cos2 (-x)4 31 + sin(x)4 = 31 - sin(-x)4sin2 (-x)

Prove that each of the following equations is an identity.
 HINT  Use the Strategy for Verifying Identities on page 180.

 39. sin1x2cot1x2 = cos1x2
 40. cos21x2tan21x2 = sin21x2
 41. 1 - sec1x2cos31x2 = sin21x2
 42. 1 - csc1x2sin31x2 = cos21x2
 43. 1 + sec21x2sin21x2 = sec21x2
 44. 1 + csc21x2cos21x2 = csc21x2

 45. 
sin31x2 + sin1x2cos21x2

cos1x2 = tan1x2

 A. 1

 B. - tan2 x

 C. cot 2 x

 D. sin x

 E. -sin2 x

 F. 1
sin x cos x

 G. 1 + cot 2 x

 H. cos2 x

 I. csc x

 J. 1 + cot x

Prove that each of the following equations is an identity.
 HINT  See Number 1 in the Strategy for Verifying Identities on 
page 180.

 15. (cos x - 1)(cos x + 1) = -sin2 x

 16. (2 - sin x)(2 + sinx) = 3 + cos2 x

 17. (1 + tan x)(1 - tan x) = 2 - sec2 x

 18. (cot x - 1)(cot x + 1) = csc2 x - 2

Prove that each of the following equations is an identity.
 HINT  See Number 2 in the Strategy for Verifying Identities on 
page 180.

 19. cos x tan x + sin x = 2 sin x

 20. cot x sin2 x = sin x cos x

 21. sec x cos x + csc x sin x = 2

 22. tan x cos x - csc x sin x = sin x - 1

Prove that each of the following equations is an identity.
 HINT  See Number 3 in the Strategy for Verifying Identities on 
page 180.

 23. 
sin x

1 + cos x
=

1 - cos x

sin x
 24. 

2 cos x + 2

2 sin x
=

-sin x

cos x - 1

 25. 
tan x

sec x - 1
=

sec x + 1

tan x
 26. 

1 - csc x

cot x
=

-cot x

1 + csc x
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182 Chapter 3 Trigonometric Identities 

 46. 
cos1x2sin21x2 + cos31x2

sin1x2 = cot1x2

 47. 
sin1x2
csc1x2 +

cos1x2
sec1x2 = 1

 48. sin31x2csc1x2 + cos31x2sec1x2 = 1

 49. tan x cos x + csc x sin2 x = 2 sin x

 50. cot x sin x - cos2  x sec x = 0

 51. 11 + sin a22 + cos2 a = 2 + 2 sin a

 52. 11 + cot a22 - 2 cot a =
1

11 - cos a2 11 + cos a2

 53. 2 - csc b sin b = sin2 b + cos2 b

 54. 11 - sin2 b211 + sin2 b2 = 2 cos2 b - cos4 b

 55. tan x + cot x = sec x csc x

 56. 
csc x

cot x
-

cot x

csc x
=

tan x

csc x
 57. 

sec x

tan x
-

tan x

sec x
= cos x cot x

 58. 
1 - sin2 x

1 - sin x
=

csc x + 1

csc x
 59. sec2 x =

csc x

csc x - sin x

 60. 
sin x

sin x + 1
=

csc x - 1

cot 2 x

 61. 1 + csc x sec x =
cos1-x2 - csc1-x2

cos1x2

 62. tan21-x2 -
sin1-x2

sin x
= sec2 x

 63. 
1

csc u - cot u
=

1 + cos u

sin u

 64. 
-1

tan u - sec u
=

1 + sin u

cos u

 65. 
csc y + 1

csc y - 1
=

1 + sin y

1 - sin y

 66. 
1 - 2 cos2 y

1 - 2 cos y sin y
=

sin y + cos y

sin y - cos y

 67. 
cot x + tan x

csc x
=

1

cos x

 68. 
sin1-x2

-x
=

sin x
x

 69. 
1 - sin21-x2
1 - sin1-x2 = 1 - sin x

 70. 
1 - sin2 x csc2 x + sin2 x

cos2 x
= tan2 x

 71. 
1 - cot2 w + cos2 w cot2 w

csc2 w
= sin4 w

 72. 
sec2 z - csc2 z + csc2 z cos2 z

cot2 z
= tan4 z

Prove that each of the following equations is an identity.
 HINT  ln1a>b2 = ln1a2 - ln1b2 and ln1ab2 = ln1a2 + ln1b2 
for a 7 0 and b 7 0.

 73. ln1sec u2 = - ln1cos u2
 74. ln1tan u2 = ln1sin u2 + ln1sec u2
 75. ln ∙ sec a + tan a ∙ =  - ln ∙ sec a - tan a ∙

 76. ln ∙ csc a + cot a ∙ =  - ln ∙ csc a - cot a ∙

The equation ƒ11x2 = ƒ21x2 is an identity if and only if the graphs 
of y = ƒ11x2 and y = ƒ21x2 coincide at all values of x for which 
both sides are defined. Graph y = ƒ11x2 and y = ƒ21x2 on the 
same screen of your calculator for each of the following equations. 
From the graphs, make a conjecture as to whether each equation is 
an identity, then prove your conjecture.

 77. 
sin u + cos u

sin u
= 1 + cot u

 78. 
sin u + cos u

cos u
= cot u + 1

 79. 1sin x + csc x22 = sin2 x + csc2 x

 80. tan x + sec x =
sin2 x + 1

cos x

 81. cot x + sin x =
1 + cos x - cos2 x

sin x

 82. 1 - 2 cos2 x + cos4 x = sin4 x

 83. 
sin x

cos x
-

cos x

sin x
=

2 cos2 x - 1

sin x cos x

 84. 
1

1 - sin x
+

1

1 + sin x
=

2

cos2 x

 85. 
cos1-x2
1 - sin x

=
1 - sin1-x2

cos x

 86. 
sin2 x

1 - cos x
= 0.99 + cos x

WRITING/DISCUSSION

 87. Find functions ƒ11x2 and ƒ21x2 such that ƒ11x2 = ƒ21x2 
for infinitely many values of x, but ƒ11x2 = ƒ21x2 is not an 
 identity. Explain your example.

 88. Find functions ƒ11x2 and ƒ21x2 such that ƒ11x2 ∙ ƒ21x2 for 
infinitely many values of x, but ƒ11x2 = ƒ21x2 is an identity. 
Explain your example.
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 3.2 Pop Quiz 183

Constructing an Eyebrow Window

A company that manufactures custom aluminum windows makes an eyebrow win-
dow that is placed on top of a rectangular window as shown in the diagram. When a 
customer orders an eyebrow window, the customer gives the width w and the height 
h of the eyebrow. To make the window, the shop needs to know the radius of the cir-
cular arc and the length of the circular arc. (This is an actual problem given to the 
author by a former student who worked for the company.)

a) If the width and height of the eyebrow are 36 in. and 10 in., respectively, then 
what is the radius of the circular arc?

b) Find the length of the circular arc for a width of 36 in. and a height of 10 in.

c) Find a formula that expresses the radius of the circular arc r in terms of the 
width of the eyebrow w and the height of the eyebrow h.

d) Find a formula that expresses the length of the circular arc L in terms of w  
and h.

LINKING 
concepts... For Individual or Group Explorations

 89. Explain how the graphs on a calculator of y = ƒ11x2 and 
y = ƒ21x2 could appear identical when ƒ11x2 = ƒ21x2 is not 
an identity.

 90. Explain how the graphs on a calculator of y = ƒ11x2 and 
y = ƒ21x2 could appear different when ƒ11x2 = ƒ21x2 is an 
identity.

REVIEW

 91. The formula d = 1
32 v2

0  sin12u2 gives the distance d in feet that 
a projectile will travel when its launch angle is u and its initial 
velocity is v0 feet per second. What initial velocity in miles per 
hour does it take to throw a baseball 200 feet with u = 33°? 
Round to the nearest tenth.

 92. Find the point that lies midway between 1p>3, 12 and 
1p>2, 12.

 93. Determine the amplitude, period, and phase shift for the 
 function y = -4 sin12px>3 - p>32.

 94. Determine the period, asymptotes, and range for the  function 
y = 2 sec1x>42.

 95. State the three Pythagorean identities.

 96. Use identities to simplify the expression 
1

cos2  x
- tan2  x.

OUTSIDE THE BOX

 97. Counting Coworkers Chris and Pat work at Tokyo 
 Telemarketing. One day Chris said to Pat, “19>40 of my 
coworkers are female.” Pat replied, “That’s strange, 12>25 of 
my coworkers are female.” If both are correct, then how many 
workers are there at Tokyo Telemarketing and what are the 
genders of Chris and Pat?

 98. Logs and Tangents Find the value of  
ln1tan 1°2 + ln1tan 2°2 +  ln1tan 3°2 + c
+  ln1tan 88°2 + ln1tan 89°2.

 1. Find the product 12 sin x + 121sin x - 12.

 2. Factor 2 cos2 x + cos x - 1.

 3. Simplify 
1

 cos1-x2 -
 sin2 1-x2

 cos1x2 .

 4. Prove that 
 cos1-x2 - sec1-x2

 sec1x2 = -sin2 1x2 is an identity.

3.2 POP QUIZ
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184 Chapter 3 Trigonometric Identities 

Figure 3.11

a

0

b

y

x

B(cos(a + b), sin(a + b))

A(cosa, sina)

C(cosb, –sinb)

D(1, 0)

–b

Square each side and simplify:

1cos1a + b2 - 122 + sin2 1a + b2 = 1cos a - cos b22 + 1sin a + sin b22 

In every identity discussed in Sections 3.1 and 3.2, the trigonometric functions were 
functions of only a single variable, such as u or x. In this section we establish identi-
ties for the cosine of a sum or difference of two variables. They do not follow from 
the known identities but rather from the geometry of the unit circle.

The Cosine of a Sum
With so many identities showing relationships between the trigonometric functions, 
we might be fooled into thinking that almost any equation is an identity. For example, 
consider the equation

cos1a + b2 = cos a + cos b.

This equation looks nice, but is it an identity? It is easy to check with a calculator that 
if a = 30° and b = 45°, we get

cos130° + 45°2 = cos175°2 ≈ 0.2588

and

cos130°2 + cos145°2 ≈ 1.573.

So the equation cos1a + b2 = cos a + cos b is not an identity.
We will now derive an identity for cos1a + b2. Consider angles a, a + b, 

and -b in standard position, as shown in Fig. 3.11. Assume that a and b are acute 
angles, although any angles a and b may be used. The terminal side of a intersects 
the unit circle at the point A1cos a, sin a2. The terminal side of a + b intersects the 
unit circle at B1cos1a + b2, sin1a + b22. The terminal side of -b intersects the 
unit circle at C1cos1-b2, sin1-b22 or C1cos b, -sin b2. Let D be the point (1, 0). 
Since ∠BOD = a + b and ∠AOC = a + b, the chords BD and AC are equal in 
length. Using the distance formula to find the lengths, we get the following equation:21cos1a + b2 - 122 + 1sin1a + b2 - 022 

= 21cos a - cos b22 + 1sin a - 1-sin b222 

3.3 Sum and Difference Identities for Cosine
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 3.3 Sum and Difference Identities for Cosine 185

Square the binomials on both sides of the equation:

cos2 1a + b2 - 2 cos1a + b2 + 1 + sin2 1a + b2
= cos2  a - 2 cos a cos b + cos2 b + sin2 a + 2 sin a sin b + sin2 b

Using the identity cos2 x + sin2 x = 1 once on the left-hand side and twice on the 
right-hand side, we get the following equation:

2 - 2 cos1a + b2 = 2 - 2 cos a cos b + 2 sin a sin b

Subtract 2 from each side and divide each side by -2 to get the identity for the cosine 
of a sum:

Identity: Cosine of a Sum cos1a + b2 = cos a cos b - sin a sin b

If an angle is the sum of two angles for which we know the exact values of the 
trigonometric functions, we can use this new identity to find the exact value of the 
cosine of the sum. For example, we can find the exact values of expressions such as 
cos175°2, cos17p>122, and cos1195°2 because

75° = 45° + 30°,  
7p

12
=
p

3
+
p

4
,  and  195° = 150° + 45°.

Find the exact value of cos(75°).

Solution

Use 75° = 30° + 45° and the identity for the cosine of a sum.

 cos 75° = cos130° + 45°2
 = cos130°2 cos145°2 - sin130°2sin145°2

 =
23

2
# 22

2
-

1

2
# 22

2

 =
26 - 22

4

To check, evaluate 75° and A26 - 22 B >4 using a calculator.

TRY THIS. Find the exact value of cos(105°) using the cosine of a sum identity.

EXAMPLE 1 The cosine of a sum

Note that we found the exact value of cos(75°) only to illustrate an identity. If we 
need cos(75°) in an application, we can use the calculator’s value for it.

The Cosine of a Difference
To derive an identity for the cosine of a difference we write a - b = a + 1-b2 and 
use the identity for the cosine of a sum:

 cos1a - b2 = cos1a + 1-b22
 = cos a cos1-b2 - sin a sin1-b2

Now use the identities cos1-b2 = cos b and sin1-b2 = -sin b to get the identity 
for the cosine of a difference:

Identity: Cosine  
of a Difference

cos1a - b2 = cos a cos b + sin a sin b
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186 Chapter 3 Trigonometric Identities 

If an angle is the difference of two angles for which we know the exact values of 
sine and cosine, then we can find the exact value for the cosine of the angle.

Find the exact value of cos1p>122.

Solution

Since p3 = 4p
12  and p4 = 3p

12 , we can use p12 = p3 - p4  and the identity for the cosine 

of a difference:

 cosap
12

b = cosap
3

-
p

4
b

 = cos 
p

3
 cos 
p

4
+ sin 

p

3
 sin 
p

4

 =
1

2
# 22

2
+
23

2
# 22

2

 =
22 + 26

4

To check, evaluate cos1p>122 and A22 + 26 B >4 using a calculator.

TRY THIS. Find the exact value of cos (75°) using the cosine of a difference identity.

EXAMPLE 2 The cosine of a difference

In the next example we simplify expressions by using the identities in reverse.

Use an appropriate identity to simplify each expression.

 a. cos149°2cos14°2 + sin149°2sin14°2 b. cos122cos1-32 - sin1-22sin132
Solution

a. This expression is the right-hand side of the identity for the cosine of a difference, 
cos1a - b2 = cos a cos b + sin a sin b. Let a = 49° and b = 4° to get

 cos149°2cos14°2 + sin149°2sin14°2 = cos149° - 4°2
 = cos145°2

 =
22

2
.

b. First note that cos1-32 = cos132 because cosine is an even function. Also, 
sin1-22 = -sin122 because sine is an odd function:

 cos122cos1-32 - sin1-22sin132 = cos122cos132 - 1-sin1222sin132
 = cos122cos132 + sin122sin132
 = cos12 - 32
 = cos1-12
 = cos112

TRY THIS. Simplify cos x cos 5x + sin x sin 5x.

EXAMPLE 3 Simplifying with sum  
and difference identities

Cosine of a difference identity

Cosine is even.
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 3.3 Sum and Difference Identities for Cosine 187

The cosine of a sum or difference identities give us two more tools to use in 
verifying identities.

Prove that 
cos(x - y)

cos x sin y
= tan x + cot y is an identity.

Solution

 
cos(x - y)

cos x sin y
=

cos x cos y + sin x sin y

cos x sin y

 =
cos x cos y

cos x sin y
+

sin x sin y

cos x sin y

 = cot y + tan x

 = tan x + cot y

So the equation is an identity.

TRY THIS Prove that 
cos(x + y)

cos x sin y
= cot y - tan x is an identity.

EXAMPLE 4 Verifying an identity

Cosine of a difference

Cofunction Identities
Sine and cosine are cofunctions, tangent and cotangent are cofunctions, and secant 
and cosecant are cofunctions. The identities for the cosine of a sum or a differ-
ence can be used to get identities that relate each trigonometric function and its 
cofunction.

If a = p>2 is substituted into the identity for cos1a - b2, we get another identity:

 cosap
2

- bb = cos 
p

2
 cos b + sin 

p

2
 sin b

 = 0 # cos b + 1 # sin b

 = sin b

The identity cos1p>2 - b2 = sin b is a cofunction identity.
 The graphing calculator graph in Fig. 3.12 supports this conclusion because 

y1 = cos1p>2 - x2 appears to coincide with y2 = sin1x2. ∙
If u = p>2 - b, then b = p>2 - u. If we replace u with p>2 - b and b with 

p>2 - u in sin b = cos1p>2 - b2, we get the identity

sinap
2

- ub = cos u.

Now

tanap
2

- ub =
sinap

2
- ub

cosap
2

- ub
=

cos1u2
sin1u2 = cot1u2.

So tan1p>2 - u2 = cot1u2. Using these identities, we can establish the cofunction 
identities for secant, cosecant, and cotangent.

Figure 3.12

2p–2p

–2

2
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188 Chapter 3 Trigonometric Identities 

The cofunction identities simply indicate that the value of any trigonometric function 
at u is equal to the value of its cofunction at 1p>2 - u2.

If 0 6 u 6 p>2, then u and 1p>2 - u2 are the measures of the acute angles of 
a right triangle as shown in Fig. 3.13. The term cofunction comes from the fact that 
these angles are complementary. The cofunction identities indicate that the value of a 
trigonometric function of one acute angle of a right triangle is equal to the value of the 
cofunction of the other. Since the cofunction identities hold also for complementary 
angles measured in degrees, we can write equations such as

sin120°2 = cos170°2, cot189°2 = tan11°2,  and  sec150°2 = csc140°2.

The cofunction identities are consistent with the values obtained for the trigono-
metric functions for an acute angle using the ratios of the sides of a right triangle. For 
example, the cofunction identity sin1u2 = cos1p>2 - u2 is correct for angles u and 
1p>2 - u2 shown in Fig. 3.13, because

sin1u2 =
opp

hyp
=

y

r
   and  cosap

2
- ub =

adj

hyp
=

y

r
.

Figure 3.13

x

y

u

r 2
p – u

Use a cofunction identity to find the exact value of sin15p>122.

Solution

Since sin1u2 = cos1p>2 - u2,

sina5p

12
b = cosap

2
-

5p

12
b = cosap

12
b .

From Example 2, cos1p>122 = A22 + 26 B >4. So

sin 
5p

12
=
22 + 26

4
.

TRY THIS. Find the exact value of sin(15°) using a cofunction identity.

EXAMPLE 5 Using the cofunction identities

Cofunction Identities
 sinap

2
- ub = cos u    cosap

2
- ub = sin u

 tanap
2

- ub = cot u    cotap
2

- ub = tan u

 secap
2

- ub = csc u    cscap
2

- ub = sec u

Determine whether the equation cos1x - p>22 = sin1x2 is an identity.

EXAMPLE 6 Using the odd ,even  
and cofunction identities

In the next example we use the odd>even identities in conjunction with the cofunction 
identities. Remember that only cosine and secant are even; the other four trigonomet-
ric functions are odd. Also recall that a - b = -1b - a2.
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 3.3 Exercises 189

Because cos1a2 = cos1-a2

Cofunction identity

Solution

Note that x - p>2 = -1p>2 - x2. Because cosine is an even function, 
cos1x - p>22 = cos1p>2 - x2. So

 cosax -
p

2
b = cosap

2
- xb

 = sin1x2
So cos1x - p>22 = sin1x2 is an identity.

TRY THIS. Determine whether tan1x - p>22 = cot1x2 is an identity.

1. p4 + p2 = p6 2. p4 - p3 = p
12

3. cos13°2cos12°2 - sin13°2sin12°2 = cos11°2
4. cos142cos152 + sin142sin152 = cos1-12
5. cos1p>2 - 52 = sin152
6. cos1p>7 - 32 = cos13 - p>72.

7. sin1p>7 - 32 = sin13 - p>72.

8. For any real number x, sin1x - p>22 = cos x.

9. sec1p>32 = csc1p>62
10. tan121°30′5″2 = cot168°29′55″2

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. Sine and __________ are cofunctions.

 2. Cosecant and __________ are cofunctions.

 3. Tangent and __________ are cofunctions.

 4. The value of any trigonometric function at x is equal to the 
value of its __________ at 1p>2 - x2.

SKILLS

Find the exact values of the following sums or differences. 

 5. p +
p

2
 6. p -

p

6

 7. 
p

4
+
p

3
 8. 
p

3
+
p

6

 9. 
3p

4
+
p

3
 10. 
p

6
+
p

4

 11. 
p

4
-
p

3
 12. 
p

2
-
p

6

 13. 
p

4
-
p

6
 14. 
p

3
-
p

2

Express each given angle as a + b or a - b, where cos a and 
cos b are known exactly. 

 15. 75°  16. 15°

 17. 165°  18. 195°

 19. 
p

12
 20. 

11p

12

 21. 
7p

12
 22. 

5p

12

Use appropriate identities to find the exact value of each expression. 

 23. cos(15°)  24. cos(75°)

 25. cos(105°)  26. cos(165°)

 27. cos15p>122  28. cos17p>122
 29. cos113p>122  30. cos117p>122
 31. cos1-p>122  32. cos1-5p>122
 33. cos1-13p>122  34. cos1-7p>122
Simplify each expression by using appropriate identities. Do not 
use a calculator. 

 35. cos123°2cos167°2 + sin123°2sin167°2

3.3 EXERCISES
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190 Chapter 3 Trigonometric Identities 

 36. cos134°2cos113°2 + sin134°2sin113°2

 37. cos152cos162 - sin152sin162

 38. cos17.12cos11.42 - sin17.12sin11.42

 39. cos 2k cos k + sin 2k sin k

 40. cos 3y cos y - sin 3y sin y

 41. cos1-p>22cos1p>52 + sin1p>22sin1p>52

 42. cos112°2cos1-3°2 - sin112°2sin1-3°2

 43. cos1-p>52cos1p>32 + sin1-p>52sin1-p>32

 44. cos1-62cos142 - sin162sin1-42

Verify that each equation is an identity. 

 45. cos1x - p>22 = cos x tan x

 46. cos(x + p>2) = sin(-x)

 47. 
cos1x + y2
cos x cos y

= 1 - tan x tan y

 48. 
cos(x - y)

cos x cos y
= 1 + tan x tan y

 49. cos1a + b2cos1a - b2 = cos2 b - sin2 a

 50. cos12x2 = cos2 x - sin2 x
 HINT  2x = x + x

 51. cos1x - y2 + cos1 y - x2 = 2 cos x cos y + 2 sin x sin y

 52. 
cos1x + y2
cos1x - y2 =

cot y - tan x

cot y + tan x

 53. 
cos1a + b2
cos a + sin b

=
cos a - sin b

cos1b - a2

 54. sec1v + t2 =
cos v cos t + sin v sin t

cos2 v - sin2 t

Match each expression with an equivalent expression from (a)–(h). 
Do not use a calculator. 

 55. sin(20°)

 56. tan(85°)

 57. cos(90°)

 58. cot(40°)

 59. sec1p>62
 60. csc1p>82
 61. sin15p>122
 62. cot1p>32

Match each expression with an equivalent expression from (a)–(h). 
Do not use a calculator. 

 63. cos(44°)

 64. sin1-46°2
 65. cot(134°)

 66. sin(136°)

 67. sec(1)

 68. tanap
7
b

 69. cscap
2
b

 70. sin1-44°2

 a. csc1p>32
 b. sec13p>82
 c. sin(0°)

 d. tan(50°)

 e. cos(70°)

 f. tan1p>62
 g. cos1p>122
 h. cot(5°)

 a. cos(0)

 b. -cos144°2
 c. - tan144°2

 d. cota5p

14
b

 e. -cos146°2

 f. cscap - 2

2
b

 g. sin(46°)

 h. sin(44°)

Simplify each expression by applying the odd>even identities, 
cofunction identities, and cosine of a sum or difference identities. 
Do not use a calculator. 

 71. cos114°2cos129°2 + sin114°2cos161°2

 72. cos14°2cos19°2 + cos186°2cos181°2

 73. cos110°2cos120°2 + sin1-10°2cos170°2

 74. sin185°2sin140°2 + sin1-5°2sin1-50°2

 75. cos1p>2 - a2cos1-a2 - sin1-a2sin1a - p>22

 76. sin1p>2 - z2cos1-z2 - cos1p>2 - z2sin1-z2

 77. cos1-3k2cos1-k2 - cos1p>2 - 3k2sin1-k2

 78. cos1 y - p>22cos1 y2 + sin1p>2 - y2sin1-y2

Solve each problem. 

 79. Find the exact value of cos1a + b2 if sin a = 3>5 and 
sin b = 5>13, with a in quadrant II and b in quadrant I.

 80. Find the exact value of cos1a - b2 if sin a = -4>5 and 
cos b = 12>13, with a in quadrant III and b in quadrant IV.

 81. Find the exact value of cos1a + b2 if sin a = -7>25 and 
sin b = 8>17, with a in quadrant IV and b in quadrant II.

 82. Find the exact value of cos1a - b2 if sin a = 24>25 and 
cos b = 8>17, with a in quadrant II and b in quadrant IV. 

 83. Find the exact value of cos1a - b2 if sin a = 23>2 and 
cos b = -22>2, with a in quadrant I and b in quadrant II.

 84. Find the exact value of cos1a + b2 if sin a = 22>2 and 
sin b = 1>2, with a in quadrant II and b in quadrant I.

 85. Find the exact value of cos1a + b2 if sin a = 2>3 and 
sin b = -1>2, with a in quadrant I and b in quadrant III.
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 3.4 Sum and Difference Identities for Sine and Tangent 191

 86. Find the exact value of cos1a - b2 if cos a = 23>4 and 

cos b = -22>3, with a in quadrant I and b in quadrant II.

Write each expression as a function of a alone. 

 87. cos1p>2 + a2  88. cos1a - p>22
 89. cos1180° - a2  90. cos1180° + a2
 91. cos13p>2 - a2  92. cos12p - a2
 93. cos190° + a2  94. cos1a - 360°2

WRITING/DISCUSSION

 95. Verify the three cofunction identities that were not proven in 
the text.

 96. Show that sin1a + b2 = sin a + sin b is not an identity.

 97. Show that cos1a - b2 = cos a - cos b is not an identity.

 98. Explain why cos1180° - a2 = -cos a using the unit circle.

REVIEW

 99. Use identities to simplify the expression csc x
sec x.

 100. Suppose that sin a = 1>4 and a is in quadrant II. Use identi-
ties to find the exact values of the other five trigonometric 
functions.

 101. Simplify 11 - sin a211 + sin a2.

 102. Simplify 
sin x

csc x - sin x
.

 103. Find the period and equations of the asymptotes for the func-
tion y = cot12x2 + 1.

 104. Let ƒ1x2 = sin1x2, g1x2 = x + 2, and h1x2 = 3x. Find 

  g( f (h(x))) and h(g( f (x))).

OUTSIDE THE BOX

 105. Overlapping Circles Two lawn sprinklers that each water a 
circular region with radius a are placed a ft apart. What is the 
total area watered by the sprinklers?

 106. Solving a Triangle In triangle ABC, AB = 24, BC = 7, and 
AC = 25. M is the midpoint of AB. Find the exact length of 
CM.

 1. Use an identity to find the exact value of cos1135° - 120°2.

 2. Use a cofunction identity to find an angle a for which 
sin110°2 = cos1a2.

 3. Simplify cos1x2cos13x2 + sin1-x2sin13x2.

 4. Verify that cos16y2 = cos2 13y2 - sin2 13y2 is an identity.

3.3 POP QUIZ

In the last section we learned the identities for the cosine of a sum or difference. In 
this section we learn identities for the sine or tangent of a sum or difference.

Sine of a Sum or a Difference
We can use a cofunction identity from the last section to find an identity for sin1a + b2:

  sin1a + b2 = cosap
2

- 1a + b2b  Cofunction identity

  = cosa ap
2

- ab - bb  Associative property

  = cosap
2

- abcos b + sinap
2

- absin b Cosine of a difference

  = sin a cos b + cos a sin b  Cofunction identities

3.4 Sum and Difference Identities for Sine and Tangent
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192 Chapter 3 Trigonometric Identities 

Tangent of a Sum or Difference
We can use the identities for sin1a + b2 and cos1a + b2 to find an identity for 
tan1a + b2:

 tan1a + b2 =
sin1a + b2
cos1a + b2

 =
sin a cos b + cos a sin b

cos a cos b - sin a sin b

To express the right-hand side in terms of tangent, multiply the numerator and denom-
inator by 1>1cos a cos b2 and use the identity tan x = sin x>cos x:

 tan1a + b2 =

sin a cos b

cos a cos b
+

cos a sin b

cos a cos b

cos a cos b

cos a cos b
-

sin a sin b

cos a cos b

 =
tan a + tan b

1 - tan a tan b

Use the identity tan1-b2 = - tan b to get a similar identity for tan1a - b2.

Identities: Sine of a Sum  
or Difference

 sin1a + b2 = sin a cos b + cos a sin b

 sin1a - b2 = sin a cos b - cos a sin b

Find the exact value of sin(195°).

Solution

Use 195° = 150° + 45° and the identity for the sine of a sum:

 sin1195°2 = sin1150° + 45°2
 = sin1150°2cos145°2 + cos1150°2sin145°2

 =
1

2
# 22

2
+ a-  

23

2
b # 22

2

 =
22 - 26

4

To check, evaluate sin(195°) and A22 - 26 B >4 using a calculator.

TRY THIS. Find the exact value of sin(75°) using the sine of a sum identity.

EXAMPLE 1 The sine of a sum

To find an identity for sin1a - b2, use the identity for sin1a + b2:

  sin1a - b2 = sin1a + 1-b22
  = sin a cos1-b2 + cos a sin1-b2 Sine of a sum

  = sin a cos b - cos a sin b Odd>even identities

The identities for the sine of a sum or difference are stated as follows.
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 3.4 Sum and Difference Identities for Sine and Tangent 193

Identities: Tangent of a  
Sum or Difference tan1a + b2 =

tan a + tan b

1 - tan a tan b
   tan1a - b2 =

tan a - tan b

1 + tan a tan b

Find the exact value of tan1p>122.

Solution

Use p>12 = p>3 - p>4 and the identity for the tangent of a difference:

 tanap
12

b = tanap
3

-
p

4
b

 =
tan 
p

3
- tan 

p

4

1 + tan 
p

3
 tan 
p

4

=
23 - 1

1 + 23 # 1

 =
A23 - 1 B A23 - 1 B
A23 + 1 B A23 - 1 B

 =
3 - 223 + 1

2
=

4 - 223

2
= 2 - 23

TRY THIS. Find the exact value of tan(75°) using the tangent of a sum identity.

EXAMPLE 2 The tangent of a difference

In the next example we use sum and difference identities in reverse to simplify 
an expression.

Use an appropriate identity to simplify each expression.

 a. sin17°2cos12°2 + cos17°2sin12°2  b. sin1- t2cos 2t - cos1- t2sin1-2t2
Solution

a. This expression is the right-hand side of the identity for the sine of a sum, 
sin1a + b2 = sin a cos b + cos a sin b. Let a = 7° and b = 2° to get

 sin17°2cos12°2 + cos17°2sin12°2 = sin17° + 2°2
 = sin19°2

b. First use the fact that sine is odd and cosine is even:

  sin1- t2cos 2t - cos1- t2sin1-2t2 

  = -sin t cos 2t - cos t1-sin 2t2
  = -1sin t cos 2t - cos t sin 2t2
  = -sin1t - 2t2  Sine of a difference identity

  = -sin1- t2
  = sin t  Sine is an odd function.

TRY THIS. Simplify sin a cos 3a + cos a sin 3a.

EXAMPLE 3 Simplifying with sum  
and difference identitiesht
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194 Chapter 3 Trigonometric Identities 

In the next example we use identities to find sin1a + b2 without knowing a or b.

Prove that 
sin(a + b)

sin a sin b
= cot a + cot b is in identity.

EXAMPLE 5 Verifying an identity

Find the exact value of sin1a + b2 if sin a = -3>5 and cos b = -1>3, with a in 
quadrant IV and b in quadrant III.

Solution

To use the identity for sin1a + b2, we need cos a and sin b in addition to the given 
values. Use sin a = -3>5 in the identity sin2 x + cos2 x = 1 to find cos a:

 a-  
3

5
b

2

 + cos2 a = 1

 cos2 a =
16

25

 cos a = {4

5

Since cosine is positive in quadrant IV, cos a = 4>5. Use cos b = -1>3 in sin2 x +  
cos2 x = 1 to find sin b:

 sin2 b + a-  
1

3
b

2

 = 1

 sin2 b =
8

9

 sin b = {222

3

Since sine is negative in quadrant III, sin b = -222>3. Now use the appropriate 
values in the identity sin1a + b2 = sin a cos b + cos a sin b:

 sin1a + b2 = -  
3

5
 a-  

1

3
b +

4

5
 a-  

222

3
b

 =
3

15
-

822

15

 =
3 - 822

15

To check, use a calculator to find approximate values for a, b, and sin1a + b2.

TRY THIS. Find the exact value of cos1a - b2 given that sin a = 1>3, cos b =  -1>3, 
and both angles terminate in quadrant II.

EXAMPLE 4 Using identities

The sine and tangent identities in this section give us more tools to use in verifying 
identities.
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 3.4 Exercises 195

1. sin13°2cos12°2 - cos13°2sin12°2 = sin11°2
2. sin142cos152 + cos142sin152 = sin1-12
3. sin17p>122 = sin1p>32cos1p>42 + cos1p>32sin1p>42

4. For any angles a and b, sin1a + b2 = sin a + sin b.

5. sin12p2 = sin1p2 + sin1p2

6. sin1p>22 = sin1p>42 + sin1p>42
7. tan110°2 = tan12°2 + tan18°2
8. tan172 = tan 3 + tan 4

1 - tan 4 tan 3

9. tan1-12 = tan 3 - tan 4
1 + tan 3 tan 4

10. 
tan113°2 + tan1-20°2
1 - tan113°2tan1-20°2 =

tan145°2 + tan1-52°2
1 - tan145°2tan1-52°2

FOR THOUGHT… True or False? Explain.

SKILLS

Find the exact values of the following sums or differences.  

 1. p +
p

3
 2. p +

p

6

 3. 
p

4
-
p

3
 4. 
p

3
-
p

2

 5. 
p

4
+
p

12
 6. 
p

3
+
p

12

 7. 
3p

4
-
p

3
 8. 
p

6
-
p

4

Express each given angle as a + b or a - b, where sin a and 
sin b are known exactly. 

 9. 105°  10. 15°  11. -15°  12. -75° 

Use appropriate identities to find the exact value of each 
 expression. 

 13. sin17p>122  14. sin15p>122

 15. tan(75°)  16. tan1-15°2
 17. sin1-15 °2  18. sin(165°)

 19. tan1-13p>122  20. tan17p>122

Simplify each expression by using appropriate identities. Do not 
use a calculator. 

 21. sin123°2cos167°2 + cos123°2sin167°2

 22. sin12°2cos17°2 - cos12°2sin17°2

 23. sin134°2cos113°2 + cos1-34°2sin1-13°2

 24. sin112°2cos1-3°2 - cos112°2sin1-3°2

 25. sin1-p>22cos1p>52 + cos1p>22sin1-p>52

 26. sin1-p>62cos1-p>32 + cos1-p>62sin1-p>32

 27. sin114°2cos135°2 + cos1-14°2cos155°2

 28. cos110°2cos120°2 + cos1-80°2sin1-20°2

3.4 EXERCISES

Solution

  
sin(a + b)

sin a sin b
=

sin a cos b + cos a sin b

sin a sin b
 Sine of a sum

  =
sin a cos b

sin a sin b
+

cos a sin b

sin a sin b

  = cot b + cot a

  = cot a + cot b

So the equation is an identity.

TRY THIS Prove that 
sin(x + y)

sin x cos y
= 1 + cot x tan y is an identity.
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196 Chapter 3 Trigonometric Identities 

 29. 
tan1p>92 + tan1p>62
1 - tan1p>92 tan1p>62

 30. 
tan1p>32 - tan1p>52
1 + tan1p>32 tan1p>52

 31. 
tan1p>72 + cot1p>2 - p>62

1 + tan1-p>72 tan1p>62

 32. 
cot1p>2 - p>32 + tan1-p>62
1 + tan1p>32cot1p>2 - p>62

Solve each problem. 

 33. Find the exact value of sin1a + b2 if sin a = 3>5 and 
sin b = 5>13, with a in quadrant II and b in quadrant I.

 34. Find the exact value of sin1a - b2 if sin a = -4>5 and 
cos b = 12>13, with a in quadrant III and b in quadrant IV.

 35. Find the exact value of sin1a + b2 if sin a = 7>25 and 
sin b = -8>17, with a in quadrant II and b in quadrant III.

 36. Find the exact value of sin1a - b2 if sin a = -24>25 and 
cos b = -8>17, with a in quadrant III and b in quadrant II.

 37. Find the exact value of sin1a - b2 if sin a = 23>2 and 
cos b = 22>2, with a in quadrant II and b in quadrant I.

 38. Find the exact value of sin1a + b2 if sin a = -22>2 and 
sin b = 1>2, with a in quadrant IV and b in quadrant II.

 39. Find the exact value of sin1a + b2 if sin a = 2>3 and 
sin b = -1>2, with a in quadrant I and b in quadrant III.

 40. Find the exact value of sin1a - b2 if cos a = 23>4 and 
cos b = -22>3, with a in quadrant I and b in quadrant II.

Write each expression as a function of a alone. 

 41. sin1a - p2  42. sin1180° - a2
 43. sin1360° - a2  44. sin190° + a2
 45. tan1p>4 + a2  46. tan1p>4 - a2
 47. tan1180° + a2  48. tan1360° - a2
Verify that each equation is an identity. 

 49. sin(p + x) = sin(-x)

 50. sin1180° - a2 =
1 - cos2 a

sin a

 51. 
sin(x - y)

sin x sin y
= cot y - cot x

 52. 
sin1x + y2
sin x cos y

= 1 + cot x tan y

 53. sin1a + b2sin1a - b2 = sin2 a - sin2 b

 54. sin12x2 = 2 sin x cos x
 HINT  2x = x + x

 55. sin1x - y2 - sin1 y - x2 = 2 sin x cos y - 2 cos x sin y

 56. tan1s + t2tan1s - t2 =
tan2 s - tan2 t

1 - tan2 s tan2 t

 57. tan1p>4 + x2 = cot1p>4 - x2

 58. 
cos1a + b2
sin1a - b2 =

1 - tan a tan b

tan a - tan b

 59. 
cos1a - b2
sin1a + b2 =

1 + tan a tan b

tan a + tan b

 60. csc1v - t2 =
sin v cos t + cos v sin t

sin2 v - sin2 t

 61. 
sin1x + y2
sin1x - y2 =

cot y + cot x

cot y - cot x

 62. 
sin1a + b2
sin a + sin b

=
sin a - sin b

sin1a - b2

WRITING/DISCUSSION

 63. Verify the identity for the tangent of a difference.

 64. Explain why sin1180° - a2 = sin a using the unit circle.

REVIEW

 65. Complete the following odd and even identities.
a. sin1-x2 =  __________

b. cos1-x2 =  __________

c. tan1-x2 =  __________

d. csc1-x2 =  __________

e. sec1-x2 =  __________

f. cot1-x2 =  __________

 66. Simplify 
1

1 + sin 1-x2 +
1

1 + sin1x2 .

 67. Simplify 
cos31x2 + cos1x2  sin21x2

sin1x2 .

 68. Complete the sum and difference identities.

a. cos1x + y2 =  __________

b. cos1x - y2 =  __________
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 3.5 Double-Angle and Half-Angle Identities 197

 69. One of the acute angles of a right triangle is 26° and its hypot-
enuse is 38.6 inches. Find the lengths of its legs to the nearest 
tenth of an inch.

 70. Evaluate each trigonometric function if possible.
 a. sin15p>62  b. cos1p2
 c. tan13p>22  d. sec1-p>32
 e. csc1-p>22  f. cot15p>42

OUTSIDE THE BOX

 71. Two Common Triangles An equilateral triangle with sides of 
length 1 and an isosceles right triangle with legs of length 1 
are positioned as shown in the accompanying diagram. Find 
the exact area of the shaded triangle.

A B

C
E

F

Figure for Exercise 71

 72. Interesting Angle Find the degree measure of the acute angle 
between the lines y = 2

3 x and y = 5x - 13.

 1. Find the exact value of sin1a - b2 if sin a = 4>5 and 

cos b = 1>2, with a and b in quadrant I.

 2. Simplify sin1x2cos13x2 + cos1-x2sin13x2.

 3. Simplify 
 tan13p>202 + tan1p>102
1 - tan13p>202 tan1p>102 .

 4. Verify that sin110y2 = 2 sin15y2cos15y2 is an identity.

3.4 POP QUIZ

Figure 3.14

2p–2p

–2

2

In Sections 3.3 and 3.4 we studied identities for functions of sums and differences of 
angles. The double-angle and half-angle identities, which we develop next, are special 
cases of those identities. These special cases occur so often that they are remembered 
as separate identities.

Double-Angle Identities
To get an identity for sin 2x, replace both a and b by x in the identity for sin1a + b2:

sin 2x = sin1x + x2 = sin x cos x + cos x sin x = 2 sin x cos x

 To get visual support for this identity, graph y1 = sin12x2 and y 2 =  
2 sin1x2 cos1x2. The graphs in Fig. 3.14 appear to coincide. ∙

To find an identity for cos 2x, replace both a and b by x in the identity for 
cos1a + b2:

cos 2x = cos1x + x2 = cos x cos x - sin x sin x = cos2 x - sin2 x

To get a second form of the identity for cos 2x, replace sin2 x with 1 - cos2 x:

cos12x2 = cos2 x - sin2 x = cos2 x - 11 - cos2 x2 = 2 cos2 x - 1

Replacing cos2 x with 1 - sin2 x produces a third form of the identity for cos 2x:

cos12x2 = 1 - 2 sin2 x

To get an identity for tan 2x, we can replace both a and b by x in the identity for 
tan1a + b2:

tan 2x = tan1x + x2 =
tan x + tan x

1 - tan x tan x
=

2 tan x

1 - tan2 x

3.5 Double-Angle and Half-Angle Identities
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198 Chapter 3 Trigonometric Identities 

These identities, which are summarized below, are known as the double-angle 
identities.

Double-Angle Identities
 sin 2x = 2 sin x cos x    tan 2x =

2 tan x

1 - tan2 x

 cos 2x = cos2 x - sin2 x

 cos 2x = 2 cos2 x - 1

 cos 2x = 1 - 2 sin2 x

Be careful to learn the double-angle identities exactly as they are written. A “nice 
looking” equation such as cos 2x = 2 cos x could be mistaken for an identity if you 
are not careful. [Since cos1p>22 ∙ 2 cos1p>42, the “nice looking” equation is not 
an identity.] Remember that an equation is not an identity if at least one permissible 
value of the variable fails to satisfy the equation.

Find exact values of sin(120°), cos(120°), and tan(120°) by using double-angle 
identities.

Solution

Note that 120° = 2 # 60° and use the values sin160°2 = 23>2, cos160°2 = 1>2, and 
tan160°2 = 23 in the appropriate identities:

 sin1120°2 = 2 sin160°2cos160°2 = 2 # 23

2
# 1

2
=
23

2

 cos1120°2 = cos2 160°2 - sin2 160°2 = a1

2
b

2

 - a23

2
b

2

 = -  
1

2

 tan1120°2 =
2 tan160°2

1 - tan2 160°2 =
2 # 23

1 - 123 22 
=

223

-2
= -23

These results are the well-known values of sin(120°), cos(120°), and tan(120°).

TRY THIS. Find sin(60°) using a double-angle identity.

EXAMPLE 1 Using the double-angle identities

Prove that the following equation is an identity:

sin13x2 = sin x13 cos2 x - sin2 x2
Solution

Write 3x as 2x + x and use the identity for the sine of a sum:

 sin13x2 = sin12x + x2
 = sin 2x cos x + cos 2x sin x

 = 2 sin x cos x cos x + 1cos2 x - sin2 x2sin x

 = 2 sin x cos2 x + sin x cos2 x - sin3 x

 = 3 sin x cos2 x - sin3 x

 = sin x13 cos2 x - sin2 x2
TRY THIS. Prove cos13x2 = cos3 x - 3 cos x sin2 x is an identity.

EXAMPLE 2 A triple-angle identity

Sine of a sum identity

Double-angle identities

Distributive property

Factor.
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 3.5 Double-Angle and Half-Angle Identities 199

Note that in Example 2 we used identities to expand the simpler side of the 
 equation. In this case, simplifying the more complicated side is more difficult.

The double-angle identities can be used to get identities for sin1x>22, cos1x>22, 
and tan1x>22. These identities are known as half-angle identities.

Half-Angle Identities
To get an identity for cos1x>22, start by solving the double-angle identity cos 2x =  
2 cos2 x - 1 for cos x:

 2 cos2 x - 1 = cos 2x

 cos2 x =
1 + cos 2x

2

 cos x = {A1 + cos 2x

2

Because the last equation is correct for any value of x, it is also correct if x is replaced 
by x>2. Replacing x by  x>2 yields the half-angle identity

cos 
x

2
= {A1 + cos x

2
.

So for any value of x, cos1x>22 is equal to either the positive or the negative square 
root of 11 + cos x2>2.

 The graphs of y1 = cos1x>22 and y2 = 211 + cos x2>2 in Fig. 3.15 illustrate 
this identity. Graph these curves on your calculator to see that the graph of y2 does not 
go below the x-axis. Then use TRACE to see that y1 = y2 for y1 7 0 and y1 = -y2 
for y1 6 0. ∙

Figure 3.15

2p–2p

–2

2

Use the half-angle identity to find the exact value of cos1p>82.

Solution

Use x = p>4 in the half-angle identity for cosine:

 cos 
p

8
= cos 

p>4
2

 = B1 + cos p>4
2

 = S 1 +
22

2

2

 = C2 + 22

4

 =
32 + 22

2

The positive square root is used because the angle p>8 is in the first quadrant, where 
cosine is positive.

TRY THIS. Find the exact value of cos75° using a half-angle identity.

EXAMPLE 3 Using half-angle identities
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200 Chapter 3 Trigonometric Identities 

To get an identity for sin1x>22, solve 1 - 2 sin2 x = cos 2x for sin x:

 1 - 2 sin2 x = cos 2x

 -2 sin2 x = cos 2x - 1

 sin2 x =
1 - cos 2x

2

 sin x = { A1 - cos 2x

2

Replacing x by x>2 yields the half-angle identity for sine:

sin 
x

2
= { A1 - cos x

2

The half-angle identity for sine can be used to find the exact value for any angle 
that is one-half of an angle for which we know the exact value of cosine.

To get a half-angle identity for tangent, use the half-angle identities for sine and 
cosine:

tan 
x

2
=

sin 
x

2

cos 
x

2

=
{ A1 - cos x

2

{ A1 + cos x

2

= { A1 - cos x

1 + cos x

To get another form of this identity, multiply the numerator and denominator 

inside the radical by 1 + cos x. Use the fact that 2sin2 x = 0 sin x 0  but 211 + cos x22 = 1 + cos x because 1 + cos x is nonnegative:

 tan 
x

2
= { C11 - cos x211 + cos x2

11 + cos x22

Use the half-angle identity to find the exact value of sin(75°).

Solution

Use x = 150° in the half-angle identity for sine:

sin175°2 = sina150°
2

b = { C1 - cos1150°2
2

Since 75° is in quadrant I, sin(75°) is positive. The reference angle for 150° is 30°, 
and cos(150°) is negative because 150° is in quadrant II. So

cos1150°2 = -cos130°2 = -  
23

2

and

sin175°2 = S1 +
23

2

2
= C2 + 23

4
=
42 + 23

2
.

TRY THIS. Find the exact value of sin1-22.5°2 using a half-angle identity.

EXAMPLE 4 Using half-angle identities
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 3.5 Double-Angle and Half-Angle Identities 201

 = { C sin2 x

11 + cos x22

 = { 
0 sin x 0

1 + cos x

We use the positive or negative sign depending on the sign of tan1x>22. It can be 
shown that sin x has the same sign as tan1x>22. (See Exercise 79.) With this fact we 
can omit the absolute value and the { symbol and write the identity as

tan 
x

2
=

sin x

1 + cos x
.

To get a third form of the identity for tan1x>22, multiply the numerator and 
denominator of the right-hand side by 1 - cos x:

 tan 
x

2
=

sin x11 - cos x2
11 + cos x2 11 - cos x2

 =
sin x11 - cos x2

sin2 x

 =
1 - cos x

sin x

The half-angle identities are summarized as follows.

Half-Angle Identities
 sin 

x

2
= { A1 - cos x

2
   cos 

x

2
= { A1 + cos x

2

 tan 
x

2
= { A1 - cos x

1 + cos x
   tan 

x

2
=

sin x

1 + cos x
  tan 

x

2
=

1 - cos x

sin x

Use the half-angle identity to find the exact value of tan1-15°2.

Solution

Use x = -30° in the half-angle identity tan x2 = sin x
1 + cos x.

 tan1-15°2 = tana-30°
2

b

 =
sin1-30°2

1 + cos1-30°2

 =
-  

1

2

1 +
23

2

 =
-1

2 + 23

 =
-1 A2 - 23 B

A2 + 23 B A2 - 23 B
 = -2 + 23

TRY THIS. Find the exact value of tan1-22.5°2 using a half-angle identity.

EXAMPLE 5 Using half-angle identitiesht
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202 Chapter 3 Trigonometric Identities 

Prove that the following equation is an identity:

tan 
x

2
+ cot 

x

2
= 2 csc x

Solution

Write the left-hand side in terms of tan1x>22 and then use two different half-angle 
identities for tan1x>22:

 tan 
x

2
+ cot 

x

2
= tan 

x

2
+

1

tan 
x

2

 =
sin x

1 + cos x
+

sin x

1 - cos x

 =
sin x11 - cos x2

11 + cos x211 - cos x2 +
sin x11 + cos x2

11 - cos x2 11 + cos x2

 =
2 sin x

1 - cos2 x

 =
2 sin x

sin2 x
= 2 

1

sin x
= 2 csc x

TRY THIS. Prove sin2 A x2 B  cos2 A x2 B = sin2 x
4  is an identity.

EXAMPLE 6 Verifying identities involving half-angles

In each case find sin a, cos a, and tan a.

a. cos 12a2 = -1>3 and p 6 2a 6 3p>2
b. sin 1a>22 = 4>5 and p>4 6 a>2 6 p>2
Solution

a. Since a is one-half of 2a, use the half-angle identity sin x2 = {A1 - cos x
2

 or 

sin a = {A1 - cos 2a

2
 to find sin a. Divide each part of p 6 2a 6 3p>2

 by 2 to get p>2 6 a 6 3p>4. Since sin a is positive for these values of a and 
cos12a2 = -1>3,

sin a = S1 - a-
1

3
b

2
= A2

3
=
26

3
.

From cos2 a + sin2 a = 1 we have cos a = {21 - sin2 a. Since sin a = 22>3, 
and since cos a is negative for p>2 6 a 6 3p>4,

cos a = -21 - sin2 a = -A1 -
2

3
= -  

23

3
.

Since tan a = sin a
cos a,

tan a =
26>3

-23>3
= -22.

EXAMPLE 7 Using the identities
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 3.5 Exercises 203

b. Since a is twice a>2, we use the double-angle identity cos 2x = 1 - 2 sin2 x or 
cos a = 1 - 2 sin21a>22 to find cos a.

cos a = 1 - 2a4

5
b

2

= -  
7

25

From sin2 a + cos2 a = 1 we have sin a = {21 - cos2 a. Multiply each part 
of p>4 6 a>2 6 p>2 by 2 to get p>2 6 a 6 p. Since cos a = -7>25, and since 
sin a is positive for these values of a,

sin a = C1 - a-  
7

25
b

2

=
24

25
.

c. Since tan a = sin a
cos a,

tan a =
24>25

-7>25
= -  

24

7
.

TRY THIS. Find the exact value of cos1a>22 given that sin a = 1>3 and p>2 6 a 6 p.

1. sin 42°
2 = sin 21° cos 21°

2. cos A28 B = 2 cos2 A22 B - 1

3. sin 150° = A1 - cos 75°
2

4. sin 200° = -  A1 - cos 40°
2

5. tan 7p8 = A1 - cos17p>42
1 + cos17p>42

6. tan1-p>82 =
1 - cos1p>42

sin1-p>42

7. For any real number x, sin 2x
2 = sin x.

8. The equation cos x =  A1 + cos 2x
2

 is an identity.

9. The equation 211 - cos x22 = 1 - cos x is an 
 identity.

10. If 180° 6 a 6 360°, then sin a 6 0 and tan1a>22 6 0.

FOR THOUGHT… True or False? Explain.

SKILLS

Find the exact value of each expression using double-angle 
 identities. 

 1. sin(90°)  2. sin(180°)

 3. cos(60°)  4. cos(90°)

 5. tan(60°)  6. cos(180°)

 7. sin13p>22  8. cos14p>32
 9. tan14p>32  10. sin12p>32

Find the exact value of each expression using the half-angle 
 identities. 

 11. sin(15°)  12. cos(15°)

 13. tan(15°)  14. sin1-p>62
 15. cos1p>82  16. tan13p>82

 17. sin(22.5°)  18. tan(75°)

 19. cos17p>82  20. sin15p>62

For each equation determine whether the positive or negative sign 
makes the equation correct. Do not use a calculator. 

 21. sin 118.5° = { A1 - cos 237°
2

 22. sin 222.5° = { A1 - cos 445°
2

 23. cos 100° = { A1 + cos 200°
2

 24. cos 
9p

7
= { C1 + cos118p>72

2

 25. tan 
-5p

12
= { C1 - cos1-5p>62

1 + cos1-5p>62

3.5 EXERCISES
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204 Chapter 3 Trigonometric Identities 

 26. tan 
17p

12
= { C1 - cos117p>62

1 + cos117p>62

Use identities to simplify each expression. Do not use a calculator. 

 27. 2 sin 13° cos 13°
  

 28. sin2ap
5
b - cos2ap

5
b

  

 29. 2 cos2122.5°2 - 1  30. 1 - 2 sin2a-  
p

8
b

 31. 
tan 15°

1 - tan2115°2  32. 
2

cot 511 - tan2  52

 33. 
tan 30°

1 - tan2 30°
 34. cos2ap

9
b - sin2ap

9
b

 35. 2 sinap
9

-
p

2
bcosap

2
-
p

9
b  36. 2 cos2ap

5
-
p

2
b - 1

 37. 
sin 12°

1 + cos 12°
 38. csc 8°11 - cos 8°2

Prove that each equation is an identity. 

 39. cos4 s - sin4 s = cos 2s

 40. sin 2s = -2 sin s sin1s - p>22

 41. 
sin 4t

4
= cos3 t sin t - sin3 t cos t

 42. cos 3t = cos3 t - 3 sin2 t cos t

 43. 
cos 2x + cos 2y

sin x + cos y
= 2 cos y - 2 sin x

 44. 1sin a - cos a22 = 1 - sin 2a

 45. 
cos 2x

sin2 x
= csc2 x - 2

 46. 
cos 2s

cos2 s
= sec2 s - 2 tan2 s

 47. 2 sin2 au

2
b =

sin2 u

 1 + cos u

 48. cos 2y =
1 - tan2 y

1 + tan2 y

 49. tan2 ax

2
b =

sec x + cos x - 2

sec x - cos x

 50. sec2 ax

2
b =

2 sec x + 2

sec x + 2 + cos x

 51. 
1 - sin2ax

2
b

1 + sin2ax

2
b

=
1 + cos x

3 - cos x

 52. 
1 - cos2 ax

2
b

1 - sin2 ax

2
b

=
1 - cos x

1 + cos x

In each case, find sin a, cos a, tan a, csc a, sec a, and cot a. 

 53. cos 2a = 3>5 and 0° 6 2a 6 90°

 54. cos 2a = 1>3 and 360° 6 2a 6 450°

 55. sin12a2 = 5>13 and 0° 6 a 6 45°

 56. sin12a2 = -8>17 and 180° 6 2a 6 270°

 57. cos1a>22 = -1>4 and p>2 6 a>2 6 3p>4

 58. sin1a>22 = -1>3 and 7p>4 6 a>2 6 2p

 59. sin1a>22 = 4>5 and a>2 is in quadrant II

 60. sin1a>22 = 1>5 and a>2 is in quadrant II

Solve each problem. 

 61. Find the exact value of sin12a2 given that sin1a2 = 3>5 and  
a is in quadrant II.

 62. Find the exact value of sin12a2 given that tan1a2 = -8>15 
and a is in quadrant IV.

 63. Find the exact value of cos12a2 given that sin1a2 = 8>17 and 
a is in quadrant II.

 64. Find the exact value of tan12a2 given that sin1a2 = -4>5 and 
a is in quadrant III.

 65. If a is the angle opposite the side of length 3 in a 3, 4, 5 right 
triangle, then what is tan(a>2)?

 66. If a is the angle opposite the side of length 5 in a 5, 12, 13 
right triangle, then what is sin(a>2)?

 67. In the figure, ∠B is a right angle and the line segment AD 
bisects ∠A. If AB = 5 and BC = 3, find the exact value of BD.
 HINT  Use an appropriate identity.

5

3

A B

C

D
a
2
a
2

Figure for Exercise 67

 68. In the figure, ∠B is a right angle and the line segment AD 
bisects ∠A. If AB = 10 and BD = 2, find the exact value 
of CD.
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10

2

A B

C

Da
2

a
2

Figure for Exercise 68

 69. Viewing Area Find a formula for the viewing area of a televi-
sion screen in terms of its diagonal and the angle a shown in 
the figure. Rewrite the formula using a single trigonometric 
function.

d

a

Figure for Exercises 69 and 70

 70. Use the formula from Exercise 69 to find the viewing area for 
a 32-in.-diagonal television for which a = 37.2°.

For each equation, either prove that it is an identity or prove that it 
is not an identity. 

 71. sin12x2 = 2 sin x  72. 
cos 2x

2
= cos x

 73. tanax

2
b =

1

2
 tan x  74. tanax

2
b = A1 - cos x

1 + cos x

 75. sin12x2 # sinax

2
b = sin2 x

 76. tan x + tan x = tan 2x

 77. cot  
x

2
- tan  

x

2
=

sin 2x

sin2 x

 78. csc2 ax

2
b + sec2 ax

2
b = 4 csc2 x

WRITING/DISCUSSION

 79. Show that tan1x>22 has the same sign as sin x for any real 
number x.

 80. Explain why 1 + cos x Ú 0 for any real number x.

 81. Explain why sin 2x = 2 sin x is not an identity by using 
graphs and by using the definition of the sine function.

 82. Explain why tan12a2 = 2 tan1a2 is not an identity by using 
graphs and by using the definition of the tangent function.

REVIEW

 83. Complete the sum and difference identities for sine.

a. sin1x + y2 =  __________

b. sin1x - y2 =  __________

 84. Complete the sum and difference identities for tangent.

a. tan1x + y2 =  __________

b. tan1x - y2 =  __________

 85. Find the exact value of cos b if sin b = 2>3 with b in  
quadrant II.

 86. Find the exact value of sin1a + b2 if sin a = 1>3 and 
sin b = 1>2 with a in quadrant II and b in quadrant I.

 87. Find sin1p>2 - x2, if cos x = 3>4.

 88. Find sin1x - p>22, if cos x = 2>3.

OUTSIDE THE BOX

 89. Completely Saturated Four lawn sprinklers are positioned at the 
vertices of a square that is 2 m on each side. If each sprinkler 
waters a circular area with radius 2 m, then what is the exact 
area of the region that gets watered by all four  sprinklers?

 90. Sines and Cosines Without using a calculator find the exact 

value of  sina p
24

bcosa p
24

bcosa p
12

bcosap
6
bcosap

3
b .

 1. Simplify 2 sin1p>82cos1p>82.

 2. Simplify C1 - cos16x2
2

 for 0 … x … p>3.

 3. Find sin12a2 exactly if sin a = 1>4 and p>2 6 a 6 p.

 4. Find sin1a>22 exactly if sin a = -4>5 and p 6 a 6 3p>2.

 5. Prove that sin4 x - cos4 x = -cos12x2 is an identity.

3.5 POP QUIZ
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206 Chapter 3 Trigonometric Identities 

Modeling the Motion of a Football

A good field-goal kicker must learn through experience how to get the maximum 
distance in a kick. However, without touching a football, we can find the angle at 
which the football should be kicked to achieve the maximum distance. Assuming no 
air resistance, the distance in feet that a projectile (such as a football) travels when 
launched from the ground with an initial velocity of v0 ft>sec is given by

x = 1v 20 sin u cos u2>16,

where u is the angle between the trajectory and the ground as shown in the 
 figure. (See Section 3.1, Linking Concepts.)

x

u

a) Use an identity to write the distance x as a function of 2u.

b) Graph the function that you found in part (a) using an initial velocity of 50 ft/sec.

c) From your graph, determine the value of u that maximizes x. Does this value of 
u maximize x for any velocity? Explain.

d) When a player kicks a football 55 yd using the angle determined in part (c), 
what is the initial velocity of the football in miles per hour?

e) Do you think that the actual initial velocity for a 55–yd field goal is larger or 
smaller than that found in part (d)?

LINKING 
concepts... For Individual or Group Explorations

In this section we will develop identities that involve sums of trigonometric functions. 
We will also show how the combination of the sine and cosine functions in the spring 
equation (from Section 2.5) can work together to produce a periodic motion.

Product-to-Sum Identities
In Sections 3.3 and 3.4 we learned identities for sine and cosine of a sum or difference:

 sin1A + B2 = sin A cos B + cos A sin B

 sin1A - B2 = sin A cos B - cos A sin B

 cos1A + B2 = cos A cos B - sin A sin B

 cos1A - B2 = cos A cos B + sin A sin B

3.6 Product and Sum Identities

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 3.6 Product and Sum Identities 207

We can add the first two of these identities to get a new identity:

 sin1A + B2 = sin A cos B + cos A sin B

 sin1A - B2 = sin A cos B - cos A sin B

 sin1A + B2 + sin1A - B2 = 2 sin A cos B

Multiplying each side of the last equation by 1>2 removes the 2 from the right side of 
the equation and gives us an identity expressing a product in terms of a sum:

sin A cos B =
1

2
3sin(A + B) + sin(A - B)4

We can produce three other similar identities from the sum and difference identities. 
The four identities, known as the product-to-sum identities, are listed below. These 
identities are not used as often as the other identities that we study in this chapter. It 
is not necessary to memorize these identities. Just remember them by name and look 
them up as necessary.

Product-to-Sum Identities
 sin A cos B =

1

2
 3sin1A + B2 + sin1A - B24

 sin A sin B =
1

2
 3cos1A - B2 - cos1A + B24

 cos A sin B =
1

2
 3sin1A + B2 - sin1A - B24

 cos A cos B =
1

2
 3cos1A - B2 + cos1A + B24

Use the product-to-sum identities to rewrite each expression:

 a. sin 12° cos 9° b. sin1p>122sin1p>82
Solution

a. Use the product-to-sum identity for sin A cos B:

 sin 12° cos 9° =
1

2
 3sin112° + 9°2 + sin112° - 9°24

 =
1

2
 3sin 21° + sin 3°4

b. Use the product-to-sum identity for sin A sin B:

 sinap
12

bsinap
8
b =

1

2
c cosap

12
-
p

8
b - cosap

12
+
p

8
b d

 =
1

2
c cosa-  

p

24
b - cosa5p

24
b d

 =
1

2
c cos 

p

24
- cos 

5p

24
d

 Use a calculator to check as in Fig. 3.16.

TRY THIS. Use a product-to-sum identity to rewrite sin(4x)cos(3x).

EXAMPLE 1 Expressing a product as a sum

Figure 3.16
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208 Chapter 3 Trigonometric Identities 

Use a product-to-sum identity to find the exact value of

cos167.5°2sin1112.5°2.

Solution

Use the identity cos A sin B = 1
2 3sin1A + B2 - sin1A - B24 :

 cos167.5°2sin1112.5°2 =
1

2
 3sin167.5° + 112.5°2 - sin167.5° - 112.5°24

 =
1

2
 3sin1180°2 - sin1-45°24

 =
1

2
 30 + sin145°24

 =
1

2
# 22

2
=
22

4

TRY THIS. Find the exact value of sin(52.5°)cos(7.5°).

EXAMPLE 2 Evaluating a product

Sum-to-Product Identities
It is sometimes useful to write a sum of two trigonometric functions as a product. 
Consider the product-to-sum formula

sin A cos B =
1

2
 3sin1A + B2 + sin1A - B24 .

To make the right-hand side look simpler we let A + B = x and A - B = y. From 
these equations we get x + y = 2A and x - y = 2B, or

A =
x + y

2
  and  B =

x - y

2
.

Substitute these values into the identity for sin A cos B:

sinax + y

2
bcosax - y

2
b =

1

2
 3sin x + sin y4

Multiply each side by 2 to get

sin x + sin y = 2 sinax + y

2
bcosax - y

2
b .

The other three product-to-sum formulas can also be rewritten as sum-to-product 
identities by using similar procedures.

Sum-to-Product Identities
 sin x + sin y = 2 sinax + y

2
bcosax - y

2
b

 sin x - sin y = 2 cosax + y

2
bsinax - y

2
b

 cos x + cos y = 2 cosax + y

2
bcosax - y

2
b

 cos x - cos y = -2 sinax + y

2
bsinax - y

2
b
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 3.6 Product and Sum Identities 209

Use the sum-to-product identities to rewrite each expression.

 a. sin 8° + sin 6° b. cos1p>52 - cos1p>82 c. sin16t2 - sin14t2
Solution

a. Use the sum-to-product identity for sin x + sin y:

 sin 8° + sin 6° = 2 sina8° + 6°
2

bcosa8° - 6°
2

b

 = 2 sin 7° cos 1°

b. Use the sum-to-product identity for cos x - cos y:

 cosap
5
b - cosap

8
b = -2 sinap>5 + p>8

2
bsina p>5 - p>8

2
b

 = -2 sina13p

80
bsina3p

80
b

c. Use the sum-to-product identity for sin x - sin y:

 sin 6t - sin 4t = 2 cosa6t + 4t

2
bsina6t - 4t

2
b

 = 2 cos 5t sin t

TRY THIS. Use a sum-to-product identity to rewrite cos14x2 + cos12x2.

EXAMPLE 3 Expressing a sum or difference  
as a product

Use a sum-to-product identity to find the exact value of

cos1112.5°2 + cos167.5°2.

Solution

Use the sum-to-product identity cos x + cos y = 2 cos Ax + y
2 B  cos Ax - y

2 B :
 cos1112.5°2 + cos167.5°2 = 2 cosa112.5° + 67.5°

2
bcosa112.5° - 67.5°

2
b

 = 2 cos190°2cos122.5°2
 = 0

EXAMPLE 4 Evaluating a sum

Because cos190°2 = 0

TRY THIS. Use a sum-to-product identity to evaluate sin1105°2 + sin115°2.

The Function y ∙ a sin x ∙ b cos x
The function y = a sin x + b cos x involves an expression similar to those in the 
sum-to-product identities, but it is not covered by the sum-to-product identities. Func-
tions of this type occur in applications such as the position of a weight in motion due 
to the force of a spring, the position of a swinging pendulum, and the current in an 
electrical circuit. In these applications it is important to express this function in terms 
of a single trigonometric function.

Notice that if we replaced a and b in a sin x + b cos x with appropriate trigono-
metric functions, we could apply the identity for the sine of a sum. Now recall that if 
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210 Chapter 3 Trigonometric Identities 

a is an angle in standard position whose terminal side contains the point (a, b), then 
we have the trigonometric ratios

cos a =
a
r

=
a2a2 + b2

 and sin a =
b
r

=
b2a2 + b2

.

If we divide a and b by 2a2 + b2, we will get cos a and sin a in the expression. So 
that we don’t change the value of the expression, we also multiply by 2a2 + b2 as 
follows:

a sin x + b cos x = 2a2 + b2 a a2a2 + b2
 sin x +

b2a2 + b 
cos xb

By substitution we get

 a sin x + b cos x = 2a2 + b2 1cos a sin x + sin a cos x 2
 = 2a2 + b2 1sin x cos a + cos x sin a2
 = 2a2 + b2  sin1x + a2.

This identity is called the reduction formula because it reduces two trigonometric 
functions to one.

Sine of a sum identity

Rearrange

Theorem: Reduction 
Formula

If a is an angle in standard position whose terminal side contains (a, b), then

a sin x + b cos x = 2a2 + b2 sin1x + a2
for any real number x.

To rewrite an expression of the form a sin x + b cos x by using the reduction for-
mula, we need to find a so that the terminal side of a goes through (a, b). By using 
trigonometric ratios, we have

sin a =
b2a2 + b2

,  cos a =
a2a2 + b2

,  and  tan a =
b
a

.

Since we know a and b, we can find sin a, cos a, or tan a, and then use an inverse 
trigonometric function to find a. However, because of the ranges of the inverse func-
tions, the angle obtained from an inverse function might not have its terminal side 
through (a, b) as required. We will address this problem in the next example.

Use the reduction formula to rewrite -3 sin x - 3 cos x in the form A sin1x + C 2.

Solution

Because a = -3 and b = -3, we have2a2 + b2 = 218 = 322.

Since the terminal side of a must go through 1-3, -32, we have

cos a =
-3

322
= -  

22

2
.

Now cos-1 A-22>2 B = 3p>4, but the terminal side of 3p>4 is in quadrant II, as 
shown in Fig. 3.17. However, we also have cos15p>42 = -22>2 and the terminal 

EXAMPLE 5 Using the reduction formula

Figure 3.17

I

IVIII

II

y

x
4

3p

4
5p

(–3, –3) 
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 3.6 Product and Sum Identities 211

Figure 3.18

2p–2p

–6

6

Graph one cycle of the function

y = 23 sin x + cos x

and state the amplitude, period, and phase shift.

Solution

Because a = 23 and b = 1, we have 2a2 + b2 = 24 = 2. The terminal side of a 

must go through A23, 1 B . So sin a = 1>2, and sin-111>22 = p>6. Since the terminal 

side of p>6 is in quadrant I and goes through A23, 1 B , we can rewrite the function as

y = 23 sin x + cos x = 2 sinax +
p

6
b .

From the new form, we see that the graph is a sine wave with amplitude 2, period 2p, 
and phase shift -p>6, as shown in Fig. 3.19.

TRY THIS. Determine the amplitude, period, and phase shift for y =  sin x - cos x.

EXAMPLE 6 Using the reduction formula in graphing

Figure 3.19

y

x

1

–1

–2

–

2

p

6
p

6
p

3
p p

2
2p
3

5p
6

7p
6

4p
3

3p
2

5p
3

11p 2p
6

y = Ë3 sin x + cos x

y = 2 sin Qx +    Rp
6

side for 5p>4 does pass through 1-3, -32 in quadrant III. So a = 5p>4. By the 
reduction formula

-3 sin x - 3 cos x = 322 sinax +
5p

4
b .

 The reduction formula explains why the calculator graph of y =  
-3 sin x - 3 cos x in Fig. 3.18 appears to be a sine wave with amplitude 322.

TRY THIS. Rewrite -2 sin x + 2 cos x in the form A sin1x + C2.

By the reduction formula, the graph of y = a sin x + b cos x is a sine wave. 

After the function is rewritten as y = 2a2 + b2 sin1x + a2, the amplitude, period, 
and phase shift can be determined.

Since y = a sin x + b cos x and y = 2a2 + b2  sin1x + a2 are the same func-

tion, the graph of y = a sin x + b cos x is a sine wave with amplitude 2a2 + b2, 
period 2p, and phase shift -a.
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Modeling the Motion of a Spring
The function

x =
v0

v
 sin1vt 2 + x 0 cos1vt 2

gives the position x at time t for a weight in motion on a vertical spring. In this for-
mula, v0 is the initial velocity, x 0 is the initial position, and v is a constant. The same 
equation is used for a weight attached to a horizontal spring and set in motion on a 
frictionless surface, as shown in Fig. 3.20. In the next example we use the reduction 
formula on the spring equation to determine how far a spring actually stretches and 
compresses when the block is set in motion with a particular velocity.

Figure 3.20

x–2 –1 0 1 2

At time t = 0 the block shown in Fig. 3.20 is moved (and the spring compressed) 
to a position 1 meter to the left of the resting position. From this position the block 
is given a velocity of 2 meters per second to the right. Use the reduction formula 
to find the maximum distance from rest that is reached by the block. Assume that 
v = 1.

Solution

Since v0 = 2, x 0 = -1, and v = 1, the position of the block at time t is given by

x = 2 sin t - cos t. 

Use the reduction formula to rewrite this equation. If a = 2 and b = -1 then2a2 + b2 = 222 + 1-122 = 25.

If the terminal side of a goes through 12, -12, then tan a = -1>2 and

tan-11-1>22 ≈ -0.46.

An angle of -0.46 radians lies in quadrant IV and goes through 12, -12. Use 
a = -0.46 in the reduction formula to get

x = 25 sin1t - 0.462.

Since the amplitude of this function is 25, the block oscillates between x = 25 
meters and x = -25 meters. The maximum distance from x = 0 is 25 meters.

 The maximum y value on the calculator graph in Fig. 3.21 supports the  conclusion 
that the amplitude is 25.

TRY THIS. The location in centimeters of a block on a spring is given by x =  
sin t - 3 cos t. Find the maximum distance reached by the block from rest.

EXAMPLE 7 Using the reduction formula with springs

Figure 3.21

2p–2p

–3

3

1. sin 45° cos 15° = 0.51sin 60° + sin 30°2
2. cos1p>82sin1p>42 = 0.53sin13p>82 - sin1p>824
3. 2 cos 6° cos 8° = cos 2° + cos 14°

4. sin 5° - sin 9° = 2 cos 7° sin 2°

5. cos 4 + cos 12 = 2 cos 8 cos 4

6. cos1p>32 - cos1p>22 = -2 sin15p>122sin1p>122

7. sin1p>62 + cos1p>62 = 22 sin1p>6 + p>42

8. 1
2 sin1p>62 + 23

2  cos1p>62 = sin1p>22

9. The graph of y = 1
2 sin x + 23

2  cos x is a sine wave 
with amplitude 1.

10. The equation 122
 sin x + 122

 cos x = sin Ax + p4 B  is 
an  identity.

FOR THOUGHT… True or False? Explain.
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 3.6 Exercises 213

SKILLS

Use the product-to-sum identities to rewrite each expression. 

 1. sin 13° sin 9°  2. cos 34° cos 39°

 3. sin 16° cos 20°  4. cos 9° sin 8°

 5. cos15y22cos17y22  6. cos 3t sin 5t

 7. sin12s - 12cos1s + 12  8. sin13t - 12sin12t + 32

Find the exact value of each product. 

 9. sin(52.5°)sin(7.5°)  10. cos(105°)cos(75°)

 11. sina13p

24
bcosa5p

24
b

  

 12. cosa5p

24
bsina-  

p

24
b

Use the sum-to-product identities to rewrite each expression. 

 13. sin 12° - sin 8°  14. sin 7° + sin 11°

 15. cos 80° - cos 87°  16. cos 44° + cos 31°

 17. sin 3.6 - sin 4.8  18. sin 5.1 + sin 6.3

 19. cos15y - 32 - cos13y + 92
 20. cos16t2 - 12 + cos14t2 - 12
 21. sin 5a - sin 8a  22. sin 3s + sin 5s

 23. cosap
3
b - cosap

5
b  24. cosa1

2
b + cosa2

3
b

Find the exact value of each sum. 

 25. sin175°2 + sin115°2  26. sin1285°2 - sin115°2

 27. cosa-  
p

24
b - cosa7p

24
b  28. cosa5p

24
b + cosap

24
b

Rewrite each expression in the form A sin1x + C 2. 

 29. sin x - cos x  30. 2 sin x + 2 cos x

 31. -  
1

2
 sin x +

23

2
 cos x  32. 

22

2
 sin x -

22

2
 cos x

 33. 
23

2
 sin x -

1

2
 cos x  34. -  

23

2
 sin x -

1

2
 cos x

Write each function in the form y = A sin1x + C 2. Then graph 
at least one cycle and state the amplitude, period, and phase shift. 

 35. y = -sin x + cos x  36. y = sin x + 23 cos x

 37. y = 22 sin x - 22 cos x  38. y = 2 sin x - 2 cos x

 39. y = -23 sin x - cos x  40. y = -  
1

2
 sin x -

23

2
 cos x

For each function, determine the exact amplitude and find the 
phase shift in radians (to the nearest tenth). 

 41. y = 3 sin x + 4 cos x  42. y = sin x + 5 cos x

 43. y = -6 sin x + cos x  44. y = -25 sin x + 2 cos x

 45. y = -3 sin x - 5 cos x

 46. y = -22 sin x - 27 cos x

Prove that each equation is an identity. 

 47. 
sin 3t - sin t

cos 3t + cos t
= tan t

 48. 
sin 3x + sin 5x

sin 3x - sin 5x
= -  

tan 4x

tan x

 49. 
cos x - cos 3x

cos x + cos 3x
= tan 2x tan x

 50. 
cos 5y + cos 3y

cos 5y - cos 3y
= -cot 4y cot y

 51. cos2 x - cos2 y = -sin1x + y2sin1x - y2
 52. sin2 x - sin2 y = sin1x + y2sin1x - y2

 53. asin 
x + y

2
+ cos 

x + y

2
b asin 

x - y

2
+ cos 

x - y

2
b =

  sin x + cos y

 54. sin 2A sin 2B = sin21A + B2 - sin21A - B2
 55. cos21A - B2 - cos21A + B2 = sin21A + B2 - sin21A - B2
 56. 1sin A + cos A21sin B + cos B2 = sin1A + B2 + cos1A - B2

MODELING

Solve each problem. 

 57. Motion of a Spring A block is attached to a spring and set in 
motion, as in Example 7. For this block and spring, the loca-
tion on the surface at any time t in seconds is given in meters 
by x = 23 sin t + cos t. Find the maximum distance reached 
by the block from the resting position.

 HINT  Use the reduction formula.

 58. Motion of a Spring A block hanging from a spring, as 
shown in the figure on the next page, oscillates in the same 
manner as the block of Example 7. If a block attached to a 
certain spring is given an upward velocity of 0.3 m/sec  
from a point 0.5 m below its resting position, then its 

3.6 EXERCISES
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214 Chapter 3 Trigonometric Identities 

–2

–1

0

1

2

x

Figure for Exercise 58

WRITING/DISCUSSION

 59. Derive the identity cos12x2 = cos2 x - sin2 x from a product-
to-sum identity.

 60. Derive the identity sin12x2 = 2 sin x cos x from a product-to-
sum identity.

 61. Prove the three product-to-sum identities that were not proved 
in the text.

 62. Prove the three sum-to-product identities that were not proved 
in the text.

REVIEW

 63. Find the exact value of tan1x>22 given that sin1x2 = -28>9 
and p 6 x 6 3p>2.

 64. Find the exact value of sin1x>22 given that cos1x2 = -1>4 and 
p>2 6 x 6 p.

 65. Use an identity to simplify each expression.
a. sin 3.5 cos 2.1 + cos 3.5 sin 2.1

b. sin12x2 cos1x2 - cos12x2sin1x2
c. 2 sin(4.8)cos(4.8)

 66. Find the exact value of sin(2y) given that sin1y2 = -4>5 and 
270° 6 y 6 360°.

 67. Find the acute angles (to the nearest tenth of a degree) for a 
right triangle whose sides are 5 miles, 12 miles, and 13 miles.

 68. Find the exact value of each trigonometric function.
 a. sin(0)  b. sin1p>62
 c. sin1p>42  d. sin1p>32
 e. sin1p>22

OUTSIDE THE BOX

 69. As the Crow Flies In Perfect City the avenues run east and 
west, the streets run north and south, and all of the blocks are 
square. A crow flies from the corner of 1st Avenue and 1st 
Street to the corner of mth Avenue and nth Street, “as the crow 
flies.” Assume that m and n are positive integers greater than 1 
and that the streets and avenues are simply lines on a map. If 
the crow flies over an intersection, then he flies over only two 
of the blocks that meet at the intersection.
a. If m - 1 and n - 1 are relatively prime (no common fac-

tors), then how many city blocks does the crow fly over?

b. If d is the greatest common factor for m - 1 and n - 1, 
then how many city blocks does the crow fly over?

 70. Circle and Square A circle is drawn so that it is tangent to one 
side of a square and passes through two vertices, as shown in 
the accompanying figure. The sides of the square are length 
2 feet. Find the total area of the two regions that are inside the 
square but outside the circle. Round to the nearest tenth of a 
square foot.

Figure for Exercise 70

 1. Simplify 12 3sin12a + b2 - sin12a - b24 .

 2. Rewrite cos12a2 + cos14a2 as a product using a sum-to-
product identity.

 3. Write y = 23 sin x - cos x in the form y = A sin1x + C2.

 4. Find the amplitude for y = 3 sin x - 5 cos x.

3.6 POP QUIZ

position at any time t in seconds is given in meters by 
x = -0.3 sin t + 0.5 cos t. Find the maximum distance that 
the block travels from the resting position. 

 HINT  Use the reduction formula.
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 Chapter 3 Highlights 215

Maximizing the Total Profit

Profits at The Christmas Store vary periodically with a high of $50,000 in December 
and a low of $10,000 in June, as shown in the accompanying graph. The owner of 
the Christmas Store also owns The Pool Store, where profits reach a high of 
$80,000 in August and a low of $20,000 in February. Assume that the profit function 
for each store is a sine wave.

Pr
ofi

t (
th

ou
sa

nd
s 

of
 $

)

Month

10

20

40

60

80

121110987654321

Christmas Store

Pool Store

a) Write the profit function for The Christmas Store as a function of the month 
and sketch its graph.

b) Write the profit function for The Pool Store as a function of the month and 
sketch its graph.

c) Write the total profit as a function of the month and sketch its graph. What is 
the period?

d) Use the maximum feature of a graphing calculator to find the owner’s maxi-
mum total profit and the month in which it occurs.

e) Find the owner’s minimum total profit and the month in which it occurs.

f) We know that y = a sin x + b cos x is a sine function. However, the sum of 
two arbitrary sine or cosine functions is not necessarily a sine function. Find an 
example in which the graph of the sum of two sine functions does not look like 
a sine curve.

g) Do you think that the sum of any two sine functions is a periodic function? 
Explain.

LINKING 
concepts... For Individual or Group Explorations

Highlights 
3.1 Basic Identities

Identity An equation that is satisfied by every number for which both  
sides are defined

sin2x + cos2x = 1
tan x = sin1x2>cos1x2
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216 Chapter 3 Trigonometric Identities 

Reciprocal Identities
sin x =

1
csc x
  cos x =

1
sec x
  tan x =

1

cot x

csc x =
1

sin x
  sec x =

1
cos x

  cot x =
1

tan x
Tangent and Cotangent

tan x =
sin x
cos x

  cot x =
cos x

sin x
Pythagorean Identities sin2 x + cos2 x = 1 cot2 x + 1 = csc2 x tan2 x + 1 = sec2 x

Odd Identities  sin1-x2 = -sin1x2  csc1-x2 = -csc1x2
 tan1-x2 = - tan1x2  cot1-x2 = -cot1x2

Even Identities cos1-x2 = cos1x2  sec1-x2 = sec1x2

3.2 Verifying Identities

Strategy 1. Work on the more complicated side.
2. Rewrite in terms of sines and cosines only.
3. Multiply the numerator and denominator of one rational expression by  

either the numerator or denominator of the other.
4. Write a single rational expression as a sum of two rational expressions.
5. Combine a sum of two rational expressions into a single rational expression.
6. If both sides simplify to a third expression, then the equation is an identity.

3.3 Sum and Difference Identities for Cosine

Cosine of a Sum or 
Difference

 cos1a + b2 = cos a cos b - sin a sin b
 cos1a - b2 = cos a cos b + sin a sin b

Cofunction Identities The value of any trigonometric function at u equals its cofunction value at p>2 - u.

3.4 Sum and Difference Identities for Sine and Tangent

Sine of a Sum or 
Difference

 sin1a + b2 = sin a cos b + cos a sin b
 sin1a - b2 = sin a cos b - cos a sin b

Tangent of a Sum or 
Difference tan1a + b2 =

tan a + tan b

1 - tan a tan b

tan1a - b2 =
tan a - tan b

1 + tan a tan b

3.5 Double-Angle and Half-Angle Identities

Double-Angle Identities Half-Angle Identities

 sin 2x = 2 sin x cos x

 cos 2x = cos2 x - sin2 x

 = 2 cos2 x - 1

 = 1 - 2 sin2 x

 tan 2x =
2 tan x

1 - tan2 x 

sin 
x

2
= {C1 - cos x

2

 cos 
x

2
= {C1 + cos x

2

tan 
x

2
= {C1 - cos x

1 + cos x 
=

sin x

1 + cos x 
=

1 - cos x 

sin x
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 Chapter 3 Review Exercises 217

Chapter 
Simplify each expression.

 1. sin x tan x cos x csc x  2. cos x cot x sec x

 3. 11 - sin a211 + sin a2  4. csc x tan x + sec1-x2

 5. 11 - csc x211 - csc1-x22  6. 
cos2 x - sin2 x

sin 2x

 7. 
1

1 + sin a
-

sin1-a2
cos2 a

 8. 2 sinap
2

- abcosap
2

- ab

 9. 
2 tan 2s

1 - tan2  2s
 10. 

tan 2w - tan 4w

1 + tan 2w tan 4w

 11. sin 3u cos 6u - cos 3u sin 6u

 12. 
sin 2y

1 + cos 2y
 13. 

1 - cos 2z
sin 2z

 14. cos2ax

2
b - sin2ax

2
b

Use identities to find the exact values of the remaining five 
 trigonometric functions at a.

 15. cos a = -5>13 and p>2 6 a 6 p

 16. tan a = 5>12 and p 6 a 6 3p>2

 17. sinap
2

- ab = -3>5 and p 6 a 6 3p>2

 18. cscap
2

- ab = 3 and 0 6 a 6 p>2

 19. sin1a>22 = 3>5 and 3p>4 6 a>2 6 p

 20. cos1a>22 = -1>3 and p>2 6 a>2 6 3p>4
Determine whether each equation is an identity. Prove your answer.

 21. 1sin x + cos x22 = 1 + sin 2x

 22. cos1A - B2 = cos A cos B - sin A sin B

 23. csc2 x - cot2 x = tan2 x - sec2 x

 24. sin2ax

2
b =

sin2 x

2 + sin 2x csc x

Determine whether each function is odd, even, or neither.

 25. ƒ1x2 =
sin x - tan x

cos x
 26. ƒ1x2 = 1 + sin2 x

 27. ƒ1x2 =
cos x - sin x

sec x
 28. ƒ1x2 = csc3 x - tan3 x

 29. ƒ1x2 =
sin x tan x

cos x + sec x
 30. ƒ1x2 = sin x + cos x

Review Exercises3 

3.6 Product and Sum Identities
Product-to-Sum Identities Sum-to-Product Identities

sin A cos B = 1
2 3sin1A + B2 + sin1A - B24

sin A sin B = 1
2 3cos1A - B2 - cos1A + B24

cos A sin B = 1
2 3sin1A + B2 - sin1A - B24

cos A cos B = 1
2 3cos1A - B2 + cos1A + B24

sin x + sin y = 2 sinax + y

2
bcosax - y

2
b

sin x - sin y = 2 cosax + y

2
bsinax - y

2
b

cos x + cos y = 2 cosax + y

2
bcosax - y

2
b

cos x - cos y = -2 sinax + y

2
bsinax - y

2
b

Reduction Formula If a is an angle in standard position whose terminal side 
 contains (a, b) and x is a real number, then

a sin x + b cos x = 2a2 + b2 sin1x + a2.

a = tan-114>32
3 sin x + 4 cos x
=  5 sin1x + tan-114>322
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218 Chapter 3 Trigonometric Identities 

Prove that each of the following equations is an identity.

 31. sec 2u =
1 + tan2 u

1 - tan2 u

 32. tan2 u =
1 - cos 2u

1 + cos 2u

 33. sin2ax

2
b =

csc2 x - cot2 x

2 csc2 x + 2 csc x cot x

 34. cot1-x2 =
1 - sin2 x

cos1-x2sin1-x2

 35. cot1a - 45°2 =
1 + tan a

tan a - 1

 36. cos1a + 45°2 =
cos a - sin a22

 37. 
sin 2b

2 csc b
= sin2 b cos b

 38. sin145° - b2 =
cos 2b221cos b + sin b2

 39. 
cot3 y - tan3 y

sec2 y + cot2 y
= 2 cot 2y

 40. 
sin3 y - cos3 y

sin y - cos y
=

2 + sin 2y

2

 41. 
1

 sin1-x2 +
1

 cos1-x2 =
2 sin1x2 - 2 cos1x2

 sin12x2

 42. 
1

 cot21-x2 +
1

 sec21-x2 =
 sec21x2 + cot21x2

 csc21x2

 43. 
 cos1-x2 + sin1-x2
 cos1-x2 - sin1-x2 =

 cos12x2
1 + sin12x2

 44. 
 cot1-x2 - tan1-x2

 tan1x2 + cot1x2 =
 sec21x2 - csc21x2
 sec21x2 + csc21x2

 45. cos 4x = 8 sin4 x - 8 sin2 x + 1

 46. cos 3x = cos x11 - 4 sin2 x2
 47. sin4 2x = 16 sin4 x - 32 sin6 x + 16 sin8 x

 48. 1 - cos6 x = 3 sin2 x - 3 sin4 x + sin6 x

Use an appropriate identity to find the exact value of each expression.

 49. tan1-p>122  50. sin1-p>82
 51. sin1-75°2  52. cos(105°)

Write each function in the form y = A sin1x + C 2, and graph at 
least one cycle of the function. Determine the amplitude, period, 
and phase shift.

 53. y = 4 sin x + 4 cos x  54. y = 23 sin x + 3 cos x

 55. y = -2 sin x + cos x  56. y = -2 sin x - cos x

Use the sum-to-product identities to rewrite each expression as a 
product.

 57. cos 15° + cos 19°  58. cos 4° - cos 6°

 59. sin1p>42 - sin1-p>82  60. sin1-p>62 + sin1p>122

Use the product-to-sum identities to write each expression as a sum 
or difference.

 61. 2 sin 11° cos 13°  62. 2 sin 8° sin 12°

 63. 2 cos1x>42cos1x>32  64. 2 cos s sin 3s

Solve each problem.

 65. Motion of a Car A car with worn shock absorbers hits a 
bump. The height in inches above or below its normal position 
for a point on the front bumper is given by y = 2 sin t + cos t, 
where t is time in seconds. Find the maximum height above its 
normal position that is reached by the point on the bumper.

 HINT  Use the reduction formula.

 66. Oscillating Light The intensity of a light source is given by 
I = 6 sin t + 4 cos t + 10, where t is time in hours and I is 
measured in lumens. Find the maximum and minimum inten-
sity of the light source to one decimal place.

 HINT  Use the reduction formula.

OUTSIDE THE BOX

 67. One in a Million If you write the integers from 1 through 
1,000,000 inclusive, then how many ones will you write?

 68. Large Integer The number 1040 is a very large integer. How 
many factors does it have?

Chapter 
Use identities to simplify each expression.

 1. sec x cot x sin 2x  2. sin 2t cos 5t + cos 2t sin 5t

 3. 
1

1 - cos y
+

1

1 + cos y
 4. 

tan1p>52 + tan1p>102
1 - tan1p>52tan1p>102

Prove that each of the following equations is an identity.

 5. 
sin b cos b

tan b
= 1 - sin2 b

 6. 
1

sec u - 1
-

1

sec u + 1
= 2 cot2 u

Test3 
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 Chapter 3 Tying It All Together 219

Chapters P–3
Evaluate each expression without using a calculator.

 1. sin1p>42  2. sin13p>42  3. cos1p>32  4. cos15p>32
 5. sin1p>62  6. sin15p>62  7. sin155p>62  8. sin1-23p>22
 9. tan13p>42  10. tan1-77p2

TYING IT ALL TOGETHER

Determine whether each function is even or odd.

Determine whether each equation is an identity. Prove your answer.

 17. sin1a + b2 = sin a + sin b  18. cos1a - b2 = cos a - cos b

 19. sin-11x2 =
1

sin x
 20. sin2 x = sin1x22

Solve each right triangle that has the given parts.

 21. a = 30° and a = 4  22. a = 23 and b = 1

 23. cos b = 0.3 and b = 5  24. sin a = 0.6 and a = 2

Fill in the blanks.

 25. A(n) __________ is a union of two rays with a common endpoint.

 26. An angle whose vertex is the center of a circle is called a(n) __________ angle.

 27. A(n) __________ angle has a degree measure between 0° and 90°.

 28. An angle in standard position whose terminal side lies on an axis is a(n) __________ angle.

 29. Angles in standard position that have the same initial side and same terminal side are called __________ angles.

 30. A degree is divided into 60 equal parts called __________.

 31. A minute is divided into 60 equal parts called __________.

 32. A circle with radius one is called a(n) __________ circle.

 33. The relationship between degree and radian measure of angles is 180 degrees equals __________ radians.

 34. The length of the arc intercepted by a central angle of a radians on a circle of radius r is __________.

 11. ƒ1x2 = x3 + sin x  12. ƒ1x2 = x3 sin x  13. ƒ1x2 =
sin x

x

 14. ƒ1x2 = 0 sin x 0  15. ƒ1x2 = cos5 x + cos3 x - 2 cos x  16. ƒ1x2 = x3 sin4 x + x sin2 x

 7. cosap
2

- xbcos1-x2 =
sin12x2

2

 8. tan 
t

2
 cos2 t - tan 

t

2
=

sin t

sec t
- sin t

Solve each problem.

 9. Write y = sin x - 23 cos x in the form y = A sin1x + C 2 
and graph the function. Determine the period, amplitude, and 
phase shift.

 10. If csc a = 2 and a is in quadrant II, then find the exact values 
at a for the remaining five trigonometric functions.

 11. Determine whether the function ƒ1x2 = x sin x is odd, even, or 
neither.

 12. Use an appropriate identity to find the exact value of 

sin1-p>122.

 13. Prove that the equation tan x + tan y = tan1x + y2 is not an 
identity.
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In this chapter we will see how to use trigonometry to analyze different  

strategies for throwing a baseball and see that saving even a very small 

amount of time is important in this high-stakes sport.

WHAT YOU WILL 

LEARN

Millions of baseball fans enjoy watching a game in which a pitcher throws a 
ball at 90 miles per hour at a 23-inch by 17-inch target in such a way that the 
batter cannot hit the ball. Most fans are aware of the important role of statis-
tics in everything from ranking the teams to determining a player’s worth. But 
mathematics can be used to analyze every aspect of the game.

If the batter is successful in hitting the ball, then a player tries to retrieve 
the ball and throw it to first base before the batter gets there. Players have 
developed different strategies for minimizing the time of throwing a ball to 
first base.

4.1 The Inverse Trigonometric 
Functions

4.2 Basic Sine, Cosine,  
and Tangent Equations

4.3 Equations Involving 
Compositions

4.4 Trigonometric Equations 
of Quadratic Type

Solving Conditional 
Trigonometric Equations4 
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 4.1 The Inverse Trigonometric Functions 221

We introduced the inverses of the sine, cosine, and tangent functions in Section 1.5. 
A discussion of inverse functions in general can be found in Section P.4. In this sec-
tion we study those functions in more detail and define the inverses of the other three 
trigonometric functions.

The Inverse Sine Function
An inverse of a function is a function that reverses what the function does. If there is 
a one-to-one correspondence between the elements of the domain and the elements of 
the range of a function, then the function is invertible. Since y = sin x with domain 
1-∞, ∞2 is a periodic function, it is certainly not one-to-one. However, if we restrict 
the domain to the interval 3-p>2, p>24 , then the restricted function is one-to-one and 
invertible. Other intervals could be used, but this interval is chosen to keep the inverse 
function as simple as possible.

The graph of the sine function with domain 3-p>2, p>24  is shown in Fig. 4.1(a). 
Its range is 3-1, 14 . The inverse of this restricted sine function is denoted as 
ƒ-11x2 = sin-11x2 (read “inverse sine of x”) or ƒ-11x2 = arcsin1x2  (read “arc sine 
of x”).

The Inverse Trigonometric Functions4.1 

Definition: The Inverse  
Sine Function 

For -1 … x … 1

y = sin-11x2 provided sin1y2 = x and  -p>2 … y … p>2.

The domain of y = sin-11x2 is 3-1, 14  and its range is 3-p>2, p>24 . The graph 
of y = sin-11x2 is a reflection about the line y = x of the graph of y = sin1x2 on 
3-p>2, p>24  as shown in Fig. 4.1(b).

Depending on the context, sin-1 x might be an angle, a measure of an angle in 
degrees or radians, the length of an arc of the unit circle, or simply a real number. The 
expression sin-1 x can be read as “the angle whose sine is x” or “the arc length whose sine 
is x.” The notation y = arcsin x reminds us that y is the arc length whose sine is x. For 
example, arcsin112 is the arc length in 3-p>2, p>24  whose sine is 1. Since we know 
that sin1p>22 = 1, we have arcsin112 = p>2. We will assume that sin-1 x is a real 
number unless indicated otherwise.

Note that the nth power of the sine function is usually written as sinn1x2 as a 
shorthand notation for 1sin x2n, provided n ∙ -1. The -1 used in sin-1 x indicates 
the inverse function and does not mean reciprocal. To write 1>sin x using exponents, 
we must write 1sin x2-1.

Figure 4.1
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1

–1 y = sin–1 x

Domain [–1, 1]

,–p
2

p
2

, –1–p
2

Q     R Q     R

Q   R

Q   R

Q     R

(b)
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222 Chapter 4  Solving Conditional Trigonometric Equations

Keep the unit circle in mind when evaluating the inverse sine function. Recall 
that the sine of an angle is the y-coordinate of the point where the terminal side of 
an angle intersects the unit circle. So, for Example 1, Fig. 4.2 shows the two points 
on the unit circle that have y-coordinate 1>2 and two points that have y-coordinate  

-23>2. Only points on or to the right of the y-axis correspond to angles in the interval 

3-p>2, p>24 . So sin- 111>22 = p>6 and sin- 11-23>22 = -p>3.

EXAMPLE 1
Find the exact value of each expression without using a table or a calculator.

a. sin-111>22 b. arcsin A-23>2 B
Solution

a. The value of sin-111>22 is the number a in the interval 3-p>2, p>24  such that 
sin1a2 = 1>2. We recall that sin1p>62 = 1>2, and so sin-111>22 = p>6. Note that 
p>6 is the only value of a in 3-p>2, p>24  for which sin1a2 = 1>2.

b. The value of arcsin A-23>2 B  is the number a in the interval 3-p>2, p>24  

such that sin1a2 = -23>2. Since sin1-p>32 = -23>2, we have  

arcsin A-23>2 B = -p>3. Note that -p>3 is the only value of a in 3-p>2, p>24  

for which sin1a2 = -23>2.

TRY THIS. Find the exact value of sin-1 A-22>2 B .

Evaluating the inverse sine function

y

x1–1

1

–1

1
2

6
p

3
p–

–
2
—Ë3

Figure 4.2

Find the exact value of each expression in degrees without using a table or a calculator.

a. sin-1 A22>2 B

EXAMPLE 2 Evaluating the inverse sine function

b. arcsin102
Solution

a. The value of sin-1 A22>2 B  in degrees is the angle a in the interval 3-90°, 90°4   

such that sin1a2 = 22>2. We recall that sin145°2 = 22>2, and therefore 

sin-1 A22>2 B = 45°.
b. The value of arcsin102 in degrees is the angle a in the interval 3-90°, 90°4  for 

which sin1a2 = 0. Since sin10°2 = 0, we have arcsin102 = 0°.

TRY THIS. Find the exact value in degrees of arcsin1-1>22.

In Example 3 we use a calculator to find the degree measure of an angle whose 
sine is given. To obtain degree measure make sure the calculator is in degree mode. 
Scientific calculators usually have a key labeled sin-1 that gives values for the inverse 
sine function.

Suppose that a is an angle such that -90° 6 a 6 90°. In each case, find a to the 
nearest tenth of a degree.

a. sin a = 0.88

EXAMPLE 3 Finding an angle given its sine

b. sin a = -0.27
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 4.1 The Inverse Trigonometric Functions 223

Solution

a. The value of sin-110.882 is the only angle in 3-90°, 90°4  with a sine of 0.88. Use 
a calculator in degree mode to get a = sin-110.882 ≈ 61.6°.

b. Use a calculator to get a = sin-11-0.272 ≈ -15.7°.

 Figure 4.3 shows how to find the angles on a graphing calculator and how to 
check. Make sure that the mode is degrees.

TRY THIS. Find a to the nearest tenth of a degree if -90° 6 a 6 90° and sin a = 0.257.

The Inverse Cosine Function
Since ƒ1x2 = cos1x2 is not one-to-one on 1-∞, ∞2, we restrict the domain to 30, p4 , 
where it is one-to-one and invertible. The graph of ƒ1x2 = cos1x2 with this restricted 
domain is shown in Fig. 4.4(a). Note that the range of the restricted function is 
3-1, 14 . The inverse of ƒ1x2 = cos x for x in 30, p4  is denoted as ƒ-11x2 = cos-11x2 
or ƒ-11x2 = arccos1x2. If y = cos-11x2, then y is the real number in 30, p4  such that 
cos1y2 = x.

Figure 4.3

Definition: The Inverse 
Cosine Function 

For -1 … x … 1,

y = cos-11x2 provided cos1y2 = x and 0 … y … p.

The domain of y = cos-1x is 3-1, 14  and its range is 30, p4 . The expression cos-1x 
can be read as “the angle whose cosine is x” or “the arc length whose cosine is x.” 
The graph of y = cos-1x shown in Fig. 4.4(b) is obtained by reflecting the graph of 
y = cos x 1restricted to 30, p42 about the line y = x. We will assume that cos-1x is 
a real number unless indicated otherwise.

Find the exact value of each expression without using a table or a calculator.

EXAMPLE 4 Evaluating the inverse cosine function

a. cos-11-12 b. arccos1-1>22 c. cos-1 A22>2 B
Solution

a. The value of cos-11-12 is the number a in 30, p4  such that cos1a2 = -1. We 
recall that cos1p2 = -1, and so cos-11-12 = p.

b. The value of arccos1-1>22 is the number a in 30, p4  such that cos1a2 = -1>2. 
We recall that cos12p>32 = -1>2, and so arccos1-1>22 = 2p>3.

c. Since cos1p>42 = 22>2, we have cos-1 A22>2 B = p>4.

TRY THIS. Find the exact value of arccos102.

Figure 4.4

y

x1–1

–1

1

(p, –1)

(–1, p)

p p

2

p

p

2

y = cos x

y = cos–1 x

Domain [–1, 1]
Range [0, p]

(b)

y

x

1

–1
(p, –1)

p p

2

y = cos x

Domain [0, p]
Range [–1, 1]

(a)
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224 Chapter 4  Solving Conditional Trigonometric Equations

Keep the unit circle in mind when evaluating the inverse cosine function. Recall 
that the cosine of an angle is the x-coordinate of the point where the terminal side 
of an angle intersects the unit circle. So, for Example 4, Fig. 4.5 shows one point 
on the unit circle that has x-coordinate -1, two that have x-coordinate -1>2, and 
two points that have x-coordinate 22>2. Only points on or above the x-axis cor-
respond to angles in the interval 30, p4 . So cos-1 1-12 = p, cos-1 1-1>22 = 2p>3, 

and cos-1 122>22 = p>4.
In Example 5 we use a calculator to find the degree measure of an angle whose 

cosine is given. Most scientific calculators have a key labeled cos-1 that gives values 
for the inverse cosine function. To get the degree measure, make sure the calculator 
is in degree mode.

y

x1–1

1

–1

1
2

3
2p

4
p

–
2
—Ë2

p

Figure 4.5

Definition: The Inverse  
Tangent Function 

For any real number x,

y = tan-11x2 provided tan1y2 = x and -p>2 6 y 6 p>2.

p

2

y

x

–` < x < `

–1–2 1 2

y = tan–1 x

p

2

–

p

2

y

x

1

2

–1

–2

< x <

y = tan x

p

2
–

p
2

p
2

–

Figure 4.7

(b)(a)

Figure 4.6

In each case find the angle a to the nearest tenth of a degree, given that 0° … a … 180°.

a. cos a = 0.23

EXAMPLE 5 Finding an angle given its cosine

b. cos a = -0.82

Solution

a. Use a calculator to get a = cos-110.232 ≈ 76.7°.
b. Use a calculator to get a = cos-11-0.822 ≈ 145.1°.

 Figure 4.6 shows how to find the angles on a graphing calculator and how to 
check. Make sure that the mode is degrees.

TRY THIS. Find a to the nearest tenth of a degree if 0° … a … 180° and cos a =   
-0.361.

The Inverse Tangent Function
Because y = tan1x2 is a periodic function, its domain must be restricted before we 
can define the inverse function. The restricted domain for y = tan1x2 is 1-p>2, p>22. 
The graph of ƒ1x2 = tan1x2 with this restricted domain is shown in Fig. 4.7(a). Note 
that the range of the restricted function is 1-∞, ∞2. The inverse of ƒ1x2 = tan1x2 
for x in 1-p>2, p>22 is denoted as ƒ-11x2 = tan-11x2 or ƒ-11x2 = arctan1x2. If 
y = tan-11x2, then y is the real number in 1-p>2, p>22 such that tan1y2 = x.
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 4.1 The Inverse Trigonometric Functions 225

The domain of y = tan-1 x is 1-∞, ∞2 and its range is 1-p>2, p>22. The expression 
tan-1 x can be read as “the angle whose tangent is x” or “the arc length whose tangent 
is x.” The graph of y = tan-1 x shown in Fig. 4.7(b) is obtained by reflecting the graph 
of y = tan x 1restricted to 1-p>2, p>222 about the line y = x. We will assume that 
tan-1 x is a real number unless indicated otherwise.

Find the exact value of each expression when possible.

a. tan-1112

EXAMPLE 6 Evaluating the inverse tangent function

b. arctan A23 B c. tan-1132
Solution

a. The value of tan-1112 is the number a in 1-p>2, p>22 such that tan1a2 = 1. We 
recall that tan1p>42 = 1, and so tan-1112 = p>4.

b. The value of arctan A23 B  is the number a in 1-p>2, p>22 such that tan1a2 =23. 

We recall that tan1p>32 = 23, and so arctan A23 B = p>3.
c. Use a calculator to get tan-1132 ≈ 1.249.

TRY THIS. Find the exact value of tan-1 A-23 B .

Inverses of Cosecant, Secant, 
and Cotangent (Optional)
The most common and useful inverse trigonometric functions are the arcsin, arccos, 
and arctan. These are the only ones that are needed in the remainder of this text. How-
ever, to complete our discussion of the inverse trigonometric functions, we now define 
inverses for the cosecant, secant, and cotangent. These functions are defined and used 
occasionally in calculus.

As with any periodic function, the domain must be restricted to a single cycle 
to get a one-to-one function that has an inverse. The restrictions of the domains for 
the sine, cosine, and tangent are well accepted, but there is some disagreement on 
restricting the domains of the cosecant, secant, and cotangent. The restrictions most 
commonly used in calculus texts will be given here.

The function y = csc1x2 is one-to-one on the domain 3-p>2, 02 ∪ 10, p>24 , and 
the notation csc-1 or arccsc is used for the inverse function. The function y = sec1x2 
is one-to-one on the domain 30, p>22 ∪ 1p>2, p4 , and the notation sec-1 or arcsec is 
used for the inverse function. The function y = cot1x2 is one-to-one on the interval 
10, p2, and the notation cot-1 or arccot is used for the inverse function. Note that the 
domains of these functions are the ranges for the inverse functions. The graphs of 
all six inverse functions, with their domains and ranges, are shown in the Function 
Gallery on the next page.

When studying inverse trigonometric functions, you should first learn to eval-
uate sin-1, cos-1, and tan-1. Those values can be used along with the identities 
csc a = 1>sin a, sec a = 1>cos a, and cot a = 1>tan a to evaluate csc-1, sec-1, and 
cot-1. For example, sin1p>62 = 1>2 and csc1p>62 = 2. So the angle whose cosecant 
is 2 is the same as the angle whose sine is 1>2. In symbols,

csc-1122 = sin-1a1

2
b =

p

6
.

In general, csc-1x = sin-111>x2 . Likewise, sec-1 x = cos-111>x2. For the inverse 
cotangent, cot-1x = tan-111>x2 only for positive values of x because of the choice 
of 10, p2 as the range of the inverse cotangent. We have cot-1102 = p>2 and if x is 
negative cot-11x2 = tan-111>x2 + p.
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226 Chapter 4  Solving Conditional Trigonometric Equations

INVERSE TRIGONOMETRIC FUNCTIONS

FUNCTION 
GALLERY

1–1

y

x

Domain [–1, 1]

Range –2
– , –2
p p

y = sin–1 x

p

2

p

2
–

Domain [–1, 1]

Range [0, p] 

y

x–1 1

y = cos–1 x
p

p

2 1–1

y

x

Domain 

Range –2
– , –2
p p

y = tan–1 x
p

2

p

2

–

(2`, `)

–

Domain 
Range

y

x

– , 0 0,∪

–1 1

–2
p–2

p

y = csc–1 x
p

2

p

2

(–`, –1] ∪ [1, `)

1–1

y

x

Domain (2`, 21] ∪ [1, `)

Range 0, –2, –2 ∪ ppp

p

p

2

y = sec–1 x

1–1

y

x

Domain (2`, `)

Range (0, p) 

y = cot–1 xp

2

p

Another relationship between cot-1 and tan-1 can be obtained from their graphs in 
the Function Gallery. Since the graph of y = cot-11x2 can be obtained from the graph of 
y = tan-11x2 by reflecting with respect to the x-axis and translating upward a distance 
of p>2, we have cot-11x2 = - tan-11x2 + p>2 or cot-11x2 = p>2 - tan-11x2. These 
identities are summarized below.

Identities for csc∙1,  
sec∙1, and cot∙1

csc-11x2 = sin-111>x2 for 0 x 0 Ú 1

sec-11x2 = cos-111>x2 for 0 x 0 Ú 1

 cot-11x2 = •
tan-111>x2 for x 7 0

tan-111>x2 + p for x 6 0

p>2 for x = 0

 cot-11x2 =
p

2
- tan-11x2

Find the exact value of each expression without using a table or a calculator.

a. arcsec1-22

EXAMPLE 7 Evaluating the inverse functions

b. csc-1 A22 B c. arccot A-1>23 B
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 4.1 The Inverse Trigonometric Functions 227

Solution

a. To evaluate the inverse secant we use the identity sec-11x2 = cos-111>x2. In this 
case, the arc whose secant is -2 is the same as the arc whose cosine is -1>2. So we 
must find cos-11-1>22. Since cos12p>32 = -1>2 and since 2p>3 is in the range 
of arccos, we have arccos1-1>22 = 2p>3. So

arcsec1-22 = arccos1-1>22 =
2p

3
.

b. To evaluate csc-1 A22 B , we use the identity csc-11x2 = sin-111>x2 with x = 22.  

So we must find sin-1 A1>22 B . Since sin1p>42 = 1>22 and since p>4 is in the 
range of csc-1, we have

csc-1 A22 B = sin-1 A1>22 B =
p

4
.

c. If x is negative we use the identity cot-11x2 = tan-111>x2 + p. Since x = -1>23,  

we must find tan-1 A-23 B . Since tan-1 A-23 B = -p>3, we get

arccot A-1>23 B = tan-1 A-23 B + p = -  
p

3
+ p =

2p

3
.

Note that cot1-p>32 = cot12p>32 = -1>23, but arccot A-1>23 B = 2p>3 
because 2p>3 is in the range of the function arccot.

TRY THIS. Find the exact value of csc-1122.

Find the approximate value of each expression rounded to four decimal places.

a. sec-1162

EXAMPLE 8 Evaluating sec∙1, csc∙1, and cot∙1  
with a calculator

b. csc-1142 c. arccot12.42 d. cot-1102
Solution

All of these function values are found using the identities for the inverse functions.

a. sec-1162 = cos-111>62 ≈ 1.4033
b. csc-1142 = sin-111>42 ≈ 0.2527
c. Because 2.4 7 0 we use the identity cot-11x2 = tan-111>x2:

arccot12.42 = tan-111>2.42 ≈ 0.3948

d. The value of cot-1102 cannot be found on a calculator. But according to the identi-
ties for the inverse functions, cot-1102 = p>2.

TRY THIS. Find sec-114.3282 rounded to four decimal places.

The domains and ranges for sin-1, cos-1, and tan-1 on a calculator agree with 
what we have defined. The functions csc-1, sec-1, and cot-1 are generally not available 
on a calculator, and expressions involving these functions must be written in terms of 
sin-1, cos-1, and tan-1 using the identities. The calculator values of the inverse func-
tions are given in degrees or radians, depending on the mode setting. We will assume 
that the values of the inverse functions are to be in radians unless indicated otherwise.

Compositions of Functions
One trigonometric function can be followed by another to form a composition of func-
tions. We can evaluate an expression such as sin1sin1a22 because the sine of the real 
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228 Chapter 4  Solving Conditional Trigonometric Equations

number sin1a2 is defined. However, it is more common to have a composition of a 
trigonometric function and an inverse trigonometric function. For example, tan- 11a2 
is the angle whose tangent is a, and so sin1tan- 11a22 is the sine of the angle whose 
tangent is a.

The composition of y = sin x restricted to 3-p>2, p>24  and y = sin-1x is the 
identity function because the functions are inverses. So

sin-11sin x2 = x  for x in 3-p>2, p>24
and

sin1sin-1 x2 = x  for x in 3-1, 14 .

Note that if x is not in 3-p>2, p>24 , then the sine function followed by the inverse 
sine function is not the identity function.

Find the exact value of each composition without using a table or a calculator.

a. sin1tan-11022

EXAMPLE 9 Evaluating compositions of functions

b. arcsin1cos1p>622
c. tan Asec-1 A22 B B d. sin-11sin12p>322
e. cos1cos-11-1>222 f. cos-11cos1-p>322

Solution

a. Since tan102 = 0, tan-1102 = 0. Therefore,

sin1tan-11022 = sin102 = 0.

b. Since cos1p>62 = 23>2, we have

arcsin1cos1p>622 = arcsin A23>2 B = p>3.

c. To find sec-1 A22 B , we use the identity sec-11x2 = cos-111>x2. Since 

cos1p>42 = 1>22, we have cos-1 A1>22 B = p>4 and sec-1 A22 B = p>4. 
Therefore,

tan Asec-1 A22 B B = tan1p>42 = 1.

d. Since sin12p>32 = sin1p>32 = 23>2,

sin-11sin12p>322 = sin-1 A23>2 B = p>3.

Note that sin-11sin12p>322 ∙ 2p>3 because 2p>3 is not in the interval 
3-p>2, p>24 .

e. cos1cos-11-1>222 = cos12p>32 = -1>2
f. cos-11cos1-p>322 = cos-111>22 = p>3

 You can check parts (a), (b), and (c) with a graphing calculator as shown in Fig. 4.8. 
Note that p>3 ≈ 1.047.

TRY THIS. Find the exact value of sin-11sin15p>622.

Figure 4.8

Find an equivalent algebraic expression for sin1arctan1x22.

EXAMPLE 10 Converting compositions  
to algebraic functions

In Example 10 we use the Pythagorean identities to rewrite a composition of 
trigonometric functions as an algebraic function.
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 4.1 Exercises 229

x

1

u

Ë x 2 + 1

Figure 4.9

Solution

Let u = arctan1x2. Since tan1u2 = x and tan21u2 + 1 = sec21u2, we have sec21u2 =  
x2 + 1 and

cos21u2 =
1

x2 + 1
.

Since sin21u2 = 1 - cos21u2, we have

sin21u2 = 1 -
1

x2 + 1
=

x2 + 1

x2 + 1
-

1

x2 + 1
=

x2

x2 + 1

and

sin1u2 = {B x2

x2 + 1
=

x2x2 + 1
.

We eliminated the radical and the { sign in the last equation because the sign of  

x is the same as the sign of sin1u2. Specifically, if x 7 0, then 0 6 u 6 p2  and 

sin1u2 7 0. If x 6 0, then -p2 6 u 6 0 and sin1u2 6 0. So

sin1arctan1x22 =
x2x2 + 1

.

TRY THIS. Find an equivalent algebraic expression for sin1arccot1x22.

Example 10 can also be solved with right triangle trigonometry. Let u = arctan x 
and assume 0 6 u 6 p>2. Since tan1u2 = x>1, we can draw a right triangle with 
angle u, for which the opposite side is x and the adjacent side is 1, as in Fig. 4.9. By the 

Pythagorean theorem, the hypotenuse is 2x2 + 1. Now use the right triangle to find

sin1arctan1x22 = sin1u2 =
opp

hyp
=

x2x2 + 1
.

1. sin-1102 = sin102 2. sin13p>42 = 1>22

3. cos-1102 = 1 4. sin-1 A22>2 B = 135°

5. cot-1152 = 1
tan-1152 6. sec-1152 = cos-110.22

7. sin Acos-1 A22>2 B B = 1>22

8. sec1sec-11222 = 2

9. The functions ƒ1x2 = sin-1 x and ƒ -11x2 = sin x are 
inverse functions.

10. The secant and cosecant functions are inverses of each  
other.

FOR THOUGHT... True or False? Explain.

CONCEPTS

Fill in the blank.

 1. The __________ of y = arcsin1x2 is 3-1, 14 .

 2. The __________ of y = arccos1x2 is 30, p4 .

 3. The __________ of y = arctan1x2 is 1-∞, ∞2.

 4.  The __________ of y = tan-11x2 is 1-p>2, p>22.

 5. If y = sin1a2, where -p>2 … a … p>2, then a =  
__________.

 6. If y = cos1a2, where 0 … a … p, then a =  __________.

4.1 EXERCISES
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230 Chapter 4  Solving Conditional Trigonometric Equations

SKILLS

Find the exact value of each expression without using a calculator 
or table. 

 7. sin- 1 A1>22 B  8.  sin- 11-1>22
 9. arcsin A23>2 B  10.  arcsin11>22
 11. sin- 1 A-22>2 B  12. sin- 11-12
 13. arcsin102  14. arcsin112

Find the exact value of each expression in degrees without using a 
calculator or table. 

 15. sin- 1 A-1>22 B  16. sin-111>22
 17. arcsin11>22  18. arcsin A22>2 B
 19. sin-1102  20. sin-1112
 21. arcsin1-12  22. arcsin A-23>2 B
Find a to the nearest tenth of a degree, where -90° … a … 90°. 

 23. sin a = 0.557  24. sin a = 0.93

 25. sin a = -1>3  26. sin a = -1>4
 27. sin a = 0.01  28. sin a = 0.9999

Find the exact value of each expression without using a calculator 
or table. 

 29. cos-1 A1>22 B  30. cos-11-1>22
 31. arccos A23>2 B  32. arccos11>22
 33. cos-1 A-22>2 B  34. cos-1 A-23>2 B
 35. arccos102  36. arccos1-12
Find a to the nearest tenth of a degree, where 0° … a … 180°. 

 37. cos a = 0.06  38. cos a = 0.71

 39. cos a = -1>5  40. cos a = -1>9
 41. cos a = 0.01  42. cos a = -0.01

Find the exact value of each expression when possible. Round 
approximate answers to three decimal places.

 43. tan-11-12  44. tan-1102
 45. arctan A1>23 B  46. arctan112
 47. tan-1 A23 B  48. tan-1 A-23 B
 49. arctan157882  50. arctan1-57882

Find the exact value of each expression without using a calculator 
or table. 

 51. cot-1 A1>23 B  52. cot-1 A23 B

  53. sec-1122   54. arcsec A22 B
  55. csc-1 A2>23 B   56. arccsc1-22
  57. arccot A-23 B   58. cot-1112
  59. arcsec112   60. sec-1 A-22 B
  61. csc-1112   62. csc-11-12

Find the approximate value of each expression rounded to two 
decimal places.

  63. sec-11-3.442   64. arcsec A26 B
  65. csc-116.82122   66. arccsc A-222 B
  67. arccot A-25 B   68. arccot10.0012
  69. cot-11-122   70. cot-1115.62
  71. cot-11-1.012   72. arccsc1-22

Find the exact value of each composition without using a calculator 
or table.

  73. tan1arccos11>222   74. sec Aarcsin A1>22 B B
  75. sin-11cos12p>322   76. tan-11sin1p>222
  77. cot-11cot1p>622   78. sec-11sec1p>322
  79. arcsin1sin13p>422   80. arccos1cos1-p>322
  81. tan1arctan1122   82. cot1arccot1022
  83. cos-11cos13p>222   84. sin1csc-11-222
  85. sin-11sin13p>422   86. sin1sin-11122
  87. tan-11tan1p22   88. tan1tan-11122

Use a calculator to find the approximate value of each composi-
tion. Round answers to four decimal places. Some of these expres-
sions are undefined.

  89. sin1cos-110.4522   90. cos1tan-1144.3322
  91. sec-11cos1p>922   92. csc-11sec1p>822

  93. tan1sin-11-0.722   94. csc-11sin13p>722

  95. cot Acos-1 A-1>27 B B   96. sin-11csc11.0822

  97. cot1csc-113.622   98. csc1sec-11-2.422

Find an equivalent algebraic expression for each composition.

  99. sin1arccos1x22  100. cos1arcsin1x22
 101. cos1arctan1x22  102. tan1arccos1x22
 103. cos1arccot1x22  104. tan1arccot1x22
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 4.1 Exercises 231

 105. tan1arcsin1x22  106. sec1arcsin1x22
 107. sec1arctan1x22  108. csc1arcsin1x22

MODELING

In a circle with radius r, a central angle u intercepts a chord of 

length c, where u = cos-1 A1 -  c2

2r2 B . Use this formula to solve 

problems 109 and 110. 

 109. An airplane at 2000 ft flies directly over a gun that has a 
range of 2400 ft as shown in the figure. What is the measure 
in degrees of the angle for which the airplane is within range 
of the gun?

WRITING/DISCUSSION

 113. Graph the function y = sin1sin-1 x2 for -2p … x … 2p and 
explain your result.

 114. Graph the function y = sin-11sin x2 for -2p … x … 2p and 
explain your result.

 115. Graph y = sin-111>x2 and explain why the graph looks like 
the graph of y = csc-1 x shown in the Function Gallery, on 
page 226.

 116. Graph y = tan-111>x2 and explain why the graph does not 
look like the graph of y = cot -1x shown in the Function  
Gallery on page 226.

REVIEW

 117. The shortest side of a right triangle is 7 cm, and one of the 
acute angles is 64°. Find the length of the hypotenuse and  
the length of the longer leg. Round to the nearest tenth of a 
centimeter.

 118. Suppose that a is an angle in standard position with its ter-
minal side in quadrant III such that sin a = -5>6. Find exact 
values for cos a and tan a.

 119. Determine the amplitude, period, phase shift, and range for 
the function y = 5 sin14x - p2 - 3.

 120. Determine the period, asymptotes, and range for the function 
y = 3 csc1px - p2 + 2.

 121. Simplify the expression 3 -
3

csc21x2 .

 122. Simplify the expression 1sin x + cos x22 - sin12x2.

OUTSIDE THE BOX

 123. Lucky Lucy Ms. Willis asked Lucy to come to the board to 
find the mean of a pair of one-digit positive integers. Lucy 
slowly wrote the numbers on the board. While trying to 
think of what to do next, she rested the chalk between the 
numbers to make a mark that looked like a decimal point to 
Ms. Willis. Ms. Willis said “correct” and asked her to find 
the mean for a pair of two-digit positive integers. Being a 
quick learner, Lucy again wrote the numbers on the board, 
rested the chalk between the numbers, and again Ms. Willis 
said “correct.” Lucy had to demonstrate her ability to find 
the mean for a pair of three-digit and a pair of four-digit 
positive integers before Ms. Willis was satisfied that she 
understood the concept. What four pairs of integers did Ms. 
Willis give to Lucy? Explain why Lucy’s method will not 
work for any other pairs of one-, two-, three-, or four-digit 
positive integers.

 124. Sum and Difference Find the exact value of

cos 15° + sin 15°
cos 15° - sin 15°

.

2400 ft 2400 ft

u

Figure for Exercise 109

Figure for Exercises 111 and 112

 110. A triangle has two sides that are both 5.2 m long and one side 
with a length of 1.3 m. Find the measure in degrees for the 
smallest angle of the triangle.

 111. Eclipse Function The portion of the sun that is blocked out 
by the moon at time t in a total eclipse of the sun is given by 
the function

P =
cos-11u2 - sin1cos-11u22

p

where u = 1 - 8t + 8t2. The eclipse begins at time t = 0 
and ends at time t = 1. What percentage of the sun is cov-
ered at time t = 0.25?

 112. Maximum Coverage Using a graphing calculator, graph 
the function from the previous exercise. Use the maximum 
feature to find the maximum value of P for t in the interval 
30, 14 .
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232 Chapter 4  Solving Conditional Trigonometric Equations

Find the exact value.

 1. sin-11-12  2. sin-111>22
 3. arccos1-12  4. arctan1-12
 5. tan1arcsin11>222  6. sin-11sin13p>422

Find the exact value for x in the interval 30, p>24  that satisfies 
each equation.

 7. sin1x2 = 22>2  8. cos1x2 = 0

 9. tan1x2 = 1

4.1 POP QUIZ

Maximizing the Viewing Angle

A billboard that is 30 ft wide is placed 60 ft from a highway as shown in the figure. 
The billboard is easiest to read from the highway when the viewing angle a is larger 
than 7°.

a) Show that

a = tan-1190>x2 - tan-1160>x2.

b) Graph the function in part (a).

c) For what approximate values of x is a greater than 7°?

d) For approximately how long does a motorist traveling at 35 mph have a view-
ing angle larger than 7°?

LINKING  
concepts... For Individual or Group Explorations

35 mph

30 ft60 ft

a

Billboard
x

4.2 
In this section we will solve the most basic sine, cosine, and tangent equations.

Basic Cosine Equations
An identity is satisfied by all values of the variable for which both sides are defined. A 
conditional equation is an equation that has at least one solution but is not an identity.

The most basic conditional equation involving cosine is of the form cos x = a 
where a is a number in the interval 3-1, 14 . If a is not in 3-1, 14 , cos x = a has no 
solution. The domain of cos-1 is 3-1, 14  and its range is 30, p4 . So for a in 3-1, 14 , 
the equation x = cos-1 a provides one solution in the interval 30, p4 . From that solu-
tion we can determine all of the solutions because of the periodic nature of the cosine 
function.

Find all real numbers that satisfy each equation.

a. cos x = 1

EXAMPLE 1 Solving cos(x)∙a, where a is 1, 0, or ∙1

b. cos x = 0 c. cos x = -1

Basic Sine, Cosine, and Tangent Equations
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 4.2 Basic Sine, Cosine, and Tangent Equations 233

(1, 0)

2p

y

x

Figure 4.10

Solution

a. Use the inverse cosine function to find one solution to cos x = 1:

x = cos-1112 = 0

Since the period of cosine is 2p, any integral multiple of 2p can be added to 
this solution to get additional solutions. So the equation is satisfied by 0, {2p,  
{4p, and so on. Since cos x is defined as the first coordinate where an arc of 
length x terminates on the unit circle, cos x = 1 is satisfied only if the arc of length 
x terminates at 11, 02, as shown in Fig. 4.10. So there are no more solutions. The 
solution set is written as

5x ∙ x = 2kp6
where k is any integer.

 Use your calculator to graph y1 = cos1x2 and y2 = 1 as shown in Fig. 4.11. 
Use the intersect feature to find some of the intersections of the two graphs. The 
intersections all occur at multiples of 2p, which supports our conclusion.

b. Use the inverse cosine function to find one solution to cos x = 0:

x = cos-1102 =
p

2

The terminal point for the arc of length p>2 is 10, 12. However, an arc of length x 
that terminates at 10, -12 also satisfies cos x = 0, as shown in Fig. 4.12, because 
cos x is the first coordinate of the terminal point of the arc. Since the distance 
between 10, 12 and 10, -12 on the unit circle is p, all arcs that terminate at these 
points are of the form p>2 + kp. So the solution set is

ex ∙ x =
p

2
+ kpf

where k is any integer.
 Use your calculator to graph y = cos1x2 as shown in Fig. 4.13. The solutions 

to cos1x2 = 0 correspond to the x-intercepts on the graph of y = cos1x2 shown 
in Fig. 4.13. Use the zero feature to find some of the x-intercepts and verify that 
they have the form 1p>2 + kp, 02.

c. Use cos-1 to find one solution to cos x = -1:

x = cos-11-12 = p
An arc of length p on the unit circle terminates at 1-1, 02 as shown in Fig. 4.14. 
Since the period of cosine is 2p, all arcs of length p + 2kp (where k is any inte-
ger) satisfy the equation. Since 1-1, 02 is the only point on the unit circle with 
first coordinate -1, there are no other solutions.

 Graph y1 = cos1x2 and y2 = -1 as shown in Fig. 4.15. Use the intersect or 
trace feature to verify that they intersect when x has the form p + 2kp.

2p–2p

–2

2

Figure 4.11

(0, 1)
y

x

2
p

(0, –1)

2
p + p

Figure 4.12

2p–2p

–2

2

Figure 4.13

(1, 0)

y

x

(0, 1)

(0,  –1)

(–1, 0)

p

Figure 4.14

2p–2p

–2

2

Figure 4.15

TRY THIS. Find the exact values of cos-11-12, cos-1102, and cos-1112.
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234 Chapter 4  Solving Conditional Trigonometric Equations

Since the cosine of an arc is the first coordinate of its terminal point on the unit 
circle, arcs that terminate at opposite ends of a vertical chord in the unit circle have 
the same cosine. So, if the solution found using the inverse cosine is in the interval 
10, p2,  then there is another solution in the interval 1p, 2p2.

Find all real numbers that satisfy each equation.

a. cos x = -1>2

EXAMPLE 2 Solving cos(x)∙a for nonzero a in ( ∙ 1, 1)

y

x1

1

–1

Terminal point

of 2p
3

Terminal point

of

1
2

–or

2p
3

2p
3

4p
3

2p –

4p
3

Figure 4.16

2p0

–2

2

Figure 4.17

y

x1

5.017

1.266

0.3–1

1

–1

Figure 4.18

2p–2p

–2

2

Figure 4.19

TRY THIS. Find all real numbers that satisfy cos x = 23>2.

b. cos x = 0.3

Solution

a. Use cos-1 to find one solution to cos x = -1>2:

x = cos-1a-  
1

2
b =

2p

3

Since the period of cosine is 2p, all arcs of length 2p>3 + 2kp (where k is any 
integer) satisfy the equation. The arc of length 4p>3 also terminates at a point 
with x-coordinate -1>2 as shown in Fig. 4.16. So 4p>3 is also a solution to 
cos x = -1>2, but it is not included in the form 2p>3 + 2kp. So the solution set 
to cos x = -1>2 is

ex ∙ x =
2p

3
+ 2kp or x =

4p

3
+ 2kpf

where k is any integer.
 Note that the calculator graph of y1 = cos1x2 in Fig. 4.17 crosses the horizon-

tal line y2 = -1>2 twice in the interval 30, 2p4 , at 2p>3 and 4p>3.
b. Use cos-1 on a calculator to find one solution to cos x = 0.3:

x = cos-110.32 ≈ 1.266

Since the period of cosine is 2p, all arcs of length 1.266 + 2kp (where k is any 
integer) satisfy the equation. The arc of length 2p - 1.266 or 5.017 also termi-
nates at a point with x-coordinate 0.3 as shown in Fig. 4.18. So 5.017 is also a 
solution to cos x = 0.3. So the solution set to cos x = 0.3 is

5x ∙ x ≈ 1.266 + 2kp or x ≈ 5.017 + 2kp6
where k is any integer.

c.  The points of intersection of y1 = cos1x2 and y2 = 0.3 in Fig. 4.19 corre-
spond to the solutions to the equation cos1x2 = 0.3.
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 4.2 Basic Sine, Cosine, and Tangent Equations 235

The procedure used in Example 2(b) can be used to solve cos x = a for any 
nonzero a between -1 and 1. First find two values of x between 0 and 2p that satisfy 
the equation. (In general, s = cos-11a2 and 2p - s are the values.) Next write all 
solutions by adding 2kp to the first two solutions. The cases a = -1, 0, and 1 are 
handled separately because in these cases the solution set can be written as a single 
solution plus multiples of p or 2p.

All of the cases for solving cos x = a are summarized in the following box, 
where k is used to represent any integer. Do not try to simply memorize this sum-
mary. Practice solving cos x = a until you can do it for any value of a using the unit 
circle as a guide.

SUMMARY

Solving cos x ∙ a

1. If -1 6 a 6 1 and a ∙ 0, then the solution set to cos x = a is

 5x ∙x = s + 2kp or x = 2p - s + 2kp6 ,

 where s = cos-1 a and k is any integer.

2. The solution set to cos x = 1 is 5x ∙x = 2kp6 .

3. The solution set to cos x = 0 is 5x ∙x = p>2 + kp6 .

4. The solution set to cos x = -1 is 5x ∙x = p + 2kp6 .

5. If 0 a 0 7 1, then cos x = a has no solution.

Basic Sine Equations
The most basic conditional equation involving sine is sin x = a where a is a number 
in the interval 3-1, 14 . If a is not in 3-1, 14 , sin x = a has no solution. For a in 
3-1, 14 , the equation x = sin-1a provides one solution in the interval 3-p>2, p>24 . 
From that solution we can determine all of the solutions.

(1, 0)

y

x

(0, 1)

(0, –1)

(–1, 0)

2
p

Figure 4.20

2p–2p

–2

2

Figure 4.21

Find all real numbers that satisfy each equation.

a. sin1x2 = 1

EXAMPLE 3 Solving sin(x)∙a for a ∙1, 0, or ∙1

b. sin1x2 = 0 c. sin1x2 = -1

Solution

a. Use the inverse sine function to find one solution to sin x = 1:

x = sin-1112 = p>2
Since the period of sine is 2p, any integral multiple of 2p can be added to this 
solution to get additional solutions. Now sin x = 1 is satisfied only if the arc of 
length x on the unit circle has terminal point 10, 12, as shown in Fig. 4.20. So there 
are no other solutions. The solution set is written as

5x ∙ x = p>2 + 2kp6
where k is any integer.

 The graphs of y1 = sin1x2 and y2 = 1 intersect when x = p>2 + 2kp as 
shown in Fig. 4.21.

b. Use the inverse sine function to find one solution to sin x = 0:

x = sin-1102 = 0
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236 Chapter 4  Solving Conditional Trigonometric Equations

The terminal point for the arc of length 0 is 11, 02. However, an arc of length x 
that terminates at 1-1, 02 also satisfies sin x = 0, as shown in Fig. 4.22. Since the 
distance between 11, 02 and 1-1, 02 on the unit circle is p, all arcs that terminate 
at these points are of the form kp. So the solution set is

5x ∙ x = kp6
where k is any integer.

 The x-intercepts for y1 = sin1x2 occur when x = kp as shown in Fig. 4.23.

(1, 0)

y

x

(0, 1)

(0, –1)

(–1, 0)

p

Figure 4.22

2p–2p

–2

2

Figure 4.23

2p–2p

–2

2

Figure 4.24

c. Use sin-1 to find one solution to sin x = -1:

x = sin-11-12 = -p>2
Since the period of sine is 2p we also get sin x = -1 if x is -p>2 + 2p or 3p>2. 
Since there is no other terminal point for which sin x = -1, the solution set is

5x ∙ x = 3p>2 + 2kp6
where k is any integer.

 The graphs of y1 = sin1x2 and y2 = -1 intersect when x = 3p>2 + 2kp as 
shown in Fig. 4.24.

TRY THIS. Find the exact values of sin-11-12, sin-1102, and sin-1112.

In Example 3(c) we could have written the solutions in the form -p>2 + 2kp. 
However, we will always express the solutions in terms of the smallest positive angle 
that satisfies the equation.

Since the sine of an arc is the second coordinate of its terminal point on the unit 
circle, arcs that terminate at opposite ends of a horizontal chord in the unit circle 
have the same sine. So, if the solution to sin x = a found using the inverse sine is in 
1-p>2, p>22  then there is another solution in 1p>2, 3p>22.

Find all real numbers that satisfy each equation.

a. sin x = -1>2

EXAMPLE 4 Solving sin(x)∙a for nonzero a in (∙1, 1)

b. sin x = 0.68

Solution

a. Use the function sin-1 to find one solution to sin x = -1>2:

x = sin-1a-  
1

2
b = -  

p

6
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 4.2 Basic Sine, Cosine, and Tangent Equations 237

See Fig. 4.25. The smallest positive arc with the same terminal point as -p>6 is 
-p>6 + 2p or 11p>6. Since the period of the sine function is 2p, all arcs of the 
form 11p>6 + 2kp have the same terminal point and satisfy sin x = -1>2. The 
smallest positive arc that terminates at the other end of the horizontal chord shown 
in Fig. 4.25 is p - 1-p>62 or 7p>6. So 7p>6 also satisfies the equation but it is 
not included in the form 11p>6 + 2kp. So the solution set is

ex ∙ x =
7p

6
+ 2kp or x =

11p

6
+ 2kpf

where k is any integer.
 The calculator graph of y1 = sin1x2 in Fig. 4.26 crosses the horizontal line 

y2 = -1>2 twice in the interval 30, 2p4 , at x = 7p>6 and x = 11p>6.

y

x1–1

1

–1

6
7p

1
2

–

Terminal point

of          
Terminal point

of        

6
p

6
11p

6
7p

–

+ 2kp+ 2kp

Figure 4.25

2p0

–2

2

Figure 4.26

y

x(–1, 0)

0.748
0.68

2.394

(1, 0)

(0, –1)

(0, 1)

Figure 4.27

p–p

–2

2

Figure 4.28

b. First use sin-1 to find one solution to sin x = 0.68:

x = sin-110.682 ≈ 0.748

Since the period is 2p, all arcs of the form 0.748 + 2kp have the same terminal point 
and satisfy sin x = 0.68. The smallest positive arc that terminates at the other end 
of the horizontal chord shown in Fig. 4.27 is p - 0.748 or 2.394. So 2.394 + 2kp 
also satisfies sin x = 0.68 and is not included in the form 0.748 + 2kp. So the 
solution set is

5x ∙ x ≈ 0.748 + 2kp or x ≈ 2.394 + 2kp6 .

 The calculator graph of y1 = sin1x2 in Fig. 4.28 crosses the horizontal line 
y2 = 0.68 twice in the interval 30, p4 , at x ≈ 0.748 and x ≈ 2.394.

TRY THIS. Find all real numbers that satisfy sin x = 1>2.

The procedure used in Example 4 can be used to solve sin x = a for any non-
zero a between -1 and 1. First find two values of x between 0 and 2p that satisfy the 
equation. (In general, s = sin-11a2 and p - s work when s is positive; s + 2p and 
p - s work when s is negative.) Next write all solutions by adding 2kp to the first 
two solutions. The cases a = -1, 0, and 1 are handled separately because in these 
cases the solution set can be written as a single solution plus multiples of p or 2p.

All of the cases for solving sin x = a are summarized on page 238 where k is  
used to represent any integer. Do not try to simply memorize this summary. 
 Practice solving sin x = a until you can do it for any value of a using the unit 
circle as a guide.
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238 Chapter 4  Solving Conditional Trigonometric Equations

Basic Tangent Equations
Tangent equations are a little simpler than sine and cosine equations because the 
tangent function is one-to-one in its fundamental cycle, whereas sine and cosine are 
not one-to-one in their fundamental cycles. In Example 5, we will see that the solu-
tion set to tan x = a consists of any single solution plus multiples of p.

To solve tan x = a for any real number a, we first find the smallest nonnegative 
solution. (In general, s = tan-1 a works if s 7 0 and s + p works if s 6 0.) Next 
add on all integral multiples of p. The solution to the equation tan x = a is summa-
rized as follows.

–3

3

08
3608

Figure 4.29

–1808 1808

–4

4

Figure 4.30

EXAMPLE 5 Solving tan(x) ∙a
Find all solutions, in degrees:

a. tan a = 1 b. tan a = -1.34

Solution

a. Since tan-1112 = 45° and the period of tangent is 180°, all angles of the form 
45° + k180° satisfy the equation. There are no additional angles that satisfy the 
equation. The solution set to tan a = 1 is

5a ∙a = 45° + k180°6 .

 The calculator graphs of y1 = tan1x2 and y2 = 1 in Fig. 4.29 support the 
conclusion that the solutions to tan x = 1 are 180° apart.

b. Since tan-11-1.342 ≈ -53.3°, one solution is a ≈ -53.3°. Since all solutions 
to tan a = -1.34 differ by a multiple of 180°, -53.3° + 180° = 126.7° is the 
smallest positive solution. So the solution set is

5a ∙a ≈ 126.7° + k180°6 .

 The calculator graphs of y1 = tan1x2 and y2 = -1.34 in Fig. 4.30 support the 
conclusion that the solutions to tan1x2 = -1.34 are 180° apart.

TRY THIS. Find all angles a in degrees that satisfy tan a = 23.

SUMMARY

Solving sin x ∙ a

1. If  -1 6 a 6 1, a ∙ 0, and s = sin-1 a, then the solution set to 
sin x = a is

 5x ∙x = s + 2kp or x = p - s + 2kp6  for s 7 0.

 and

 5x ∙x = s + 2p + 2kp or x = p - s + 2kp6  for s 6 0.

2. The solution set to sin x = 1 is 5x ∙x = p>2 + 2kp6 .

3. The solution set to sin x = 0 is 5x ∙x = kp6 .

4. The solution set to sin x = -1 is 5x ∙x = 3p>2 + 2kp6 .

5. If 0 a 0 7 1, then sin x = a has no solution.
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 4.2 Basic Sine, Cosine, and Tangent Equations 239

In the summaries for solving sine, cosine, and tangent equations, the domain of x is 
the set of real numbers. Similar summaries can be made if the domain of x is the set 
of degree measures of angles. Start by finding sin-1 a, cos-1 a, or tan-1 a in degrees, 
then write the solution set in terms of multiples of 180° or 360°.

Isolating the Trigonometric Function
In some equations we must isolate the trigonometric function before applying the 
previous techniques for solving a trigonometric equation.

SUMMARY

Solving tan x ∙ a

If a is any real number and s = tan-1 a, then the solution set to tan x = a is

5x ∙x = s + kp6     for s Ú 0,

and

5x ∙x = s + p + kp6  for s 6 0.

Solve 2 cos a + 2 = 3 for 0° … a … 360°.

Solution

First solve for cos a:

2 cos a + 2 = 3

 2 cos a = 1

 cos a =
1

2

In 30°, 360°4 , cos x = 1>2 for x = 60° and x = 300°. So the solution set is 
560°, 300°6.

TRY THIS. Solve 2 sin a - 1 = 0 for  0° … a … 360°.

EXAMPLE 6 Isolating the trigonometric function

Find a to the nearest tenth of a degree if 0° … a … 180° and

sin a

5.6
=

sin 32.6°
12.2

.

Solution

First solve for sin a:

 
sin a

5.6
=

sin 32.6°
12.2

 sin a  =
5.6 # sin 32.6°

12.2

 sin a ≈ 0.2473

There are two angles between 0° and 180° for which sin a ≈ 0.2473. One is 
sin-110.24732 or approximately 14.3°. The other is 180° - 14.3° or 165.7°. So the 
solution set is 514.3°, 165.7°6 .

TRY THIS. Find a to the nearest tenth of a degree if 0° … a … 180° and
 sin 44.1°

12.6 = sin a
7.8 .

EXAMPLE 7 Isolating the trigonometric function
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240 Chapter 4  Solving Conditional Trigonometric Equations

a. Solve x = 5 cos12y2 for y where 0 … y …
p

2
.

b. Solve w = 4 tanaa

3
b + 1 for a where -

3p

2
6 a 6

3p

2
.

Solution

a. If 0 … y … p2 , then 0 … 2y … p and we can write an equivalent equation using 
the inverse cosine function.

  x = 5 cos12y2  Original equation

  
x

5
= cos12y2  Isolate cos12y2.

  2y = cos-1ax

5
b  Definition of cos-1

  y =
1

2
 cos-1ax

5
b

b. If a is in the interval A-3p
2 , 3p2 B  , then a3 is in the interval A-p2 , p2 B  and we can write  

an equivalent equation using the inverse tangent function:

  w = 4 tanaa

3
b + 1  Original equation

  
w - 1

4
= tanaa

3
b  Isolate tan Aa3 B .

  
a

3
= tan-1aw - 1

4
b  Definition of tan-1

  a = 3 tan-1aw - 1

4
b

TRY THIS. Solve x = 1
2 cos13y2 for y where 0 … y … p3 .

EXAMPLE 8 Solving for a certain variable

When performing computations with a calculator, as in Example 7, always use 
the full accuracy of your calculator until you get to the final answer. You may write 
sin a ≈ 0.2473 rounded to four places, but you should use the ten-digit value for 
that number shown on your calculator in the next computation to be more accurate.

Using Inverse Functions to Solve for a Variable
Because of the definition of the inverse sine function,

a = sin1b2 is equivalent to  b = sin-11a2
provided b is in the interval 3-p2 , p2 4 . Because of the definition of the inverse 
cosine function,

a = cos1b2 is equivalent to b = cos-11a2
provided b is in the interval 30, p4 . Because of the definition of the inverse tangent 
function,

a = tan1b2 is equivalent to b = tan-11a2
provided b is in the interval A-p2 , p2 B . We can use these ideas to rewrite equations 
involving the trigonometric functions.
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 4.2 Basic Sine, Cosine, and Tangent Equations 241

Inverses of General Trigonometric  
Functions
Recall that a function of the form

ƒ1x2 = A sin3B1x - C24 + D,

ƒ1x2 = A cos3B1x - C24 + D, or

ƒ1x2 = A tan3B1x - C24 + D

is in the sine, cosine, or tangent family, respectively. Each of these general trigono-
metric functions is a composition of a trigonometric function and several algebraic 
functions. Since each of the trigonometric functions has an inverse and each algebraic 
function has an inverse, a general trigonometric function has an inverse provided it 
is restricted to a suitable domain. To find an inverse we use the switch-and-solve 
technique from Section P.4. That is, switch or interchange x and y, then solve for y 
just as we did in Example 8.

Let ƒ1x2 = 3 sin12x2 + 5 where -p4 … x … p4 . Find ƒ -1 and determine the domain 
and range of ƒ -1.

Solution

Note that if  -p4 … x … p4, then -p2 … 2x … p2 . So sin12x2 is one-to-one and invertible  

on this domain. To find ƒ -1 switch or interchange x and y, then solve for y:

  ƒ1x2 = 3 sin12x2 + 5  Original function

  y = 3 sin12x2 + 5  Write y in place of f1x2.

  x = 3 sin12y2 + 5  Switch x and y.

  x - 5 = 3 sin12y2  Solve for y.

  
x - 5

3
= sin12y2

  sin-1ax - 5

3
b = 2y  Definition of sin-1

  
1

2
 sin-1ax - 5

3
b = y

  ƒ -11x2 =
1

2
 sin-1ax - 5

3
b  Write f -11x2 in place of y.

To find the range of ƒ, work with the domain of ƒ as follows:

 -
p

4
… x …

p

4

 -
p

2
… 2x …

p

2
 Multiply by 2.

 -1 … sin12x2 … 1 Apply the sine function.

 -3 … 3 sin12x2 … 3 Multiply by 3.

 2 … 3 sin12x2 + 5 … 8 Add 5.

EXAMPLE 9 The inverse of a general sine function

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



242 Chapter 4  Solving Conditional Trigonometric Equations

p
2

p
2

10
0

–

Figure 4.31

The domain of ƒ is 3-p4 , p4 4  and the range of ƒ is 32, 84 . So the domain of ƒ -1 is 32, 84   

and the range of ƒ -1 is 3-p4 , p4 4 .
 Check this with a calculator by graphing ƒ -1 as shown in Fig. 4.31.

TRY THIS. Let ƒ1x2 = 5 cos12x2 - 1 where 0 … x … p2 . Find ƒ -1 and determine the 
domain and range of ƒ -1.

1. sin1p2 = 1 2. cos1p>22 = 0

3. sin1p>32 = 1>2 4. cos1p>62 = 23>2
5. If x is in 3-1, 14 , then sin-11x2 is in 3-p>2, p>24 .

6. If x is in 3-1, 14 , then cos-11x2 is in 30, p4 .

7. The only solutions to cos a = 1>22 in 30°, 360°2 are 
45° and 135°.

8. The only solution to sin x = -0.55 in 30, p2 is  
sin-11-0.552.

9. 5x ∙ x = -29° + k360°6 = 5x ∙ x = 331° + k360°6  
where k is any integer.

10. The solution set to tan x = -1 is 5x ∙ x = 7p
4 + kp6  

where k is any integer.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

1. A(n) __________ is satisfied by all real numbers for which  
both sides are defined.

2. A(n) __________ is an equation that has at least one solution  
but is not an identity.

SKILLS

Find all real numbers that satisfy each equation. 

 3. cos x = 0  4. cos1x2 = -1

 5. cos1x2 - 1 = 0  6. cos1x2 - 2 = 0

 7. sin1x2 + 2 = 0  8. sin1x2 - 1 = 0

 9. sin1x2 = -1  10. sin x = 0

 11. tan x = 0  12. tan x = 1

 13. tan x = -1  14. tan x = 23

Find all real numbers that satisfy each equation. 

 15. cos x = 1>2  16. cos x = 22>2
 17. sin x = 22>2  18. sin x = 23>2
 19. tan x = 1>23  20. tan x = 23>3

4.2
 21. cos x = -23>2  22. cos x = -22>2
 23. 2 sin1x2 + 22 = 0  24. 2 sin1x2 + 23 = 0

 25. tan1x2 - 23 = 0  26. tan1x2 + 23 = 0

Find all angles in degrees that satisfy each equation. 

 27. cos a = 0  28. cos a = -1

 29. sin a = 1  30. sin a = -1

 31. tan a = 0  32. tan a = -1

 33. 2 cos1a2 - 22 = 0  34. 2 cos1a2 + 1 = 0

 35. 2 sin1a2 + 1 = 0  36. 2 sin1a2 + 22 = 0

 37. tan1a2 - 1 = 0  38. tan1a2 + 23 = 0

Find all angles in the interval 30°, 360°4  that satisfy each equation. 
Round approximations to the nearest tenth of a degree. 

 39. cos a = 0.873  40. cos a = -0.158

 41. sin a = -0.244  42. sin a = 0.551

 43. tan a = 5.42  44. tan a = -2.31

 45. cos1a2 - 23 = 0  46. sin1a2 + 22 = 0

EXERCISES
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 4.2 Exercises 243

Find all real numbers in the interval 30, 2p4  that satisfy each 
equation. Round to the nearest hundredth. 

 47. cos x = 0.66  48. cos x = -0.23

 49. sin x = -1>4  50. sin x = 4>5
 51. 26 tan1x2 - 1 = 0  52. 3 tan1x2 - 27 = 0 

 53. 25 cos1x2 + 2 = 0  54. 7 sin1x2 - 27 = 0 

Solve each equation. Round approximate answers to the nearest 
tenth of a degree. 

 55. 2 cos1a2 - 2 = 0 for -360° … a … 360°

 56. 3 sin1b2 + 10 = 7 for 0° … b … 360°

 57. 3 sin1b2 + 6 = 5 sin1b2 + 7 for 0° … b … 360°

 58. 3 cos1a2 + 212 = 5 cos 1a2 + 23 for  -360° … a … 360° 

 59. 
sin a

23.4
=

sin 67.2°
25.9

 for 0° 6 a 6 90°

 60. 
sin 9.7°

15.4
=

sin b

52.9
 for 90° 6 b 6 180°

 61. 13.622 = 15.422 + 18.222 - 215.4218.22 cos a 
for 0° 6 a 6 90°

 62. 16.822 = 13.222 + 14.622 - 213.2214.62 cos a 
for 90° 6 a 6 180°

Solve each equation for the indicated variable.

 63. Solve x = 2 cos13y2 for y where 0 … y …
p

3
.

 64. Solve x = -4 cos ay

2
b  for y where 0 … y … 2p.

 65. Solve t = -6 sin1m2 + 2 for m where -
p

2
… m …

p

2
.

 66. Solve v = 5 sin1s2 - 8 for s where -
p

2
… s …

p

2
.

 67. Solve b = 7 tanaa

3
b - d for a where -

3p

2
6 a 6

3p

2
.

 68. Solve z = 9 tan15p2 + h for p where -
p

10
6 p 6

p

10
.

 69. Solve q = 3 sin1pb - p2 for b where 
1

2
… b …

3

2
.

 70. Solve a = 8 cos12w - p2 + 1 for w where 
p

2
… w … p.

Find the inverse of each function and state the domain and range 
of ƒ -1. 

 71. ƒ1x2 = sin12x2 for  -
p

4
… x …

p

4
 

 72. ƒ1x2 = 5 sin13x2 for  -
p

6
… x …

p

6
 

 73. ƒ1x2 = 2 cos13x2 for  0 … x …
p

3 

 74. ƒ1x2 = 3 cos12x2 + 1 for  0 … x …
p

2
 

 75. ƒ1x2 = 3 + tan1px2 for  -
1

2
6 x 6

1

2
 

 76. ƒ1x2 = 1 + tanap
2

xb  for  -1 6 x 6 1

 77. ƒ1x2 = 2 - sin1px - p2 for  
1

2
… x …

3

2
 

 78. ƒ1x2 = 4 cos1p1x - 222 + 1 for  2 … x … 3

 79. ƒ1x2 = sin-113x2 for  -
1

3
… x …

1

3
 

 80. ƒ1x2 = cos-11x + 42 for  -5 … x … -3

 81. ƒ1x2 = sin-11x>22 + 3 for  -2 … x … 2

 82. ƒ1x2 = 2 cos-115x2 + 3 for  -
1

5
… x …

1

5

Find all real numbers that satisfy each equation. Round approxi-
mate answers to 2 decimal places. 

 83. 
sin 33.2°

a
=

sin 45.6°
13.7

 84. 
sin 49.6°

55.1
=

sin 88.2°
b

 85. 
sin x

8.5
=

sin1p>72
6.3

 86. 
4

sin10.342 =
8

sin1 y2

 87. 72 = 52 + 62 - 2152162cos a

 88. 14.122 = 12.422 + 15.322 - 212.4215.32cos a

 89. c2 = 13.422 + 15.222 - 213.4215.22cos157°2
 90. c2 = 11.422 + 12.622 - 211.4212.62cos133°2
 91. 3 = 5 sin1x2 + 1  92. 2 = 4 cos1x2 + 5

 93. 4 = 6 cos-11x2 + 1  94. 3 = 4 sin-11x2 + 1

WRITING/DISCUSSION

 95. Use a graphing calculator to graph y = sin1x2 and determine  
the number of solutions to sin1x2 = 0 in the interval 
1-2p, 2p2. What is the maximum value of this function on 
this interval?

 96. Use a graphing calculator to graph y = cos1x2>1x - p>22 and 
determine the number of solutions to cos1x2>1x - p>22 = 0 
in the interval 1-2p, 2p2. What is the minimum value of this 
function on this interval?
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244 Chapter 4  Solving Conditional Trigonometric Equations

1

1

1

1

Ë3
Ë2

Figure for Exercise 103

REVIEW

  97. Find the exact value of each expression without using a cal-
culator or table.
a. arcsin11>22 b. cos-11-1>22
c. tan-11-12 d. sin1p>32
e. cos1-p>22 f. sin-11-12

  98. Find the exact value for each expression without using  
a calculator or table.

a. tan Aarcsin A23>2 B B b. sin1cos-111>222
c. sin1tan-11122 d. cos1sin-11122

  99. Simplify sin1-x2cos1-x2tan1-x2.

 100. Simplify cos12y2cos1y2 - sin12y2sin1y2.

 101. Determine the amplitude, period, phase shift, and range for 
the function ƒ1x2 = 3 sin1x - p2 + 9.

 102. A sector of a circle has a central angle of p>6. Find the exact 
area of the sector if the radius of the circle is 6 inches.

OUTSIDE THE BOX

 103. Spiral of Triangles The hypotenuse in the first right triangle 
shown in the figure has length 22. In the second the hypote-
nuse is 23. In the third it is 24, and so on. In this sequence 
of right triangles, which right triangle (after the second one) 
intersects the first one at more than one point? 

 104. Natural Numbers What is the smallest positive integer n such 
that

1 + 2 + 3 + g +  n 7 4050?

Find all angles a in degrees that satisfy each equation. Use k to 
represent any integer.

 1. sin a = 22>2  2. cos a = 1>2

 3. tan a = -1  4. 3 sin1a2 - 5 = -2

Find ƒ -1 and state its domain.

 5. ƒ1x2 = cos12x2 for 0 … x … p>2.

 6. ƒ1x2 = 5 sin1x2 + 1 for 0 … x … p>2.

4.2

A function such as sin12x2 is a composition of an algebraic function (2x) followed 
by a trigonometric function 1sin x2. To solve an equation involving a composition, 
we undo the functions in the reverse order that they are done in the composite 
function.

Sine, Cosine, and Tangent Equations

4.3 Equations Involving Compositions

Find all solutions in degrees to sin 2a = 1>22.

Solution

First solve for 2a using the inverse sine function:

2a = sin-1 A1>22 B = 45°

EXAMPLE 1 A sine equation with a double angle

POP QUIZ
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08

–2

2

908

Figure 4.33

Note that in Example 1, all possible values for 2a are found and then divided by 
2 to get all possible values for a. Finding a = 22.5° and then adding on multiples of 
360° will not produce the same solutions. Observe the same procedure in Example 2, 
where we wait until the final step to divide each side by 3.

The solution set is

5a ∙a = 22.5° + k180° or a = 67.5° + k180°6 ,

where k is any integer.
 The graphs of y1 = sin12x2 and y2 = 1>22 in Fig. 4.33 intersect twice in the 

interval 10°, 90°2, at x = 22.5° and x = 67.5°.

TRY THIS. Find all angles a in degrees that satisfy sin 2a = 1.

45°

135°

,,– 1—–
Ë2

1—–
Ë2

y

x1–1

1

–1

a         b a      b1—–
Ë2

1—–
Ë2

Figure 4.32

Since 180° - 45° = 135°, the only values for 2a between 0° and 360° that satisfy the 
equation are 45° and 135°. See Fig. 4.32. List all possibilities for 2a:

  2a = 45° + k360°  or  2a = 135° + k360°

  a = 22.5° + k180°  or  a = 67.5° + k180° Divide each side by 2.

Find all solutions to tan 3x = -23 in the interval 10, 2p2.

Solution

First find the smallest positive value for 3x that satisfies the equation. Then form all of the 

solutions by adding on multiples of p. Since tan-1 A-23 B = -p>3, the smallest positive 

value for 3x that satisfies the equation is  -p>3 + p, or 2p>3. So proceed as follows:

 tan 3x = -23

 3x =
2p

3
+ kp

 x =
2p

9
+

kp

3
 Divide each side by 3.

The solutions between 0 and 2p occur if k = 0, 1, 2, 3, 4, and 5. If k = 6, then x is 
greater than 2p. So the solution set is

e2p

9
, 

5p

9
, 

8p

9
, 

11p

9
, 

14p

9
, 

17p

9
f .

EXAMPLE 2 A tangent equation involving  
angle multiples
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246 Chapter 4  Solving Conditional Trigonometric Equations

Find all solutions in degrees to cos1a>22 = 1>2, where 0° … a … 1000°.

Solution

First solve for a>2 using the inverse cosine function:

a>2 = cos-111>22 = 60°

Since 360° - 60° = 300°, the only values for a>2 between 0° and 360° that satisfy 
the equation are 60° and 300°. See Fig. 4.35. List all possibilities for a>2:

 
a

2
= 60° + k360°    or    

a

2
= 300° + k360°

 a = 120° + k720°   or    a = 600° + k720° Multiply each side by 2.

If k = 0 or k = 1 in a = 120° + k720°, we get a = 120° or a = 840°. If k = 0 in 
a = 600° + k720°, we get a = 600°. Since a must be in 30°, 1000°4  the solution 
set is 5120°, 600°, 840°6 .

 The graph of y1 = cos1x>22 in Fig. 4.36 intersects the graph of y2 = 1>2 three 
times in the interval 30°, 1000°4 . Make sure your calculator’s mode is set to degrees 
when you draw this graph.

TRY THIS. Find all solutions to sin1x>22 = 23>2 in the interval 10, 6p2.

EXAMPLE 3 A cosine equation with a half angle

y

x–1

60°

300°
1

–1

1

1
2

Figure 4.35

08

–2

2

10008

Figure 4.36
Find all solutions to 2 sinax +

p

6
b + 1 = 0 in the interval 30, 2p2.

Solution

First isolate the sine function:

 2 sinax +
p

6
b + 1 = 0

 2 sinax +
p

6
b = -1

 sinax +
p

6
b = -

1

2

On the unit circle, sine is -1>2 at 7p>6 and 11p>6.

 x +
p

6
=

7p

6
+ 2kp   or   x +

p

6
=

11p

6
+ 2kp

 x = p + 2kp   or   x =
5p

3
+ 2kp

The only number of the form p + 2kp in 30, 2p2 is p. The only number of the form 
5p>3 + 2kp in 30, 2p2 is 5p>3. The solution set is 5p, 5p>36.

TRY THIS. Find all solutions to 22 sinax +
p

4
b - 1 = 0 in the interval 30, 2p2.

EXAMPLE 4 Sine of a sum

2p0

–3

3

Figure 4.34

 The graph of y1 = tan13x2 in Fig. 4.34 intersects the graph of y2 = -23 six 
times in the interval 10, 2p2.

TRY THIS. Find all solutions to tan14x2 = 1 in the interval 10, p2.
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 4.3 Equations Involving Compositions 247

Secant, Cosecant, and Cotangent Equations
To solve equations involving secant, cosecant, or cotangent we use the definitions of 
these functions to write equivalent equations involving cosine, sine, or tangent.

Find all solutions in degrees to sec1a>32 = 2, where 0° … a … 360°.

Solution

Rewrite the equation in terms of cosine:

 sec1a>32 = 2

 cos1a>32 =
1

2
 Because cos x = 1>sec x

 
a

3
= 60° + k360°   or  

a

3
 = 300° + k360°

 a = 180° + k1080°  or  a = 900° + k1080°

The only angle in 30°, 360°4  that fits the above form is 180°.

TRY THIS. Find all solutions to csc12x2 = 223>3 in the interval 10, 2p2.

EXAMPLE 5 A secant equation

Equations Involving Identities
Identities can be used to simplify equations, as shown in Example 6.

Find all solutions to each equation in the interval 30, 2p4 .

a. sin21x2 + sin12x2 + cos21x2 = 0 b. sin12x2 - sin1x2 = 0

Solution

a.  sin21x2 + sin12x2 + cos21x2 = 0

 sin12x2 + 1 = 0   sin21x2 + cos21x2 = 1

 sin12x2 = -1

 2x =
3p

2
+ 2kp  2x = sin-11-12

 x =
3p

4
+ kp

Now 
3p

4
+ kp is in the interval 30, 2p4  only if k is 0 or 1. So the solution set is  

e3p

4
, 

7p

4
f .

b.  sin12x2 - sin1x2 = 0

 2 sin1x2cos1x2 - sin1x2 = 0 sin12x2 = 2 sin1x2cos1x2
 sin1x212 cos1x2 - 12 = 0

 sin1x2 = 0  or  2 cos1x2 - 1 = 0

 sin1x2 = 0  or  cos1x2 =
1

2

 x = kp  or   x =
p

3
+ 2kp or x =

5p

3
+ 2kp

EXAMPLE 6 Using an identity to simplify an equation
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248 Chapter 4  Solving Conditional Trigonometric Equations

2p
0

–2

2

Figure 4.37

A catapult is placed 100 feet from the castle wall, which is 35 feet high. The soldier 
wants the burning bale of hay to clear the top of the wall and land 50 feet inside the 
castle wall. If the initial velocity of the bale is 70 feet per second, then at what angle 
should the bale of hay be launched so that it will travel 150 feet and pass over the 
castle wall?

Solution

Use the equation v 20 sin 2u = 32d  with v0 = 70 ft>sec and d = 150 ft to find u:

 702 sin 2u = 3211502

 sin 2u =
3211502

702 ≈ 0.97959

The launch angle u must be in the interval 10°, 90°2, so we look for values of 
2u in the interval 10°, 180°2. Since sin-110.979592 ≈ 78.4°, both 78.4° and 
180° - 78.4° =  101.6° are possible values for 2u. So possible values for u are 39.2° 
and 50.8°. See Fig. 4.38.

50.8°
39.2°

100 ft 50 ft

35 ft

Figure 4.38

There are two launch angles for which the bale of hay will travel 150 feet. To deter-
mine which launch angle will cause the bale to go over the castle wall, we must 
find the altitude of the bale when it is 100 feet from the catapult. Use the equation 
x = v0t cos u to find the time at which the bale is 100 feet from the catapult (measured 
horizontally) by using each of the possible values for u:

 100 = 70t cos139.2°2    100 = 70t cos150.8°2

 t =
100

70 cos139.2°2 ≈ 1.84 sec   t =
100

70 cos150.8°2 ≈ 2.26 sec

EXAMPLE 7 The path of a projectile

Now kp is in the interval 30, 2p4  if k is 0, 1, or 2. The solutions to cos1x2 =
1

2
 in 

30, 2p4  are 
p

3
 and 

5p

3
. So the solution set is e0, 

p

3
, p, 

5p

3
, 2pf .

 The graph of y = sin12x2 - sin1x2 in radian mode in Fig. 4.37 intersects the 
x-axis five times in the interval 30, 2p4 . So the graph supports our solution to the 
equation.

TRY THIS. Find all solutions to sin12x2 + cos1-x2 = 0 in the interval 30, 2p4 .

Applications
The distance d (in feet) traveled by a projectile fired from the ground with an 
angle of elevation u is related to the initial velocity v0 (in ft>sec) by the equation 
v 20 sin 2u = 32d. If the projectile is fired from the origin into the first quadrant, then 
the x- and y-coordinates (in feet) of the projectile at time t (in seconds) are given by 
x = v0t cos u and y = -16t2 + v0t sin u.
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 4.3 Exercises 249

Use the equation y = -16t2 + v0t sin u to find the altitude of the bale at time 
t = 1.84 sec and t = 2.26 sec:

y = -1611.8422 + 7011.842sin 39.2° ≈ 27.2 ft

y = -1612.2622 + 7012.262sin 50.8° ≈ 40.9 ft

If the burning bale is launched on a trajectory with an angle of 39.2°, then it will have 
an altitude of only 27.2 feet when it reaches the castle wall. If it is launched with an 
angle of 50.8°, then it will have an altitude of 40.9 feet when it reaches the castle 
wall. Since the castle wall is 35 feet tall, the 50.8° angle must be used for the bale to 
reach its intended target.

TRY THIS. Find the launch angle so that a projectile with initial velocity of 100 feet 
per second will travel 200 feet.

1. If a>3 = p>2, then a = p>6.

2. If x>2 = p>3 + kp for any integer k, then  
x = 2p>3 + 2kp.

3. If 2x = p>2 + kp for any integer k, then  
x = p>4+  kp.

4. If cos1x>32 = 1>2, then x>3 = p>3 + 2kp or  
x>3 = 5p>3 + 2kp.

5. If tan15x2 = 1, then x = p>4 + kp.

6. If sin16x2 = 22>2, then 6x = p>4 + 2kp or 
6x = 3p>4 + 2kp.

7. If csc1x2 = 4, then sin1x2 = 0.25.

8. If cot1x2 = 3, then tan1x2 = 0.33.

9. The solution set to cot x = 3 for x in 30, p2 is  
5tan-111>326 .

10. 5x ∙ 3x = p2 + 2kp6 = 5x ∙ x = p6 + 2kp6 , where k 
is any integer.

FOR THOUGHT… True or False? Explain.

SKILLS

Find all real numbers that satisfy each equation. 

 1. cos1x>22 = 1>2  2. 2 cos12x2 = -22

 3. cos13x2 = 1  4. cos12x2 = 0

 5. 2 sin1x>22 - 1 = 0  6. sin12x2 = 0

 7. 2 sin12x2 = -22  8. sin1x>32 + 1 = 0

 9. tan12x2 = 23  10. 23 tan13x2 + 1 = 0

 11. tan14x2 = 0  12. tan13x2 = -1

 13. sin1px2 = 1>2  14. tan1px>42 = 1

 15. cos12px2 = 0  16. sin13px2 = 1

Find all solutions in 30, 2p2 for each equation. 

 17. sinax +
p

4
b =

1

2

 18. cosax +
p

2
b =

1

2

 19. cosax -
p

8
b = 1

 20. sinax -
p

6
b =

22

2

 21. 2 sin1x - p2 + 1 = 0

 22. 4 cosax -
p

2
b - 222 = 0

 23. 4 tanax -
p

2
b - 4 = 0

 24. 23 tan1x - p2 - 1 = 0

Find all values of a in 30°, 360°2 that satisfy each equation.  

4.3

 25. 2 sin a = -23  26. tan a = -23

 27.  2 sin12x2 + 23 = 0  28. 2 cos12x2 + 23 = 0

 29.  2 cos12x2 + 1 = 0  30. 2 sin12x2 - 1 = 0

 31. 22 cos12a2 - 1 = 0  32. sin16a2 = 1

EXERCISES
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250 Chapter 4  Solving Conditional Trigonometric Equations

 33. sec13a2 = -22  34. csc15a2 + 2 = 0

 35. cot1a>22 = 23  36. sec1a>22 = 22

 37. csc14a2 = 22  38. cot14a2 + 23 = 0

Find all real numbers in the interval 30, 2p2 that satisfy each 
equation. 

 39. 2sin12x2 - 23 = 0

 40. 2cos12x2 - 23 = 0

 41. 2cos12x2 - 1 = 0

 42. 2sin12x2 + 1 = 0

 43. tan13x2 - 1 = 0

 44. cot13x2 + 1 = 0

 45. 22 sin1x>32 - 1 = 0

 46. 22 cos1x>22 - 1 = 0

 47. 23 tan1x>22 - 1 = 0

 48. 23 cot1x>32 - 3 = 0

Find all values of a in degrees that satisfy each equation. Round 
approximate answers to the nearest tenth of a degree. 

 49. sin 3a = 0.34

 50. cos 2a = -0.22

 51. sin 3a = -0.6

 52. tan 4a = -3.2

 53. sec 2a = 4.5

 54. csc 3a = -1.4

 55. csc1a>22 = -2.3

 56. cot1a>22 = 4.7

Find all real numbers that satisfy each equation. Round approximate 
answers to the nearest hundredth. 

 57. 3 sin15x2 - 1 = 0

 58. 23 cos13x2 + 1 = 0

 59. 10 sin1x>22 + 6 = 0

 60. 5 tan1x>42 - 25 = 0

 61. 2 sec1px2 - 9 = 0

 62. 10 csc1px>22 + 14 = 0

 63. 3 cot1px - 12 - 1 = 0

 64. 4 - cot1px - 22 = 0

Find all real numbers in the interval 30, 2p4  that satisfy each 
equation. 

 65. cos21x2 + cos12x2 + sin21x2 = 0

 66. tan12x2 + tan21x2 = sec21x2 - 1

 67. sin12x2 - cos1x2 = 0

 68. sin12x2 + sinap
2

- xb = 0

 69. sin1-x2 = tan1-x2

 70. cos1-x2 = cscap
2

- xb

 71. csc21x2 + csc1x2 = 1 + cos1-x2 + cot21x2
 72. tan21x2 + sin1-x2 = sec21x2 + sec1x2 - 1

 73. 2 cos1-x2tan1-x2 = 1

 74. 2 sin1-x2cot1-x2 = 22

 75. 2 sinap
2

- xbcotax

2
- xb = 23

 76. 2 tanap
2

- xbcosap
2

- xb = 1

 77. cos1-x2 = tanap
2

- xb

 78. tanax

2
bsin1x2 = 0

 79. sin1x2 + sin13x2 = 0

 80. cos13x2 - cos15x2 = 0

 81. cos1x2cos1-2x2 - sin1x2sin1-2x2 =
23

2

 82. sin1x2cos1-2x2 + cos1x2sin1-2x2 = -
1

2

 83. tan1x2 + tan12x2 = 1 - tan1x2tan12x2
 84. tan1x2 - tan12x2 = 1 + tan1x2tan12x2  

 One way to solve an equation with a graphing calculator is to 
rewrite the equation with 0 on the right-hand side, then graph 
the function that is on the left-hand side. The x-coordinate of 
each x-intercept of the graph is a solution to the original equa-
tion. For each equation  find all real solutions (to the nearest 
tenth) in the interval 30, 2p2.

 85. sin1x>22 = cos13x2
 86. 2 sin1x2 = csc1x + 0.22

 87. 
x

2
-
p

6
+
23

2
= sin1x2  88. x2 = sin1x2
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 4.3 Exercises 251

MODELING

Solve each problem. 

 89. Firing an M-16 A soldier is accused of breaking a window 
3300 ft away during target practice. If the muzzle velocity for 
an M-16 is 325 ft>sec, then at what angle would it have to be 
aimed for the bullet to travel 3300 ft?
 HINT:  The distance d (in feet) traveled by a projectile fired at 
an angle u is related to the initial velocity v0 (in feet per sec-
ond) by the equation

v 20 sin 2u = 32d.

 90. Firing an M-16 If you were accused of firing an M-16 into the 
air and breaking a window 4000 ft away, what would be your 
defense?

 91. Choosing the Right Angle A center fielder fields a ground ball 
and attempts to make a 230-ft throw to home plate. If he com-
monly makes long throws at 90 mi>hr, find the two possible 
angles at which he can throw the ball to home plate. Find the 
time saved by choosing the smaller angle. 

90 mph

230 ft

Figure for Exercise 91

 92. Muzzle Velocity The 8-in. (diameter) Howitzer on the U.S. 
Army’s M110 can propel a projectile a distance of 18,500 yd. 
If the angle of elevation of the barrel is 45°, then what muzzle 
velocity (in feet per second) is required to achieve this distance? 

Figure for Exercise 92

 93. Wave Action The vertical position of a floating ball in an  
experimental wave tank is given by the equation x = 2 sin Apt

3 B , 
where x is the number of feet above sea level and t is the time 
in seconds. For what values of t is the ball 23 ft above sea 
level?

 94. Periodic Sales The number of car stereos sold by a national 
department store chain varies seasonally and is a function of 
the month of the year. The function

x = 6.2 + 3.1 sinap
6
1t - 92b

gives the anticipated sales (in thousands of units) as a func-
tion of the number of the month 1t = 1, 2,c, 122. In what 
month does the store anticipate selling 9300 units?

WRITING/DISCUSSION

 95. Use a graphing calculator to graph y = sin11>x2 and deter-
mine the number of solutions to sin11>x2 = 0 in the interval 
1-p, p2.

 96. Use a graphing calculator to graph y = sin1x2>x and deter-
mine the number of solutions to sin1x2>x = 1 in the interval 
1-10, 102.

REVIEW

  97. Find an equivalent algebraic expression for cos1arccot1y22.

  98. Find all solutions to the equation 2 sin x = 23. Use k to  
represent any integer.

  99. Find the exact value of each expression without using a cal-
culator or table.
a. arcsin1-1>22 b. cos-1 A-22>2 B
c. tan-1112 d. sin-1 A22>2 B

 100. Given that tan a = -2 and a is in quadrant II, find the values 
of the remaining five trigonometric functions at a by using 
identities.

 101. Find the exact value of cos1-p>122 using a half-angle identity. 

 102. Find the period, asymptotes, and range for the function 
y = cot12x + p>22.

y

x2 4 6

Month

Sa
le

s 
(t

ho
us

an
ds

)

8 10 12

10

8

6

4

2

Figure for Exercise 94
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252 Chapter 4  Solving Conditional Trigonometric Equations

OUTSIDE THE BOX

 103. Lucky Lucy Lucy’s teacher asked her to evaluate 120 + 2522.  
As she was trying to figure out what to do she mumbled, 
“twenty twenty-five.” Her teacher said, “Good, 2025 is  
correct.” Find another pair of two-digit whole numbers 

for which the square of their sum can be found by Lucy’s 
method.

 104. Largest Integer What is the largest integer n for which 
n2 + 2015

n + 1
 is an integer?

Find all real numbers in 30, 2p] that satisfy each equation.

 1. sin1x>22 = 1>2
 2. cos12x2 = 1

 3. tan12x2 = 1

 4. 2 cos1px2 = 22

4.3 POP QUIZ

Quadratic equations can be solved by the square-root property, factoring, or the qua-
dratic formula. We can use these same techniques on equations of quadratic type that 
involve the trigonometric functions. In stating formulas for solutions to equations, we 
will continue to use k to represent any integer.

Using the Square-Root Property
By the square-root property, x2 = a is equivalent to x = {1a. We can apply this 
property to equations involving trigonometric functions.

4.4 Trigonometric Equations of Quadratic Type

Find all solutions to each equation in the interval 30, 2p2.

EXAMPLE 1 Using the square-root property

a. sin21x2 = 1 b. cos21x2 =
1

4

Solution

a.  sin21x2 = 1

 sin1x2 = {1 Square-root property

  sin1x2 = 1  or  sin1x2 = -1

  x =
p

2
+ 2kp   or  x =

3p

2
+ 2kp

In the interval 30, 2p2 the solution set is ep
2

, 
3p

2
f .

b.  cos21x2 =
1

4

 cos1x2 = {1

2
 Square-root property

 cos1x2 =  
1

2
  or  cos1x2 = -

1

2

x =
p

3
+ 2kp or x =

5p

3
+ 2kp or x =

2p

3
+ 2kp or x =

4p

3
+ 2kp
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 4.4 Trigonometric Equations of Quadratic Type 253

In the interval 30, 2p2 the solution set is ep
3

, 
2p

3
, 

4p

3
, 

5p

3
f .

 The four points of intersection of y1 = cos21x2 and y2 = 1>4 in Fig. 4.39 
correspond to the four solutions to cos21x2 = 1>4.

TRY THIS. Solve sin21x2 =
1

4
 for x in the interval 30, 2p2.

Using Factoring
In Examples 2 and 3 we solve quadratic-type equations by factoring.

Find all solutions in the interval 30, 2p2 to tan21x2 = tan1x2.

Solution

 tan21x2 = tan1x2
 tan21x2 - tan1x2 = 0

  tan1x21tan1x2 - 12 = 0  Factor.

 tan1x2 = 0   or  tan1x2 - 1 = 0   Set each factor equal to 0.

 tan1x2 = 0  or tan1x2 = 1

 x = kp  or x =
p

4
+ kp

In the interval 30, 2p2 the solution set is e0, 
p

4
, p, 

5p

4
f .

TRY THIS. Solve cos21x2 + cos1x2 = 0 in the interval 30, 2p2.

EXAMPLE 2 Factoring

2p
0

–1

1

Figure 4.39

In algebraic equations, we generally do not divide each side by an expression that 
involves a variable, and the same rule holds for trigonometric equations. In Example 2, 
we did not divide by tan(x) when it appeared on opposite sides of the equation. If we 
had, the solutions 0 and p would have been lost.

In Example 3 we solve another equation by factoring. Since this equation is more 
complicated, we use substitution to simplify it before factoring.

Find all solutions to the equation

6 cos2ax

2
b - 7 cosax

2
b + 2 = 0

in the interval 30, 2p2. Round approximate answers to four decimal places.

Solution

Let y = cos1x>22 to get a quadratic equation:

  6y2 - 7y + 2 = 0 Replace cos1x>22 with y.

 12y - 1213y - 22 = 0 Factor.

 2y - 1 = 0  or  3y - 2 = 0

 y =
1

2
  or y =

2

3

 cos 
x

2
=

1

2
  or cos 

x

2
=

2

3
 Replace y with cos1x>22.

EXAMPLE 3 Factoring using substitution
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254 Chapter 4  Solving Conditional Trigonometric Equations

Using the Quadratic Formula
For a trigonometric equation to be of quadratic type it must be written in terms of 
a trigonometric function and the square of that function. In Example 4 an identity 
is used to convert an equation involving sine and cosine to one with sine only. This 
equation is of quadratic type like Example 3, but it does not factor.

To solve cos x2 = 1
2 we first find cos-1 A12 B = p3 . Since p3  and 5p3  have the same cosine, 

we have

x

2
=
p

3
+ 2kp   or  

x

2
=

5p

3
+ 2kp

  x =
2p

3
+ 4kp  or  x =

10p

3
+ 4kp Multiply by 2.

To solve cos x2 = 2
3 we first find cos-1 A23 B ≈ 0.8411. Subtract 0.8411 from 2p to get 

5.4421. So we have

  
x

2
≈ 0.8411 + 2kp  or 

x

2
≈ 5.4421 + 2kp

 x ≈ 1.6821 + 4kp   or  x ≈ 10.8842 + 4kp Multiply by 2.

We have now found four expressions that produce infinitely many possibilities for 
x. Now check each expression for values that are in the interval 30, 2p2. We get 
x = 2p>3 and x ≈ 1.6821.

 The graph of y1 = 61cos1x>2222 - 7 cos1x>22 + 2 in Fig. 4.40 appears to cross 
the x-axis at 2p>3 and 1.6821.

TRY THIS. Find all solutions to 2 sin21x2 - sin1x2 - 1 = 0 in the interval 10, 2p2.

p
0

–0.5

1

Figure 4.40

Find all solutions to the equation

cos2 a - 0.2 sin a = 0.9

in the interval 30°, 360°2. Round answers to the nearest tenth of a degree.

Solution

First use the identity cos2 a = 1 - sin2 a, then use the quadratic formula on the 
equation of quadratic type that occurs:

  cos2 a - 0.2 sin a = 0.9

  1 - sin2 a - 0.2 sin a = 0.9 Replace cos2 a with 1 - sin2 a.

  sin2 a + 0.2 sin a - 0.1 = 0

Now use a = 1, b = 0.2, and c = -0.1 in the quadratic formula:

 sin a =
-0.2 { 2 10.222 - 41121-0.12

2

sin a ≈ 0.2317  or  sin a ≈ -0.4317

EXAMPLE 4 An equation solved by the  
quadratic formula
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 4.4 Trigonometric Equations of Quadratic Type 255

Squaring Each Side of an Equation
The Pythagorean identities sin2 x = 1 - cos2 x, csc2 x = 1 + cot2 x, and sec2 x =  
1 + tan2 x are frequently used to replace one function by the other. If an equation 
involves sine and cosine, cosecant and cotangent, or secant and tangent, we might be 
able to square each side and then use these identities.

3608
08

–2

2

Figure 4.41

Find two positive solutions to sin a = 0.2317 in 30°, 360°2 by using a calculator to get

a = sin-110.23172 ≈ 13.4°  and  180° - a ≈ 166.6°.

Now find two positive solutions to sin a = -0.4317 in 30°, 360°2. Using a calculator 
we get

a = sin-11-0.43172 ≈ -25.6°  and  180° - a ≈ 205.6°.

Since -25.6° is negative, we use -25.6° + 360° or 334.4° along with 205.6° as the 
two solutions. We list all possible solutions as

a ≈ 13.4°, 166.6°, 205.6°, or 334.4° 1+  k360° in each case2.

The solutions to the equation in the interval 30°, 360°2 are 13.4°, 166.6°, 205.6°, and 
334.4°.

 The graph of y1 = cos2 x - 0.2 sin x - 0.9 in Fig. 4.41 appears to cross the 
x-axis four times in the interval 30°, 360°2.
TRY THIS. Find all solutions to cos a - sin2 a = 0 in the interval 30°, 360°2.

Find all values of y in the interval 30°, 360°2 that satisfy the equation

tan13y2 + 1 = 22 sec13y2.

Solution

Since the equation involves tangent and secant, we can square each side and use the 
identity sec2 x = tan2 x + 1:

 1tan13y2 + 122 = A22 sec13y2B2

 tan213y2 + 2 tan13y2 + 1 = 2 sec213y2
 tan213y2 + 2 tan13y2 + 1 = 21tan213y2 + 12 Since sec2 x = tan2 x + 1

 - tan213y2 + 2 tan13y2 - 1 = 0  Subtract 2 tan2 3y + 2 from both sides.

 tan213y2 - 2 tan13y2 + 1 = 0

 1tan13y2 - 122 = 0

 tan13y2 - 1 = 0

 tan13y2 = 1

 3y = 45° + k180°

Because we squared each side, we must check for extraneous roots. First check  

3y = 45°. If 3y = 45°, then tan 3y = 1 and sec 3y = 22. Substituting these values  

into tan13y2 + 1 = 22 sec13y2 gives us

1 + 1 = 22 # 22. Correct

EXAMPLE 5 Squaring each side of the equation
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256 Chapter 4  Solving Conditional Trigonometric Equations

There is no single method that applies to every trigonometric equation, but the 
following strategy will help you to solve trigonometric equations.

Modeling Spring Motion
In Example 6 we solve an equation that arises in the model for the motion of a weight 
on a spring.

If we add any even multiple of 180°, or any multiple of 360°, to 45° we get the same 
values for tan 3y and sec 3y. So for any k, 3y = 45° + k360° satisfies the original 
equation. Now check 45° plus odd multiples of 180°. If 3y = 225°1k = 12, then

tan 3y = 1  and  sec 3y = -22.

These values do not satisfy the original equation. Since tan 3y and sec 3y have these 
same values for 3y = 45° + k180° for any odd k, the only solutions are of the form 
3y = 45° + k360°, or

y = 15° + k120°.

The solutions in the interval 30°, 360°2 are 15°, 135°, and 255°.
 The graph of y1 = tan13x2 + 1 - 22 >cos13x2 in Fig. 4.42 appears to touch 

the x-axis at three locations in the interval 30°, 360°2.

TRY THIS. Find all a in 30°, 360°2 that satisfy sin a - cos a = 122
.

STRATEGY

Solving Trigonometric Equations

1. Know the solutions to sin x = a, cos x = a, and tan x = a.

2. Solve an equation involving multiple angles as if the equation had a 
single variable.

3. Simplify complicated equations by using identities. Try to get an 
equation involving only one trigonometric function.

4. If possible, factor to get different trigonometric functions into separate 
factors.

5. For equations of quadratic type, solve by factoring or by the quadratic 
formula.

6. Square each side of the equation, if necessary, so that identities involving 
squares can be applied. (Remember to check for extraneous roots.)

3608
08

–4

4

Figure 4.42

A weight in motion attached to a spring has location x given by

x = 2 sin t - cos t.

For what values of t is the weight at position x = 0?

Solution

To solve 2 sin t - cos t = 0, rewrite the equation in terms of a single trigonometric 
function. If we divide each side by cos t, we will get tan t. We can divide by cos t 
because the values of t for which cos t is zero do not satisfy the original equation.

 2 sin t = cos t

 
sin t

cos t
=

1

2

 tan t =
1

2

EXAMPLE 6 Solving a spring equation
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 4.4 Exercises 257

Since the weight is set in motion at time t = 0, the values of t are positive. Since 
tan-111>22 ≈ 0.46, the weight is at position x = 0 for t ≈ 0.46 + kp for k a non-
negative integer.

 The graph of y1 = 2 sin1x2 - cos1x2 in Fig. 4.43 crosses the x-axis at 
x = 0.46 + kp.

TRY THIS. The location x for a weight on a spring is given by x = 3 sin t - 2 cos t 
where t is time in seconds. Find all t for which x = 0.

p–p

–3

3

Figure 4.43

1. The only solutions to cos a = 1>2 in 30°, 360°2 are 60° 
and 120°.

2. The only solution to sin x = -1>2 in 30, p2 is 
sin-11-1>22.

3. 5x ∙ x = -30° + k360°6 = 5x ∙ x = 330° + k360°6  
where k is any integer.

4. The solution set to tan x = 1 is 5x ∙ x = p4 + kp6  where 
k is any integer.

5. The equation 2 cos2 x + cos x - 1 =  
12 cos x - 121cos x + 12 is an identity.

6. The equation sin2 x = sin x cos x is equivalent to  
sin x = cos x.

7. One solution to sec x = 2 is 1
cos-1122 .

8. The solution set to sin x = 1>2 for x in 30, p2 is  
5p>6, 5p>66 .

9. The equation sin x = cos x is equivalent to sin2 x =
cos2 x.

10. The equation sin2 x = 1 is equivalent to sin x = 1.

FOR THOUGHT… True or False? Explain.

SKILLS

Find all real numbers in the interval 30, 2p2 that satisfy each 
equation. 

 1. cos21x2 = 1

 2. tan21x2 = 1

 3. sin21x2 =
1

4

 4. cos21x2 =
3

4

 5. 2 sin212x2 = 1

 6. 2 cos212x2 = 1

 7. 3 tan21x2 - 1 = 0

 8. tan21x2 - 3 = 0

Find all real numbers in the interval 30, 2p2 that satisfy each 
equation. 

 9. sin21x2 = sin1x2  10. cos1x2 = cos21x2
 11. sin x = tan x

 12. cos x = cot x

 13. 2 cos21x2 + cos1x2 = 0

 14. 2 sin21x2 - sin1x2 = 0

 15. 3 tan31x2 - tan1x2 = 0

 16. tan31x2 - 3 tan1x2 = 0

 17. sin212x2 + cos12x2 = 1

 18. tan12x2 + sec212x2 = 1

Find all real numbers in the interval 30, 2p2 that satisfy each 
equation. Round approximate answers to the nearest tenth. 

 19. 2 sin21x2 - 3 sin1x2 + 1 = 0

 20. 2 sin21x2 - sin1x2 - 1 = 0

 21. 2 cos21x2 + 3 cos1x2 + 1 = 0

 22. 2 cos21x2 + cos1x2 - 1 = 0

 23. 3 sin21x2 + 2 sin1x2 - 1 = 0

 24. 4 sin21x2 - 5 sin1x2 + 1 = 0

4.4 EXERCISES
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258 Chapter 4  Solving Conditional Trigonometric Equations

 62. sin1p>62 cos x - cos1p>62 sin x = -1>2
 63. sin 2x cos x - cos 2x sin x = -1>2
 64. cos 2x cos x - sin 2x sin x = 1>2
 65. 4 # 16sin21x2 = 64sin1x2

 66. 
1

2
# 4cos21x2 = 2cos1x2

Find all values of u in the interval of 30°, 360°2 that satisfy each 
equation. Round approximate answers to the nearest tenth of a 
degree.

 67. cos2au
2
b = sec u  68. 2 sin2au

2
b = cos u

 69. 2 sin u = cos u  70. 3 sin 2u = cos 2u

 71. sin12u2 = 3 sin1u2  72. 3 cos12u2 = sin212u2 - 3

 73. sin 3u = csc 3u  74. tan2 u - cot2 u = 0

 75. tan2 u - 2 tan u - 1 = 0

 76. cot2 u - 4 cot u + 2 = 0

 77. 9 sin2 u + 12 sin u + 4 = 0

 78. 12 cos2 u + cos u - 6 = 0

 79. sin x cos x + 2 cos x = 3 sin x + 6

 80. sin2 x + 9 = 6 sin x

 81. 
tan 3u - tan u

1 + tan 3u tan u
= 23  82. 

tan 3u + tan 2u

1 - tan 3u tan 2u
= 1

 25. 3 cos212x2 + 2 cos12x2 - 1 = 0

 26. 6 cos212x2 - cos12x2 - 1 = 0

 27. 6 sin21x>22 - 5 sin1x>22 + 1 = 0

 28. 8 cos21x>22 - 2 cos1x>22 - 1 = 0

Find all solutions to each equation in the interval 30°, 360°2. 
Round approximate answers to the nearest tenth of a degree. 

 29. sin21u2 - 3 sin1u2 - 1 = 0

 30. cos21u2 - 3 cos1u2 + 1 = 0

 31. 4 cos21u2 - cos1u2 - 2 = 0

 32. 4 sin21u2 - sin1u2 - 2 = 0

 33. tan21u2 - 2 tan1u2 - 1 = 0

 34. cot21u2 - 4 cot1u2 + 2 = 0

Find all solutions to each equation in the interval 30°, 360°2. 
Round approximate answers to the nearest tenth of a degree.  

 35. tan1u2 = sec1u2 - 23

 36. csc1u2 - 23 = cot1u2

 37. sin1u2 - cos1u2 =
1 - 23

2

 38. sin1u2 + cos1u2 = 22

 39. sin1u2 - cos1u2 = 0.8  40. sin1u2 + cos1u2 = 1.2

Find all real numbers in the interval 30, 2p2 that satisfy each 
equation. Round approximate answers to the nearest tenth. 

 41. sin1-x2 = sin1x2  42. cos1x2 + cos1-x2 = 1

 43. tan1-x2 = tan1x2  44. sin1-x2 = cos1x2

 45. 3 sin2 x = sin x  46. 2 tan2 x = tan x

 47. 2 cos21x2 = 3 cos1x2  48. 4 sin31x2 = 5 sin1x2
 49. 2 cos2x + 3 cos x = -1  50. 2 sin2 x + sin x = 1

 51. tan x = sec x - 23  52. csc x - 23 = cot x

 53. sin x + 23 = 323 cos x  54. 6 sin2 x - 2 cos x = 5

 55. 5 sin2 x - 2 sin x = cos2 x  56. sin2 x - cos2 x = 0

 57. tan x sin 2x = 0

 58. 3 sec2 x tan x = 4 tan x

 59. sin 2x - sin x cos x = cos x

 60. 2 cos2 2x - 8 sin2 x cos2 x = -1

 61. sin x cos1p>42 + cos x sin1p>42 = 1>2

 83. 8 cos4 u - 10 cos2 u + 3 = 0

 84. 4 sin4 u - 5 sin2 u + 1 = 0

 85. sec4 u - 5 sec2 u + 4 = 0

 86. cot4 u - 4 cot2 u + 3 = 0

Solve each problem. 

 87. Find all points at which the graph of y = sin1x2  
intersects the graph of y = cot1x2.

 88. Find all points at which the graph of y = cos1x2  
intersects the graph of y = tan1x2.

 89. Motion of a Spring A block is attached to a spring and set in 
motion on a frictionless plane. Its location on the surface at any 
time t in seconds is given in meters by x = 23 sin 2t + cos 2t. 
For what values of t is the block at its resting position x = 0?

 90. Motion of a Spring A block is set in motion hanging from 
a spring and oscillates about its resting position x = 0 
according to the function x = -0.3 sin 3t + 0.5 cos 3t. For 
what values of t is the block at its resting position x = 0?
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 4.4 Pop Quiz 259

WRITING/DISCUSSION

 91. Use a calculator graph of y = 11 - cos x2>x to help you 
determine all of the solutions to 11 - cos x2>x = 0 in the 
interval 1-20, 202. What is the maximum value of this func-
tion on this interval?

 92. Use a calculator graph of y = sin11>x22 to help you deter-
mine the number of solutions to sin11>x22 = 0 in the interval 
1-p>100, p>1002 . What is the maximum value of this func-
tion on this interval?

REVIEW

 93. Find all solutions to 1sin x - 121sin x + 12 = 0 in the inter-
val 10, 2p2.

 94. Find all solutions to sin12x2cos12x2 = 0 in the interval 
10, 2p2.

 95. State the domain and range for each function.
a. ƒ1x2 = sin-11x2
b. ƒ1x2 = arccos1x2
c. ƒ1x2 = tan-11x2

  96. Complete the sum and difference identities.
a. sin1x + y2 = ________

b. sin1x - y2 = ________

  97. Simplify tan y cos y + csc y sin2 y.

  98. In a controlled experiment, the temperature is 0° C at 
time t = 0. The temperature is increased to 10° C at time 
t = 4 and then decreased to -10° C at time t = 12. The 
temperature returns to 0° C at time t = 16. Assuming the tem-
perature on the time interval 30, 164  is a sine wave, write the 
temperature y as a function of the time t.

OUTSIDE THE BOX

  99. Area of a Polygon Find the exact area of the polygon 
bounded by the x-axis, the y-axis, the line 2x + 3y = 7, and 
the line 3x - 4y = 18.

 100. Sine Cubed If sin1x2 + cos1x2 = 1>2, then what is the value 
of sin31x2 + cos31x2?

Find all real numbers in 30, 2p2 that satisfy each equation.

 1. sin12x2 = cos1x2
 2. 2 sin21x2 + 3 sin1x2 + 1 = 0

 3. sin1x2 + cos1x2 = 22

4.4

Modeling Baseball Strategy

An outfielder picks up a ground ball and wants to make a quick 150-ft throw to first 
base. To save time, he does not throw the ball directly to the first baseman. He skips the 
ball off the artificial surface at 75 ft so that the ball reaches first base after a bounce, 
as shown in the figure on the next page. Let’s examine this strategy. The equations

x = v0 t cos u

and

y = -16t2 + v0 t sin u + h0

give the coordinates of the ball at time t seconds for an initial angle of u degrees, 
initial velocity v0 ft>sec, and initial height h0  ft. Assume that the ball is thrown at 
130 ft>sec from a height of 5 ft and the ball is caught at a height of 5 ft.

LINKING  
concepts... For Individual or Group Explorations

POP QUIZ

(continued)
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Highlights
4.1 The Inverse Trigonometric Functions

Inverse Sine If y = sin-1 x for x in 3-1, 14 , then y is the real 
number in 3-p>2, p>24  such that sin y = x.

sin-1112 = p>2 
sin-11-1>22 = -p>6

Inverse Cosine If y = cos-1 x for x in 3-1, 14 , then y is the real 
number in 30, p4  such that cos y = x.

cos-11-12 = p
cos-11-1>22 = 2p>3

Inverse Tangent If y = tan-1 x for x in 1-∞, ∞2, then y is the real 
number in 1-p>2, p>22 such that tan y = x.

tan-1112 = p>4
tan-11-12 = -p>4

4.2 Basic Sine, Cosine, and Tangent Equations

Solving cos1x2 ∙ a If ∙ a ∙ … 1, find all solutions in 30, 2p2, then  
add all multiples of 2p to them and simplify.  
If ∙ a ∙ 7 1 there are no solutions.

cos x = 0, x = p2 + kp

cos x = 1
2, x = p3 + 2kp

or x = 5p
3 + 2kp

Solving sin1x2 ∙ a If ∙ a ∙ … 1, find all solutions in 30, 2p2, then  
add all multiples of 2p to them and simplify.  
If ∙ a ∙ 7 1 there are no solutions.

sin x = 0, x = kp

sin x = 1
2, x = p6 + 2kp 

or x = 5p
6 + 2kp

130 ft/sec

a) At what angle from horizontal must the ball be thrown to reach first base with-

out a skip?

b) How long does it take the ball to get to first base without a skip?

c) At what angle from horizontal must the ball be thrown so that it strikes the 
ground at 75 ft?

d) How long does it take for the ball to reach the skip point at 75 ft?

e) Assume that the path of the ball is symmetric with respect to the skip point and 
double your answer to part (d) to get the time that it takes the ball to reach first base.

f) How much time is saved by skipping the ball?

g) How long would it take for the ball to reach first base if it could be thrown in a 
straight line?

h) Discuss the assumptions made for this model. Did we ignore anything that 
might affect our results?

260 Chapter 4  Solving Conditional Trigonometric Equations
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 Chapter 4  Review Exercises 261

Chapter 
Find the exact value of each expression.

 1. sin-11-0.52  2. cos-11-0.52
 3. arctan1-12  4. arccot A1>23 B
 5. sec-1 A22 B  6. csc-1122
 7. cos1arcsin11>222  8. cos1arcsin1-1>222
 9. tan Aarccos A22>2 B B  10. cot Aarcsin A-22>2 B B
 11. sin-11sin1-p>422  12. cos-11cos1p>622
 13. sin-11sin13p>422  14. sin-11sin15p>622
 15. cos-11cos1-p>622  16. cos Acos-1 A-23>2 B B
 17. csc-11sec1p>322  18. sec-11csc1p>422
Find the exact value of each expression in degrees.

 19. sin-1112  20. tan-1112
 21. arccos A-1>22 B  22. arcsec122
 23. cot-1 A23 B  24. cot-1 A-23 B
 25. arccot102  26. arccot A-23>3 B

Find all real numbers in 30, 2p4  that satisfy each equation.

 27. cos1x2 + 1 = 0  28. sin1x2 - 1 = 0

 29. 2 sin1x2 - 1 = 0  30. 2 cos1x2 + 1 = 0

 31. 2 tan1x2 + 2 = 0  32. 23 tan1x2 - 23 = 0

Find all angles in 30°, 360°4  that satisfy each equation.

 33. 2 sin1-x2 + 1 = 0  34. 2 cos1-x2 - 1 = 0

 35. 2 cos1-x2 = 22  36. 2 sin1-x2 + 23 = 0

 37. 23 tan1-x2 - 1 = 0  38. 23 tan1-x2 + 3 = 0

Find all real numbers in 30, 2p4  that satisfy each equation. Round 
to the nearest hundredth.

 39. 3 sec1x2 + 5 = 0  40. 5 csc1x2 - 9 = 0

 41. 2 csc12x2 = 9  42. sec13x2 + 25 = 0

 43. cot1x2 - 22 = 0  44. 23 cot1x2 + 8 = 0

Review Exercises4 

4.3 Equations Involving Compositions

Multiple-Angle  
Equations

Solve for the multiple angle and then divide or  
multiply to get the solution.

sin12x2 = 1>2
2x = p6 + 2kp or 5p6 + 2kp

x = p
12 + kp or 5p12 + kp

Equations Involving 
Identities

Look for ways to simplify an equation by using  
identities.

 sin2 x + sin x + cos2 x = 0
 sin x + 1 = 0

 sin x = -1

4.4 Trigonometric Equations of Quadratic Type

Quadratic Type Use the square-root property, factoring, or the quadratic 
formula to solve equations of quadratic type.

sin21x2 + sin1x2 = 0
sin1x2 = 0 or sin1x2 + 1 = 0

Pythagorean Identities Some equations can be solved by squaring both  
sides and then applying a Pythagorean identity.

sin x + cos x = 1
sin2 x + 2 sin x cos x + cos2 x = 1
2 sin x cos x = 0

Solving tan1x2 ∙ a If a is a real number, find all solutions in 1-p>2, p>22, 
then add multiples of p to them and simplify.

tan x = 1, x = p4 + kp
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262 Chapter 4  Solving Conditional Trigonometric Equations

Solve each equation for the indicated variable.

 45. Solve x = 3 sin1t2 for t where -
p

2
… t …

p

2
.

 46. Solve w = 2 tan1d2 for d where -
p

2
6 d 6

p

2
.

 47. Solve a = 3 sin12y2 for y where -
p

4
… y …

p

4
.

 48. Solve s = -5 cosaw

4
b  for w where 0 … w … 4p.

 49. Solve q = -2 cos1h2 + 1 for h where 0 … h … p.

 50. Solve j = 4 sin1v2 - 8 for v where -
p

2
… v …

p

2
.

 51. Solve b = 5 tan1px2 - 3 for x where -
1

2
6 x 6

1

2
.

 52. Solve p = 3 tan1py - p2 + p for y where 
1

2
6 y 6

3

2
.

 53. Solve x = a cos-11y - 22 for y where 1 … y … 3.

 54. Solve x = b sin-11y + 12 + k for y where -2 … y … 0.

Find the inverse of each function and state the domain and range 
of ƒ -1.

 55. ƒ1x2 = sin1x2 for -
p

2
… x …

p

2

 56. ƒ1x2 = cos1x2 for 0 … x … p

 57. ƒ1x2 = sin-11x2 for -1 … x … 1

 58. ƒ1x2 = cos-11x2 for -1 … x … 1

 59. ƒ1x2 = sin13x2 for -
p

6
… x …

p

6

 60. ƒ1x2 = 4 sin12x2 for -
p

4
… x …

p

4

 61. ƒ1x2 = 6 cos14x2 for 0 … x …
p

4
 

 62. ƒ1x2 = 3 cos15x2 + 2 for 0 … x …
p

5
 

 63. ƒ1x2 = 4 + tanapx

2
b  for -1 6 x 6 1

 64. ƒ1x2 = 1 + tanapx

3
b  for -

3

2
6 x 6

3

2

Find the exact value(s) for x in the interval 3-p2 , p2 4  that satisfy 
each equation. If there are no such values for x, then write “None.”

 65. sin1x2 = -
1

2
 66. sin1x2 = -

23

2

 67. cos1x2 = -
1

2  68. cos1x2 = -
23

2

 69. tan1x2 = -1  70. sin1x2 = -
22

2

 71. cos1x2 =
122

 72. cos1x2 = 1>2

 73. tan1x2 = -
123

 74. cot1x2 = 23

Find all real numbers that satisfy each equation.

 75. 2 cos12x2 + 1 = 0

 76. 2 sin12x2 + 23 = 0

 77. A23 csc1x2 - 2 B1csc1x2 - 22 = 0

 78.  Asec1x2 - 22 B A23 sec1x2 + 2 B = 0

 79. 2 sin21x2 + 1 = 3 sin1x2   80. 4 sin2 x = sin1x2 + 3

 81. -823 sin 
x

2
= -12   82. -cos 

x

2
= 22 + cos 

x

2

 83. cos 
x

2
- sin x = 0   84. sin 2x = tan x

 85. tan1x2csc1x2 = 2

 86. 23 cot1x2sec1x2 = 2

 87. cos12x2 + sin21x2 = 1

 88. cos12x2 - cos21x2 = -1

 89. tanax

2
b11 + cos x2 =

1

2

 90. tan12x211 - tan2 x2 = 2

 91. cos1-x2sec1x2 = sin1x2
 92. sin1-x2csc1-x2 = cos1x2

 93. sinap
2

- xbsec1x2 = tan1-x2

 94. cotap
2

- xbcot1x2 = tan1x2
 
95. cos 2x + sin2 x = 0   96. tan 

x

2
= sin x

 97. sin1x2cos1x2 + sin1x2 + cos1x2 + 1 = 0

 98. sin12x2cos12x2 - cos12x2 + sin12x2 - 1 = 0

Find all angles a in 30°, 360°2 that satisfy each equation.

  99. sin a cos a =
1

2
 
100. cos 2a = cos a
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 Chapter 4  Test 263

Chapter 
Find the exact value of each expression.

 1. sin-11-1>22  2. cos-11-1>22
 3. arctan1-12  4. sec-1 A2>23 B
 5. csc-1 A-22 B  6. sin1cos-11-1>322
Find all real numbers that satisfy each equation.

 7. sin1-u2 = 1  8. cos 3s =
1

2

 9. tan 2t = -23  10. sin 2u = cos u

Find all angles a in 30°, 360°4  that satisfy each equation.

 11. 4 csc1a2 - 8 = 0

 12. cot1a>22 + 1 = 0

 13. 23 sec1a2 + 1 = 3

Find all values of a in 30°, 360°2 that satisfy each equation. Round 
approximate answers to the nearest tenth of a degree.

 14. sin1a2cos1a2 = 0

 15. sin212a2 - 1 = 0

 16. 3 sin2 a - 4 sin a + 1 = 0

 17. 
tan 2a - tan 7a

1 + tan 2a tan 7a
= 1

Solve each problem.

 18. Solve a = 5 sin12t2 for t where -
p

4
… t …

p

4
.

 19. Find the inverse of the function

ƒ1x2 =
1

5
 cosax

4
b +

1

5

where 0 … x … 4p and state the domain and range of ƒ-1. 

 20. Find all points at which the graph of y = cos1x2 intersects the 
graph of y = sec1x2.

 21. A car with worn shock absorbers hits a pothole and oscil-
lates about its normal riding position. At time t (in seconds) 
the front bumper is distance d (in inches) above or below its 
normal position, where d = 2 sin 3t - 4 cos 3t. For what 
values of t (to the nearest tenth of a second) in the interval 
30, 44  is the front bumper at its normal position d = 0?

Test4 

 101. sin a = cos a + 1  102. cos a csc a = cot2 a

 103. sin2 a + cos2 a =
1

2
 104. sec2 a - tan2 a = 0

 105. 4 sin4 2a = 1  106. sin 2a = tan a

 107. tan 2a = tan a  108. tan a = cot a

 109. sin12a2cos1a2 + cos12a2sin1a2 = cos13a2

 110. cos12a2cos1a2 - sin12a2sin1a2 = cot13a2

Solve each problem.

 111. Find all points where the graph of y = sin1x2 intersects the 
graph of y = cos1x2.

 112. Find all points where the graph of y = sin1x2 intersects the 
graph of y = tan1x2.

 113. Motion of a Spring A block is set in motion hanging from a 
spring and oscillates about its resting position x = 0 accord-
ing to the function x = 0.6 sin 2t + 0.4 cos 2t, where x is 
in centimeters and t is in seconds. For what values of t in 
the interval 30, 34  is the block at its resting position x = 0?

 114. Battle of Gettysburg The Confederates had at least one 24-lb 
mortar at the battle of Gettysburg in the Civil War. If the muzzle 
velocity of a projectile was 400 ft>sec, then at what angles could 
the cannon be aimed to hit the Union Army 3000 ft away?

 HINT  The distance d (in feet) traveled by a projectile fired at 
an angle u is related to the initial velocity v0 (in feet per sec-
ond) by the equation v 20 sin 2u = 32d.

OUTSIDE THE BOX

 115. Whole Lotta Shakin’ At the start of an economic conference 
between the eastern delegation and the western delegation, 
each delegate shook hands with every other member of his 
own delegation for a total of 466 handshakes. Next, each del-
egate shook hands with every person in the other delegation 
for 480 more handshakes. What was the total number of del-
egates at the conference?

 116. Minimizing Find the minimum value of y without using a 
calculator if

y =
cos21x2 + cos13x2

cos1x2 .
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264 Chapter 4  Solving Conditional Trigonometric Equations

Chapters P–4

Find the exact value of each expression without using a calculator.

 1. sin1p>42  2. cos1-2p>32  3. tan15p>42  4. sin1-7p>62
 5. sin-11-1>22  6. cos-11-1>22  7. tan-11-12  8. tan-1102
 9. sin129p>32  10. cos159p>62  11. csc15p>22  12. sec21p2
Sketch at least one cycle of the graph of each function. Determine the period, amplitude, and phase shift, and find all x-intercepts.

 13. y = sin1x - p>62  14. y = sin12x2  15. y = cos13x2
 16. y = cos12x - p2  17. y = 3 sin1x>2 - p>22  18. y = 4 cos1x + p>32
 19. y = -4 cos1px>32  20. y = -2 sin1px - p2
Find the values of the remaining five trigonometric functions at a with the given information.

 21. sin1a2 = -1>3 and 180° 6 a 6 270°  22. cos1a2 = -1>4 and 90° 6 a 6 180°

 23. tan1a2 = 3>5 and 0° 6 a 6 90°  24. sin1a2 = -4>5 and -90° 6 a 6 0°

Fill in the blanks.

 25. If v is the angular velocity of a point in motion on a circle of radius r, then the linear velocity of the point is __________.

 26. If a is an angle in standard position and 1x, y2 is the point of intersection of the terminal side and a circle of radius r,  
then sin a =  __________ and cos a =  __________.

 27. If a is an angle in standard position and 1x, y2 is the point of intersection of the terminal side and the unit circle,  
then sin a =  __________ and cos a =  __________.

 28. The identity sin2 a + cos2 a = 1 is called the __________ identity.

 29. The value of 0A 0  is called the __________ of the function y = A sin x.

 30. For the function y = sin1x - C2, C is called the __________.

 31. If the period of a sine wave is P, then 1>P is called the __________ of the wave.

 32. The line x = p>2 is called a(n) __________ for the graph of y = tan x.

 33. If ƒ1-x2 = f1x2, then ƒ is called a(n) __________ function.

 34. If ƒ1-x2 = - f1x2, then ƒ is called a(n) __________ function.

TYING IT ALL TOGETHER
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In this chapter, we will see that trigonometry is the mathematics you need to 

model repetitive motion. We will learn how to use trigonometry to position a 

robot’s arm. We’ll also learn how trigonometry is used in designing machines 

and finding forces acting on parts.

WHAT YOU WILL 

LEARN

5
Mechanical devices that perform manipulative tasks under their own power 
(robots) are as old as recorded history. As early as 3000 b.c., Egyptians built 
waterclocks and articulated figures.

The first industrial robot joined GM’s production line in 1961. In the 21st 
century, robotic “steel collar” workers will increasingly perform boring, repeti-
tive, and dangerous jobs or jobs associated with a high degree of human error. 
They will assemble parts, mix chemicals, and work in areas that would be 
deadly to their human counterparts.

5.1 The Law of Sines
5.2 The Law of Cosines
5.3 Area of a Triangle
5.4 Vectors
5.5 Applications of Vectors

Applications  
of Trigonometry
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266 Chapter 5 Applications of Trigonometry 

In Chapter 1 we were given the measures of some of the parts of a right triangle and 
we used the trigonometric functions to find the measures of the remaining parts.
We solved right triangles. In this section we will solve triangles that are not right 
triangles.

Oblique Triangles
Any triangle without a right angle is called an oblique triangle. As usual, we use 
a, b, and g for the angles of a triangle and a, b, and c, respectively, for the lengths of 
the sides opposite those angles, as shown in Fig. 5.1. The vertices at angles a, b, and g 
are labeled A, B, and C, respectively.

If we know only the angles of a triangle, then we cannot solve the triangle. 
For example, we cannot determine the lengths of the sides of a triangle with angles 
of 30°, 40°, and 110°, because there are infinitely many such triangles of different 
sizes. See Fig. 5.2. To solve an oblique triangle, we must know at least three parts 
of the triangle, at least one of which must be the length of a side. We can classify 
the different cases for the three known parts as follows:

1. One side and any two angles (ASA or AAS)
2. Two sides and a nonincluded angle (SSA)
3. Two sides and an included angle (SAS)
4. Three sides (SSS)

These four cases are illustrated in Fig. 5.3, with the known parts in red and the 
unknown parts in black.

b

a

g

c

b

a

B

A C

Figure 5.1

5.1 

30° 40°
110°

Figure 5.2

ASA AAS SSA

SAS SSS

Figure 5.3

We can actually solve oblique triangles by dividing the triangles into right tri-
angles and using right triangle trigonometry. Since that method is quite tedious, we 
develop the law of sines and the law of cosines. The first two cases listed above can 
be handled with the law of sines. We will discuss the last two cases in Section 5.2 
when we develop the law of cosines.

The Law of Sines
The law of sines gives a relationship between the sines of the angles and the sides 
of a triangle: The ratio of the sine of an angle and the length of the side opposite the 

The Law of Sines

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 5.1 The Law of Sines 267

angle is the same for each angle of a triangle. The law of sines is stated symbolically 
as follows.

Theorem: The Law  
of Sines 

In any triangle

sin a
a

=
sin b

b
=

sin g
c

.

PROOF  Either the triangle is an acute triangle (all acute angles) or it is an obtuse 
triangle (one obtuse angle). We consider the case of the obtuse triangle here and 
leave the case of the acute triangle as Exercise 53. Triangle ABC is shown in Fig. 5.4 
below with an altitude of length h1 drawn from point C to the opposite side and an 
altitude of length h2 drawn from point B to the extension of the opposite side.

A

B

Cb

c
a

g

b

a
p – g

h1

h2

Figure 5.4 

Since a and b are now angles of right triangles, we have

sin a =
h1

b
  or  h1 = b sin a

and

sin b =
h1

a
  or  h1 = a sin b.

Replace h1 by b sin a in the equation h1 = a sin b to get

b sin a = a sin b.

Dividing each side of the last equation by ab yields

sin a
a

=
sin b

b
.

Using the largest right triangle in Fig. 5.4, we have

sin a =
h2

c
  or  h2 = c sin a.

Note that the acute angle p - g in Fig. 5.4 is the reference angle for the obtuse 
angle g. We know that sine is positive for both acute and obtuse angles, so 
sin g = sin1p - g2. Since p - g is an angle of a right triangle, we can write

sin g = sin1p - g2 =
h2

a
  or  h2 = a sin g.
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268 Chapter 5 Applications of Trigonometry 

34°
64°

5.3

bc a

CB

A

Figure 5.5

From h2 = c sin a and h2 = a sin g we get

 c sin a = a sin g

 
c sin a

ac
=

a sin g
ac

  Divide each side by ac.

 
sin a

a
=

sin g
c

.  Reduce.

We have proved the law of sines.

The law of sines can also be written in the form

a

sin a
=

b

sin b
=

c

sin g
.

In solving triangles, it is usually simplest to use the form in which the unknown 
quantity appears in the numerator.

In our first example we use the law of sines to solve a triangle for which we are 
given two angles and an included side.

Given b = 34°, g = 64°, and a = 5.3, solve the triangle.

Solution

To sketch the triangle, first draw side a, then draw angles of approximately 34° and 
64° on opposite ends of a. Label all parts as shown in Fig. 5.5. Since the sum of the 
three angles of a triangle is 180°, the third angle a is 82°. By the law of sines,

 
5.3

sin 82°
=

b

sin 34°

or

 b =
5.3 sin 34°

sin 82°
≈ 3.0.

Again, by the law of sines,

 
c

sin 64°
=

5.3

sin 82°

 c =
5.3 sin 64°

sin 82°
≈ 4.8.

So a = 82°, b ≈ 3.0, and c ≈ 4.8 solves the triangle.

TRY THIS. Given a = 28°, b = 66°, and c = 8.2, solve the triangle.

EXAMPLE 1 Given two angles and an included  
side (ASA)

The AAS case is similar to the ASA case. If two angles are known then the third 
can be found by using the fact that the sum of all angles is 180°. If we know all angles 
and any side, then we can proceed to find the remaining sides with the law of sines 
as in Example 1.

The Ambiguous Case (SSA)
In the AAS and ASA cases we are given any two angles with positive measures and 
the length of any side. If the total measure of the two angles is less than 180°, then 
a unique triangle is determined. However, for two sides and a nonincluded angle 
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 5.1 The Law of Sines 269

a

A

h

C

b

Draw a and b: find h

Figure 5.6

(SSA), there are several possibilities. So the SSA case is called the ambiguous 
case. Drawing the diagram in the proper order will help you in understanding the 
ambiguous case.

Suppose we are given an acute angle a 10° 6 a 6 90°2 and sides a and b. Side 
a is opposite the angle a and side b is adjacent to it. Draw an angle of approximate 
size a in standard position with terminal side of length b as shown in Fig. 5.6. 
Don’t draw side a yet. Let h be the distance from C to the initial side of a. Since 
sin a = h>b, we have h = b sin a. Now we are ready to draw side a, but there are 
four possibilities for its location.

1. If a 6 h, then no triangle can be formed because a cannot reach from point C to 
the initial side of a. This situation is shown in Fig. 5.7(a).

2. If a = h, then exactly one right triangle is formed, as in Fig. 5.7(b).
3. If h 6 a 6 b, then exactly two triangles are formed because a reaches to the 

initial side in two places, as in Fig. 5.7(c).
4. If a Ú b, then only one triangle is formed, as in Fig. 5.7(d).

a

A

h

C

b

(a)

a

a < h: no triangle

Figure 5.7

a

A

h

C

b

(b)

a

B

a = h: one triangle

a a

A

h

C

b a

A

h

C

b a

B

(c)

B

h < a < b: two triangles

a

A

h

C

b

(d)

a

B

a ≥ b: one triangle

a

A

C

b

a

(a)

a ≤ b: no triangle

Figure 5.8

a

A

C

b
a

B

(b)

a > b: one triangle

If we start with a, a, and b, where 90° … a 6 180°, then there are only two pos-
sibilities for the number of triangles determined. If a … b, then no triangle is formed, 
as in Fig. 5.8(a). If a 7 b, one triangle is formed, as in Fig. 5.8(b).

It is not necessary to memorize all of the SSA cases shown in Figs. 5.7 and 5.8. 
If you draw the triangle for a given problem in the order suggested, then it will be 
clear how many triangles are possible with the given parts. We must decide how many 
triangles are possible before we can solve the triangle(s).

Given a = 41°, a = 3.3, and b = 5.4, solve the triangle.

Solution

Draw the 41° angle and label its terminal side 5.4 as shown in Fig. 5.9. Drawing an 
accurate 41° angle is not important. What is important is the relative positions of the 
given parts of the triangle. Side a must be opposite the angle a and side b must be a 

EXAMPLE 2 SSA with no triangle

41°

A

h
5.4

C

Figure 5.9
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270 Chapter 5 Applications of Trigonometry 

125°

8.6

5.7

a

a

C B

A

b

Figure 5.10

side of a. Before drawing side a, we check to see if it will fit by finding the length 
of the altitude h from C. Using a trigonometric ratio, we get sin 41° = h>5.4, or 
h = 5.4 sin 41° ≈ 3.5. Since a is only 3.3, a is shorter than the altitude h, and side 
a will not reach from point C to the initial side of a. So there is no triangle with the 
given parts.

TRY THIS. Given b = 38°, b = 2.9, and c = 5.9, solve the triangle.

Given g = 125°, b = 5.7, and c = 8.6, solve the triangle.

Solution

Draw the 125° angle and label its terminal side 5.7. Since 8.6 7 5.7, side c will reach 
from point A to the initial side of g, as shown in Fig. 5.10, and form a single triangle. 
To solve this triangle, we use the law of sines:

 
sin 125°

8.6
=

sin b

5.7

 sin b =
5.7 sin 125°

8.6

 b = sin-1a5.7 sin 125°
8.6

b ≈ 32.9°

Since the sum of a, b, and g is 180°, a ≈ 22.1°. Now use a and the law of sines to 
find a:

 
a

sin 22.1°
=

8.6

sin 125°

 a =
8.6 sin 22.1°

sin 125°
≈ 3.9

So the missing parts are a ≈ 3.9, a ≈ 22.1°, and b ≈ 32.9°.

TRY THIS. Given b = 38°, b = 6.4, and c = 5.9, solve the triangle.

EXAMPLE 3 SSA with one triangle

Given b = 56.3°, a = 8.3, and b = 7.6, solve the triangle.

Solution

Draw an angle of approximately 56.3°, and label its terminal side 8.3. Side b must 
go opposite b, but do not draw it yet. Find the length of the altitude h from point C 
to the initial side of b, as shown in Fig. 5.11(a). Since sin 56.3° = h>8.3, we get 
h = 8.3 sin 56.3° ≈ 6.9. Because b is longer than h but shorter than a, there are two 
triangles with the given parts, as shown in parts (b) and (c) of Fig. 5.11. Imagine b is 

EXAMPLE 4 SSA with two triangles

56.3

B

h
8.3

C

(a)

Figure 5.11

a

g

B

h
8.3

C

7.6

7.6

A
c

(b)

56.3° a

g

B

h
8.3

C

7.6

Ac

(c)
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 5.1 The Law of Sines 271

The remaining cases for solving triangles are presented in the next section, which 
also contains a summary of how to proceed in each case. You may wish to refer to it now.

Bearing
The measure of an angle that describes the direction of a ray is called the bearing 
of the ray. In air navigation, bearing is given as a nonnegative angle less than 360° 
measured in a clockwise direction from a ray pointing due north. So in Fig. 5.12, the  

bearing of ray OA
¡

 is 60°, the bearing of ray OB
¡

 is 150°, and the bearing of OC
¡

 is 225°.
In marine navigation and surveying, the bearing of a ray is the acute angle the ray 

makes with a ray pointing due north or due south. Along with the acute angle, directions 
are given that indicate in which quadrant the ray lies. For example, in Fig. 5.12, OA

¡
 has 

a bearing 60° east of north 1N60°E2, OB
¡

 has a bearing 30° east of south 1S30°E2, and 
OC
¡

 has a bearing 45° west of south 1S45°W2.

attached at C. Side b is just the right length to swing down and form a triangle in two 
positions along the horizontal base. In either of the two triangles we have

 
sin a

8.3
=

sin 56.3°
7.6

 sin a =
8.3 sin 56.3°

7.6
≈ 0.9086.

This equation has two solutions in 30°, 180°4 . For part (c) we get a =  
sin-110.90862 = 65.3° and for part (b) we get a = 180° - 65.3° = 114.7°. Using 
the law of sines we get g = 9.0° and c = 1.4 for part (b), and we get g = 58.4° 
and c = 7.8 for part (c).

TRY THIS. Given b = 38°, b = 4.7, and c = 5.9, solve the triangle.

EW

S

N

A

O

B
C

60°

150°

225°

Figure 5.12

A bush pilot left the Fairbanks Airport in a light plane and flew 100 miles toward 
Fort Yukon in still air on a course with a bearing of 18°. She then flew due east 
(bearing 90°) for some time to drop supplies to a snowbound family. After the drop, 
her course to return to Fairbanks had a bearing of 225°. Find her maximum distance 
from Fairbanks to the nearest tenth of a mile.

Solution

Figure 5.13 shows the course of her flight. To change course from bearing 18° to 
bearing 90° at point B, the pilot must add 72° to the bearing. So ∠ABC is 108°. A 
bearing of 225° at point C means that ∠BCA is 45°. Finally, we obtain ∠BAC = 27° 
by subtracting 18° and 45° from 90°.

EXAMPLE 5 Using bearing in solving triangles

Fairbanks

45°

18°

108°

72°
18°

225°

A

b

100 mi

B C

Figure 5.13
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272 Chapter 5 Applications of Trigonometry 

An Application Revisited
In Example 6 we repeat a problem that we solved in Section 1.5, Example 8. Note 
how much easier the solution is here, using the law of sines.

We can find the length of AC (the maximum distance from Fairbanks) by using the 
law of sines:

 
b

sin 108°
=

100

sin 45°

 b =
100 # sin 108°

sin 45°

 b ≈ 134.5

So the pilot’s maximum distance from Fairbanks to the nearest tenth of a mile was 
134.5 miles.

TRY THIS. A pilot flew north from the airport for 88 miles, then east until he headed 
back to the airport on a course with bearing 210°. What was his maximum distance from 
the airport?

19.9° B

a

A

y

x50.0 ft
21.8°

C

Figure 5.14

The angle of elevation of the top of a water tower from point A on the ground is 19.9°. 
From point B, 50.0 feet closer to the tower, the angle of elevation is 21.8°. Find the 
height of the tower to the nearest foot.

Solution

Let y represent the height of the tower. All angles of triangle ABC in Fig. 5.14 can 
be determined. Since 180° - 21.8° = 158.2°, ∠ABC is 158.2° and ∠ACB is 1.9°.

EXAMPLE 6 Finding the height of an object  
from a distance

Apply the law of sines in triangle ABC:

 
a

sin 19.9°
=

50

sin 1.9°

 a =
50 sin 19.9°

sin 1.9°
≈ 513.3 ft

Now using the smaller right triangle we have sin 21.8° = y>513.3 or  
y =  513.3 sin 21.8° ≈ 191. So the height of the tower to the nearest foot is 191 feet.

TRY THIS. The angle of elevation of the top of a building from point A on the ground 
is 24.2°. From point B, which is 44.5 feet closer, the angle of elevation is 38.1°. What is 
the height of the building?
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 5.1 Exercises 273

Note that we may write a ≈ 513.3 in Example 6, but for greater accuracy we 
use the calculator’s value for a to calculate y. To obtain 10-digit accuracy, a calculator 
actually knows more digits of a number than the 10 that it displays. So using a calcula-
tor’s result from a previous computation will give more accuracy than reentering the 
10 digits for the result that appears on the display.

1. If the measures of two angles of a triangle are known, 
then the measure of the third angle is determined.

2. If you know the measures of all three angles of a trian-
gle, then you can use the law of sines to find the lengths 
of the sides.

3. To solve a triangle, you must know the length of at least 
one side.

4. If  sin 9°
a = sin 17°

88  then a = sin 17°
88 sin 9°.

5. The equation sin a
5 = sin 44°

18  has exactly one solution in 
30°, 180°4 .

6. One solution to 
sin b
2.3 = sin 39°

1.6  is b = sin-1 A2.3 sin 39°
1.6 B .

7. sin 60°23
= sin 30°

1

8. No triangle exists with a = 60°, b = 10 ft, and 
a = 500 ft.

9. There is exactly one triangle with b = 30°, c = 20, and 
b = 10.

10. There are two triangles with a = 135°, b = 17, and 
a = 19.

FOR THOUGHT... True or False? Explain.

CONCEPTS

Fill in the blank.

 1.  Any triangle without a right angle is a(n) __________ triangle.

 2. To solve an oblique triangle, we must know at least 
__________ parts of the triangle, at least one of which must be 
the length of a side.

 3. For the __________ case, two sides and a nonincluded angle 
of a triangle are known.

 4. According to the __________, the ratio of the sine of an angle 
and the length of the side opposite the angle is the same for 
each angle of a triangle.

SKILLS

Solve each equation. Round to the nearest tenth.  

 5. 
sin 29°

a
=

sin 30°
2

 6. 
sin 36°

a
=

sin 100°
10

 7. 
sin 60°

6
=

sin 10°
a

 8. 
sin 8°

12
=

sin 12°
a

Solve each triangle. Round approximate answers to the nearest 
tenth.

 9. 

64°

72°

b

c

g

a = 13.6

 10. 

121°

16°

c

a

a

b = 4.2

 11. 12.2° 33.6°c a
b

b = 17.6

 12. 

66.7°

39.5°

c

ba = 6.4

a

5.1 EXERCISES
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274 Chapter 5 Applications of Trigonometry 

Sketch each triangle with the given parts. Then solve the triangle. 
Round to the nearest tenth. 

 13. a = 10.3°, g = 143.7°, c = 48.3

 14. b = 94.7°, a = 30.6°, b = 3.9

 15. b = 120.7°, g = 13.6°, a = 489.3

 16. a = 39.7°, g = 91.6°, b = 16.4

Determine the number of triangles with the given parts and solve 
each triangle. 

 17. a = 39.6°, c = 18.4, a = 3.7

 18. b = 28.6°, a = 40.7, b = 52.5

 19. g = 60°, b = 20, c = 1023

 20. a = 41.2°, a = 8.1, b = 10.6

 21. b = 138.1°, c = 6.3, b = 15.6

 22. g = 128.6°, a = 9.6, c = 8.2

 23. b = 32.7°, a = 37.5, b = 28.6

 24. a = 30°, c = 40, a = 20

 25. g = 99.6°, b = 10.3, c = 12.4

 26. a = 75.3°, a = 12.4, b = 9.8

Find the acute angle a in degrees that satisfies each equation. 
Round to the nearest tenth.  

 27. 
sin a

3
=

sin 63°
5

 28. 
sin 31°

9
=

sin a

6

 29. 
4.2

sin 89°
=

3.5

sin a
 30. 

8.7

sin 126°
=

7.5

sin a

Solve each problem. Round answers to the nearest hundredth. 

 31. A triangle has vertices A10, 02, B112, 52, and C, where C is on 
the positive x-axis. If a = 5, find ∠C.

 32. A triangle has vertices A10, 02, B13, 52, and C, where C is on 
the positive x-axis. If a = 7, find ∠C.

 33. A triangle has vertices A10, 02, B16, 82 and C, where C is 
on the positive x-axis. If a = 9, find two possibilities for the 
coordinates of point C.

 34. A triangle has vertices A10, 02, B17, 62 and C, where C  
is on the positive x-axis. If ∠C = 115°, find a and b.

 35. A triangle has vertices A10, 02, B18, 22 and C, where C is on 
the positive x-axis. If ∠C = 11°, find a.

 36. A triangle has vertices A10, 02, B19, 02 and C, where C is in 
the first quadrant. If ∠A = 15° and ∠B = 120°, find a.

MODELING

Solve each problem.

 37. Observing Traffic A traffic report helicopter left the WKPR 
studios on a course with a bearing of 210°. After flying  
12 mi to reach Interstate Highway 20, the helicopter flew due 
east along I-20 for some time. The helicopter headed back to 
WKPR on a course with a bearing of 310° and reported no 
accidents along I-20. For how many miles did the helicopter 
fly along I-20? Round to the nearest tenth of a mile.

 38. Course of a Fighter Plane During an important NATO exer-
cise, an F-14 Tomcat left the carrier Nimitz on a course with a 
bearing of 34° and flew 400 mi. Then the F-14 flew for some 
distance on a course with a bearing of 162°. Finally, the plane 
flew back to its starting point on a course with a bearing of 
308°. What distance did the plane fly on the final leg of the 
journey? Round to the nearest tenth of a mile.

 39. Surveying Property A surveyor locating the corners of a trian-
gular piece of property started at one corner and walked 480 ft 
in the direction N36°W to reach the next corner. The surveyor 
turned and walked S21°W to get to the next corner of the prop-
erty. Finally, the surveyor walked in the direction N82°E to get 
back to the starting point. What is the perimeter of this piece 
of property to the nearest foot?

 40. Sailing Joe and Jill set sail from the same point, with Joe sail-
ing in the direction S4°E and Jill sailing in the direction S9°W. 
After 4 hr, Jill was 2 mi due west of Joe. How far had Jill 
sailed to the nearest tenth of a mile?

 41. Wing Dimensions The F-106 Delta Dart once held a world 
speed record of Mach 2.3. Its sweptback triangular wings have 
the dimensions given in the figure. Find the length marked x in 
the figure to the nearest tenth of a foot. 

68°19.2 ft
x

82°

 Figure for Exercise 41

 42. Filtering the Sun When the sun is directly overhead, the sun’s 
light is filtered by approximately 10 mi of atmosphere. As the 
sun sets, the intensity decreases because the light must pass a 
greater distance through the atmosphere as shown in the figure.

a. Find the distance d in the figure when the angle of eleva-
tion of the sun is 30°. Use 3950 mi as the radius of Earth. 
Round to the nearest tenth of a mile.

b. If the sun is directly overhead at 12 noon, then at what time 
(to the nearest tenth of a second) is the angle of elevation of 
the sun 30°? The distance from Earth to the sun is 93 mil-
lion mi.
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 5.1 Exercises 275

c. Find the distance that the sunlight passes through the  
atmosphere at sunset to the nearest mile. 

Sun at noon

Earth

Atmosphere

10 mid30°

3950 mi

Atmosphere

Figure for Exercise 42

 43. Cellular One The angle of elevation of the top of a cellular 
telephone tower from point A on the ground is 18.1°. From 
point B, 32.5 ft closer to the tower, the angle of elevation is 
19.3°. What is the height of the tower to the nearest tenth of a 
foot?

 44. Moving Back A surveyor determines that the angle of elevation 
of the top of a building from a point on the ground is 30.4°. He 
then moves back 55.4 ft and determines that the angle of  
elevation is 23.2°. What is the height of the building to the 
nearest tenth of a foot?

 45. Designing an Addition A 40@ft@wide house has a roof with 
a 6@12 pitch (the roof rises 6 ft for a run of 12 ft). The owner 
plans a 14@ft@wide addition that will have a 3@12 pitch to its 
roof. See the figure. Find the lengths of AB and BC to the 
nearest tenth of a foot. 

HouseAddition

A

B

C

14 ft 40 ft

Figure for Exercise 45

 46. Saving an Endangered Hawk A hill has an angle of inclina-
tion of 36° as shown in the figure. Highway engineers want 
to remove 400 ft of the hill, measured horizontally. The engi-
neers plan to leave a slope alongside the highway with an 
angle of inclination of 62°, as shown in the figure. Located 
750 ft up the hill measured from the base is a tree containing 
the nest of an endangered hawk. Will this tree be removed in 
the excavation? 

400 ft

750 ft

36° 62°

Figure for Exercise 46

 47. Making a Kite A kite is made in the shape shown in the figure. 
Find length marked x in the figure to the nearest tenth of an 
inch. 

29°29° x

24 in.24 in.

47° 47°

Figure for Exercise 47

 48. Flat Earth Assume that Earth is flat with a 10@mi@thick layer 
of atmosphere. Find the distance that the sunlight passes 
through the atmosphere when the angle of elevation of the sun 
is 30°. Compare your answer to that obtained in part (a) of 
Exercise 42.

 49. Shot Down A cruise missile is traveling straight across the 
desert at 548 mph at an altitude of 1 mi as shown in the figure. 
A gunner spots the missile coming in his direction and fires 
a projectile at the missile when the angle of elevation of the 
missile is 35°. If the speed of the projectile is 688 mph, then 
for what angle of elevation of the gun will the projectile hit the 
missile? Round to the nearest tenth of a degree. 

548 mph

1 mi688 mph

35°

Figure for Exercise 49
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276 Chapter 5 Applications of Trigonometry 

 50. Angle of Completion When the ball is snapped, Jones starts 
running at a 50° angle to the line of scrimmage. At the moment 
when Jones is at a 60° angle from Smith, Jones is running at 
17 ft>sec and Smith passes the ball at 60 ft>sec to Jones. How-
ever, to complete the pass, Smith must lead Jones by the angle 
u shown in the figure. Find u to the nearest tenth of a degree. 
(Of course, Smith found u in his head. Note that u can be 
found without knowing any distances.) 

60° 50°
u

Smith

Jones
17 ft�sec 

Ball
60 ft�sec.

Figure for Exercise 50

 51. Rabbit and Fox A rabbit starts running from point A in a 
straight line in the direction 30° from the north at 3.5 ft>sec, as 
shown in the accompanying diagram. At the same time, a fox 
starts running in a straight line from a position 30 ft to the west 
of the rabbit at 6.5 ft>sec. The fox chooses his path so that he 
will catch the rabbit at point C. In how many seconds will the 
fox catch the rabbit? 

EW
AB

N

C

3.5 ft/sec

6.5 ft/sec 30°

30 ft

Figure for Exercise 51

 52. Head Start How many seconds will it take for the fox in  
Exercise 51 to catch the rabbit if the rabbit has a 1-second 
head start?

WRITING/DISCUSSION

 53. Law of Sines Prove the law of sines for the case in which the 
triangle is an acute triangle.

 54. Angle Bisector Theorem Suppose AD bisects ∠A as 
shown in the figure. Use the law of sines to show that 
AB>AC =  BD> DC. In words, the angle bisector of any angle 
of a triangle divides the opposite side into two segments whose 
lengths have the same ratio as the lengths of the adjacent sides 
of the angle.

B

D

A C

Figure for Exercise 54

REVIEW

 55. Find the exact value of each expression without using a calcu-
lator or table.

a. sin15p>22 b. cos-1 A-22>2 B
c. tan15p>32 d. csc1-p>32
e. sec1-3p>42 f. sin-11-1>22

 56. Given that a = 12°, b = 90°, and a = 3.2 feet, solve the  
triangle.

 57. Find the period of each function.

a. y = 2 sin1px2 b. y = -cos13x2
c. y = 3 tan12px2 d. y = 4 csc12x2

 58. Find the values of sin a and cos a given that tan a = 7>8 and 
0 6 a 6 p>2.

 59. Determine whether each function is even or odd.

a. y = sin12x2 b. y = cos12x2
c. y = x tan1x2 d. y = x3 csc1x2

 60. Determine whether the equation cos12x2 = 2 cos1x2 is an 
identity.

OUTSIDE THE BOX

 61. Solving a Triangle In the accompanying figure AB = BC, AD 
bisects ∠BAC, ∠C = 72°, and BD = 2. Find the exact length 
of DC. 

B

D

2

A C

72°

Figure for Exercise 61

 62. Costly Computers A school district purchased x computers at 
y dollars each for a total of $640,000. Both x and y are whole 
numbers and neither is a multiple of 10. Find the absolute 
value of the difference between x and y.
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 5.2 The Law of Cosines 277

 1. If a = 8°, b = 121°, and c = 12, then what is g?

 2. If a = 20.4°, b = 27.3°, and c = 38.5, then what is a to the 
nearest tenth?

 3. If a = 33.5°, a = 7.4, and b = 10.6, then what is b to the 
nearest tenth of a degree?

 4. From one point on the ground, the angle of elevation of the top 
of a tree is 20°. From a point on the ground that is 50 ft closer 
to the tree, the angle of elevation is 25°. What is the height of 
the tree to the nearest foot?

5.1

In Section 5.1 we discussed the AAS, ASA, and SSA cases for solving triangles using 
the law of sines. For the SAS and SSS cases, which cannot be handled with the law of 
sines, we develop the law of cosines. This law is a generalization of the Pythagorean 
theorem and applies to any triangle. However, it is usually stated and used only for tri-
angles with no right angle (oblique triangles) because it is not needed for right triangles.

The Law of Cosines
The law of cosines gives a formula for the square of any side of an oblique triangle 
in terms of the other two sides and their included angle. The law of cosines is stated 
symbolically for all three sides of a triangle as follows.

5.2

Theorem: Law of Cosines If triangle ABC is an oblique triangle with sides a, b, and c and angles a, b, and 
g, then

 a2 = b2 + c2 - 2bc cos a

 b2 = a2 + c2 - 2ac cos b

 c2 = a2 + b2 - 2ab cos g.

a

y

xc

b a
a

y

xc

b
a

C(x, y) C(x, y)

B(c, 0)A B(c, 0)A

Figure 5.15

PROOF  Given triangle ABC, position the triangle as shown in Fig. 5.15.

The vertex C is in the first quadrant if a is acute and in the second if a is obtuse. Both 
cases are shown in Fig. 5.15. In either case, the x@coordinate of C is b cos a, and the 
y@coordinate of C is b sin a. The distance from C to B is a, but we can also find that 
distance by using the distance formula:

 a = 21x - c22 + 1 y - 022

 a = 21b cos a - c22 + 1b sin a - 022

 a2 = 1b cos a - c22 + 1b sin a22

 a2 = b2 cos2 a - 2bc cos a + c2 + b2 sin2 a

 a2 = b21cos2 a + sin2 a2 + c2 - 2bc cos a

 Because x = b cos a and y = b sin a

Square both sides.

Simplify.

Factor.

POP QUIZ

The Law of Cosines
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10.8
8.2

3.7

a

b

g

Figure 5.16

Using cos2 x + sin2 x = 1, we get the first equation of the theorem:

a2 = b2 + c2 - 2bc cos a

Similar arguments with B and C at 10, 02 produce the other two equations.
In any triangle with unequal sides, the largest angle is opposite the largest side 

and the smallest angle is opposite the smallest side. We need this fact in Example 1.

Given a = 8.2, b = 3.7, and c = 10.8, solve the triangle. Find the angles to the near-
est tenth of a degree.

Solution

Draw the triangle and label it as in Fig. 5.16. Since c is the longest side, use

c2 = a2 + b2 - 2ab cos g

to find the largest angle g:

 -2ab cos g = c2 - a2 - b2

 cos g =
c2 - a2 - b2

-2ab

 =
110.822 - 18.222 - 13.722

-218.2213.72 ≈ -0.5885

 g = cos-11-0.58852 ≈ 126.1°

We could finish with the law of cosines, but it is simpler to use the law of sines:

 
sin b

b
=

sin g
c

 
sin b

3.7
=

sin 126.1°
10.8

 sin b ≈ 0.2768

There are two solutions to sin b = 0.2768 in 30°, 180°4 . However, b must be less 
than 90° because g is 126.1°. So

b = sin-110.27682 ≈ 16.1°.

Finally, a = 180° - 126.1° - 16.1° = 37.8°. The three angles are a ≈ 37.8°, 
b ≈ 16.1°, and g ≈ 126.1°.

TRY THIS. Given a = 3.8, b = 9.6, and c = 7.7, solve the triangle.

EXAMPLE 1 Given three sides of a triangle (SSS)

In solving the SSS case, we always find the largest angle first using the law of 
cosines. The remaining two angles must be acute angles. So when using the law of 
sines to find another angle, we need only find an acute solution to the equation.

In Section 5.1 we learned that two adjacent sides and a nonincluded angle (SSA) 
might not determine a triangle. To determine a triangle with three given sides (SSS), 
the sum of the lengths of any two must be greater than the length of the third side. 
This fact is called the triangle inequality. To understand the triangle inequality, try 
to draw a triangle with sides of lengths 1 inch, 2 inches, and 5 inches. Two sides and 
the included angle (SAS) will determine a triangle provided the angle is between 0° 
and 180°.
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 5.2 The Law of Cosines 279

19.2 ft

37.6 ft
c

68°

Figure 5.17

The following procedure should help you in solving triangles. Any problem in 
which you are given enough information to determine a triangle (or possibly two) 
fits into one of the four listed categories. Do not attempt to simply memorize this 
procedure. Use it as a guide, always draw a diagram, and you will be successful at 
solving triangles.

The wing of the F-106 Delta Dart is triangular with the dimensions given in Fig. 5.17. 
Find the length of the side labeled c in Fig. 5.17.

Solution

Using the law of cosines, we find c as follows:

 c2 = 119.222 + 137.622 - 2119.22137.62 cos 68° ≈ 1241.5

 c ≈ 21241.5 ≈ 35.2 ft

TRY THIS. Given b = 5.8, c = 3.6, and a = 39.5°, find a.

EXAMPLE 2 Given two sides and an included  
angle (SAS)

PROCEDURE

Solving Triangles (In all cases, draw pictures.)

ASA  (For example a, c, b)

1. Find g using g = 180° - a - b.
2. Find a and c using the law of sines.

SSA  (For example a, b, a)

1. If a Ú b there is only one triangle and b is acute (a or g might 
be obtuse). Find b using the law of sines. Then find g using 
g = 180° - a - b. Find c using the law of sines.

2. If a 6 b, then find h using h = b sin a.

a. If h 7 a, then there is no triangle.

b. If h = a, then there is one right triangle (b = 90° and b is the  
hypotenuse). Solve it using right triangle trigonometry.

c. If h 6 a, there are two triangles, one with b acute and one with b 
obtuse. Find the acute b using the law of sines. Subtract it from 
180° to get the obtuse b. In each of the two triangles, find g using 
g = 180° - a - b and c using the law of sines.

SSS  (For example a, b, c)

1. Find the largest angle using the law of cosines. The largest angle is 
opposite the largest side.

2. Find another angle using the law of sines.

3. Find the third angle by subtracting the first two from 180°.

SAS  (For example b, a, c)

1. Find a using the law of cosines.

2. Use the law of sines to find b if b 6 c or g if c 6 b. If b = c, then find 
either b or g.

3. Find the last angle by subtracting the first two from 180°.
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a

a

r

r

Figure 5.18

Length of a Chord
A central angle a in a circle of radius r intercepts a chord of length a as shown in 
Fig. 5.18. Apply the law of cosines and simplify as follows.

 a2 = r2 + r2 - 2 # r # r # cos a

 a2 = 2r2 - 2r2 cos a

 a2 = r212 - 2 cos a2
Taking the square root of each side yields a formula for the length of the chord  

in terms of a and r. ASince a 7 0 and r 7 0, 2a2 = a and 2r2 = r. B

A regular pentagon is inscribed in a circle of radius 6 in. What is the length of the side 
of the pentagon to the nearest tenth of an inch?

Solution

The side of the pentagon s is a chord in a circle of radius 6 in. that subtends a central 
angle of 72° 1360° , 52 as shown in Fig. 5.19. So

s = r22 - 2 cos a = 622 - 2 cos 72° ≈ 7.1 in.

TRY THIS. Find the length of the chord intercepted by a central angle of 33.8° in a 
circle of radius 22.4 feet.

EXAMPLE 3 Finding the length of a side of a pentagon

Length of a Chord If a chord of length a subtends a central angle a in a circle of radius r, then

a = r22 - 2 cos a.

s

6 in.

6 in.

72°

Figure 5.19

Modeling Arm Motion
When you reach for a light switch, your brain controls the angles at your elbow and 
your shoulder that put your hand at the location of the switch. An arm on a robot 
works in much the same manner. In the next example we see how the law of sines 
and the law of cosines are used to determine the proper angles at the joints so that a 
robot’s hand can be moved to a position given in the coordinates of the workspace.

A robotic arm with a 0.5@meter segment and a 0.3@meter segment is attached at the 
origin as shown in Fig. 5.20.

y

x

0.2

0.7

0.5

0.5 m

a

v

b

0.3 m

b

(0.7, 0.2)

u1

u2

Figure 5.20

EXAMPLE 4 Positioning a robotic arm
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 5.2 The Law of Cosines 281

Since the angles in Example 4 describe a clockwise rotation, the angles could be 
given negative signs to indicate the direction of rotation. In robotics, the direction of 
rotation is important because there may be more than one way to position a robotic 
arm at a desired location. In fact, Example 4 has infinitely many solutions. See if you 
can find another one.

The computer-controlled arm is positioned by rotating each segment through angles 
u1 and u2 as shown in Fig. 5.20. Given that we want the end of the arm at the point 
10.7, 0.22 , find u1 and u2 to the nearest tenth of a degree.

Solution

In the right triangle shown in Fig. 5.20, we have tan v = 0.2>0.7 and

v = tan-1a0.2

0.7
b ≈ 15.95°.

To get the angles to the nearest tenth, we use more accuracy along the way and round 
to the nearest tenth only on the final answer. Find b using the Pythagorean theorem:

b = 20.72 + 0.22 ≈ 0.73

Find b using the law of cosines:

 10.7322 = 0.52 + 0.32 - 210.5210.32 cos b

 cos b =
0.732 - 0.52 - 0.32

-210.52 10.32 = -0.643

 b = cos-11-0.6432 ≈ 130.02°

Find a using the law of sines:

 
sin a

0.3
=

sin 130.02°
0.73

 sin a =
0.3 # sin 130.02°

0.73
≈ 0.3147

 a = sin-110.31472 ≈ 18.34°

Since u1 = 90° - a - v,

u1 = 90° - 18.34° - 15.95° = 55.71°.

Since b and u2 are supplementary,

u2 = 180° - 130.02° = 49.98°.

So the longer segment of the arm is rotated approximately 55.7° and the shorter segment 
is rotated approximately 50.0°.

TRY THIS. Solve the triangle that has vertices A10, 02, B11, 52, and C18, 32.

1. If g = 90° in triangle ABC, then c2 = a2 + b2.

2. If a, b, and c are the sides of a triangle, then 

a = 2c2 + b2 - 2bc cos g.

3. If a, b, and c are the sides of any triangle, then 
c2 = a2 + b2.

4. The smallest angle of a triangle lies opposite the shortest 
side.

5. The equation cos a = -0.3421 has two solutions in 
30°, 180°4 .

6. If the largest angle of a triangle is obtuse, then the other 
two are acute.

FOR THOUGHT… True or False? Explain.
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282 Chapter 5 Applications of Trigonometry 

7. The equation sin b = 0.1235 has two solutions in 
30°, 180°4 .

8. In the SSS case of solving a triangle it is best to find the 
largest angle first.

9. There is no triangle with sides a = 3.4, b = 4.2, and 
c = 8.1.

10. There is no triangle with a = 179.9°, b = 1 inch, and 
c = 1 mile.

CONCEPTS

Fill in the blank.

 1.  The _________ gives a formula for the square of any side of 
an oblique triangle in terms of the other two sides and their 
included angle.

 2. According to the _________, the sum of the lengths of any 
two sides of a triangle is greater than the length of the third 
side.

 3. To find an angle of a triangle when three sides are known, we 
use the law of _________.

 4. The largest angle of a triangle is opposite the _________ side.

SKILLS

Find the angle a, b, or g between 0° and 180° that satisfies each 
equation. Round to the nearest tenth. 

 5. 32 = 42 + 52 - 122142152 cos a

 6. 42 = 32 + 52 - 122132152 cos b

 7. 52 = 32 + 42 - 122132142 cos g

 8. 52 = 122 + 132 - 12211221132 cos a

 9. 122 = 52 + 132 - 1221521132 cos b

 10. 132 = 52 + 122 - 1221521122 cos g

Solve each triangle. Round to the nearest tenth. 

 11. 

121.3°

c

a

b

a = 3.1

b = 2.9

 12. 

a
g

b40.2°

c = 11.4

b = 10.3

 13. 

ga

b
a = 6.1

b = 10.3

c = 5.2

 14. 
g

ab

c = 13.6

b = 7.9a = 6.5

Sketch each triangle with the given parts. Then solve the triangle. 
Round to the nearest tenth. 

 15.  a = 6.8, c = 2.4, b = 10.5°

 16. a = 1.3, b = 14.9, g = 9.8°

 17.  a = 18.5, b = 12.2, c = 8.1

 18. a = 30.4, b = 28.9, c = 31.6

 19. b = 9.3, c = 12.2, a = 30°

 20.  a = 10.3, c = 8.4, b = 88°

 21.  a = 6.3, b = 7.1, c = 6.8

 22. a = 4.1, b = 9.8, c = 6.2

 23.  a = 7.2, b = 25°, g = 35°

 24. b = 12.3, a = 20°, g = 120°

Determine the number of triangles with the given parts.  

 25.  a = 3, b = 4, c = 7  26. a = 2, b = 9, c = 5

 27.  a = 10, b = 5, c = 8  28. a = 3, b = 15, c = 16

 29.  c = 10, a = 40°, b = 60°, g = 90°

 30. b = 6, a = 62°, g = 120°

 31. b = 10, c = 1, a = 179°  32. a = 10, c = 4, b = 2°

 33. b = 8, c = 2, g = 45°  34. a = 23>2, b = 1, a = 60°

Solve each problem. Round approximate answers to the nearest 
tenth. 

 35. A triangle A has vertices 11, 32, 15, 92, and (13, 5). The ver-
tices of triangle B are the midpoints of the sides of triangle A. 
Find the smallest angle in triangle B.

5.2 EXERCISES
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 5.2 Exercises 283

 36. A parallelogram has vertices 10, 02, 111, 02, 114, 42, and (3, 4). 
Find the acute angle formed by the diagonals of the  
parallelogram.

 37. A triangle has vertices A10, 02, B18, 62, and C19, 12, Find 
∠A.

 38. A triangle has vertices A11, 12, B15, 42, and C18, 22, Find 
∠B.

 39. Find the smallest angle in the triangle whose vertices are the 
x- and y-intercepts of the parabola y = x2 - 3x + 2.

 40. Find the obtuse angle in the triangle whose vertices are the  
x- and y-intercepts of the parabola y = x2 - 4x + 3.

 41. A line goes through (1, 1) and (4, 5). A second line goes 
through (1, 1) and (13, 6). Find the acute angle formed by the 
two lines.

 42. A parallelogram has vertices 11, 12, 13, 62, 16, 72, and (4, 2). 
Find the obtuse angle of the parallelogram.

 43. Solve the triangle whose vertices are A12, 12, B15, 92, 
and C16, 32.

 44. Solve the triangle whose vertices are A14, 32, B110, 12, and 
C15, 72.

MODELING

Solve each problem. 

 45.  Length of a Chord What is the length of the chord intercepted 
by a central angle of 19° in a circle of radius 30 ft? Round to 
the nearest hundredth of a foot.

 46. Boating The boat shown in the accompanying figure is 3 mi 
from both lighthouses and the angle between the line of sight 
to the lighthouses is 20°. Find the distance between the light-
houses to the nearest hundredth of a mile.
 HINT  Use the formula for the length of a chord.

20°3 mi 3 mi

Figure for Exercise 46

 47.  The Pentagon The Pentagon in Washington D.C., as shown 
in the accompanying figure, is 921 ft on each side. What is 
the distance from a vertex to the center of the Pentagon to the 
nearest hundredth of a foot? 

Figure for Exercise 47

 48. A Hexagon If the length of each side of a regular hexagon is  
10 ft, then what is the distance from a vertex to the center?

 49.  Hiking Jan and Dean started hiking from the same location 
at the same time. Jan hiked at 4 mph with bearing N12°E, and 
Dean hiked at 5 mph with bearing N31°W. How far apart were 
they after 6 hr? Round to the nearest tenth of a mile.

 50.  Flying Andrea and Carlos left the airport at the same time. 
Andrea flew at 180 mph on a course with bearing 80°, and Car-
los flew at 240 mph on a course with bearing 210°. How far 
apart were they after 3 hr? Round to the nearest tenth of a mile.

 51. Positioning a Solar Panel A solar panel with a width of 1.2 m 
is positioned on a flat roof, as shown in the figure. What is the 
angle of elevation a of the solar panel? Round to the nearest 
tenth of a degree. 

1.2 m

1.2 m0.4 m

a

Figure for Exercise 51

 52. Installing an Antenna A 6@ft antenna is installed at the top of 
a roof as shown in the figure. A guy wire is to be attached to 
the top of the antenna and to a point 10 ft down the roof. If the 
angle of elevation of the roof is 28°, then what length guy wire 
is needed? Round to the nearest tenth of a foot. 

6 ft

28°

10 ft

Figure for Exercise 52
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284 Chapter 5 Applications of Trigonometry 

 53. Adjacent Pipes An engineer wants to position three pipes 
at the vertices of a triangle as shown in the figure. If the 
pipes have radii 2 in., 3 in., and 4 in., then what are the mea-
sures of the angles of triangle ABC to the nearest tenth of a 
degree? 

2 in.

3 in.

4 in.

A

B

C

Figure for Exercise 53

 54. Firing a Torpedo A submarine sights a moving target at a 
distance of 820 m. A torpedo is fired 9° ahead of the target as 
shown in the drawing and travels 924 m in a straight line to hit 
the target. How far has the target moved from the time the tor-
pedo is fired to the time of the hit? Round to the nearest tenth 
of a meter. 

924 m

820 m
9°

Target

Figure for Exercise 54

 55.  Planning a Tunnel A tunnel is planned through a mountain 
to connect points A and B on two existing roads as shown in 
the figure. If the angle between the roads at point C is 28°, 
what is the distance from point A to B to the nearest tenth of a 
mile? Find ∠CBA and ∠CAB to the nearest tenth of a degree. 

5.3 mi

7.6 mi

A

B

C

28°

Figure for Exercise 55

 56. Scattering Angle On June 30, 1861, Comet Tebbutt, one of the 
greatest comets, was visible even before sunset (Sky & Telescope, 
April 1997). One of the factors that cause a comet to be extra 
bright is a small scattering angle u shown in the accompanying 
figure. When Comet Tebbutt was at its brightest, it was 0.133 a.u.  
from Earth and 0.894 a.u. from the sun. Earth was 1.017 a.u. from 
the sun. Find the phase angle a and the scattering angle u for 
Comet Tebbutt on June 30, 1861. (One astronomical unit (a.u.) 
is the average distance between Earth and the sun.) Round to the 
nearest whole degree. 

Comet
Tebbutt

1.017 a.u.

0.894 a.u.

0.133 a.u.
U A

Sun

Earth

Figure for Exercise 56

 57.  Side of a Pentagon A regular pentagon is inscribed in a circle 
of radius 10 m. Find the length of a side of the pentagon to the 
nearest hundredth of a meter.

 58. Central Angle A central angle a in a circle of radius 5 m inter-
cepts a chord of length 1 m. What is the measure of a to the 
nearest tenth of a degree?

 59. Positioning a Human Arm A human arm consists of an upper 
arm of 30 cm and a lower arm of 30 cm, as shown in the fig-
ure. To move the hand to the point 136, 82 the human brain 
chooses angle u1 and u2 as shown in the figure. Find u1 and u2 
to the nearest tenth of a degree. 

y

x35

30

(36, 8)
30 cm

30 cm

u2

u1

Figure for Exercise 59

 60. Making a Shaft The end of a steel shaft for an electric motor 
is to be machined so that it has three flat sides of equal widths 
as shown in the figure. If the radius of the shaft is 10 mm and 
the length of the arc between each pair of flat sides must be 
2.5 mm, find the width s of each flat side to the nearest  
hundredth of a millimeter. 
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 5.2 Exercises 285

10 mm

2.5 mm

s s

s

ACME MOTOR COMPANY
33 HIDLEBERG ILLINOIS

THIS IS FINE PRINT

Figure for Exercise 60

 61. Total Eclipse Astronomers refer to the angles alpha and beta 1a 
and b2 in the figure as the “diameters” of the sun and the moon, 
respectively. These angles>diameters vary as the sun, moon, 
and Earth travel in their orbits. When the moon moves between 
Earth and the sun, a total eclipse occurs provided the moon’s 
apparent diameter is larger than that of the sun, or if beta 7
alpha. The actual diameters of the sun and moon are 865,000 mi 
and 2163 mi, respectively, and these distances do not vary.

a. The distance from Earth to the sun varies from 91,400,000 mi 
to 94,500,000 mi. Find the minimum and maximum a to the 
nearest hundredth of a degree.
 HINT  Use the law of cosines.

b. The distance from Earth to the moon varies from 225,800 
mi to 252,000 mi. Find the minimum and maximum b to 
the nearest hundredth of a degree.
 HINT  Use the law of cosines.

c. Is it possible for Earth, the moon, and the sun to be in per-
fect alignment without a total eclipse occurring? 

b

a

865,000 mi

91,400,000 mi
to

94,500,000 mi

Sun

Moon
225,800 mi

to
252,000 mi

Earth

2163 mi

Figure of Exercise 61

 62. Total Eclipse on Jupiter The distance from Jupiter to the sun 
varies from 7.406 * 108 km to 8.160 * 108 km. The diameter 
of the sun is 1.39 * 106 km.

a. Determine the minimum and maximum diameter of the sun 
to the nearest hundredth of a degree as seen from Jupiter.
 HINT  See Exercise 61 and use the law of cosines.

b. The distance from Jupiter to its moon Callisto is 
1.884 * 106 km and Callisto’s diameter is 2420 km. Deter-
mine the diameter of Callisto as seen from Jupiter to the 
nearest hundredth of a degree. 
 HINT  Use the law of cosines.

c. Is it possible for Callisto to produce a total eclipse of the 
sun on Jupiter?

 63. Attack of the Grizzly A forest ranger is 150 ft above the 
ground in a fire tower when she spots an angry grizzly bear 
east of the tower with an angle of depression of 10° as shown 
in the figure. Southeast of the tower she spots a hiker with an 
angle of depression of 15°. Find the distance between the hiker 
and the angry bear to the nearest foot. 

10°

15°

EW
150 ft

S

N

Figure for Exercise 63

 64. Smuggler’s Blues A smuggler’s boat sets out at midnight at 
20 mph on a course that makes a 40° angle with the shore as 
shown in the figure. One hour later a DEA boat sets out also 
at 20 mph from a dock 80 mi up the coast to intercept the 
smuggler’s boat. Find the angle u (in the figure) to the nearest 
tenth of a degree for which the DEA boat will intercept the 
smuggler’s boat. At what time to the nearest minute will the 
interception occur? 

80 mi

40°

20 mph

u

20 mph

Figure for Exercise 64

 65. Clocked A standard clock has a 1-cm hour hand and a 2-cm 
minute hand. At 12 noon they are both pointing the same 
direction and the distance between the ends of the hands is  
1 cm. What is the exact distance between the ends of the hands 
at 2 pm?

 66. Clocked Continued How long after 12 noon will the distance 
between the ends of the hands in the previous exercise to be at 
a maximum for the first time? Round the answer to the nearest 
second.

 67. Clockwise How long after 12 noon will the distance 
between the ends of the hands of the clock in Exercise 65  
be 1.5 cm for the first time? Round the answer to the 
 nearest second.
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 68. Clockwise Continued How long after 12 noon will the dis-
tance between the ends of the hands of the clock in Exer-
cise 65 be 1.5 cm for the second time? Round the answer to 
the nearest second.

WRITING/DISCUSSION

 69. A central angle u in a circle of radius r intercepts a chord of 
length a, where 0° … u … 180°. Show that a = 2r sin1u>22.

 70. Explain why the second largest side in a triangle with unequal 
sides is opposite an acute angle.

REVIEW

 71. Solve the triangle with a = 108.1°, b = 18.6°, and c = 28.6.

 72. Determine the number of triangles with a = 22.5°, a = 5.1, 
and b = 12.6.

 73. The five key points on one cycle of a sine wave are 1p>4, 32, 
1p>2, 52, 13p>4, 32, 1p, 12, and 15p>4, 32. Find the equation 
of the wave in the form y = A sin1B1x - C22 + D.

 74. The area of a sector of a circle with central angle p>16 is 
64p in .2. Find the exact radius of the circle.

 75. Convert each degree measure to radian measure.
a. 270° b. 315°

c. -210° d. 120°

 76. A propeller with a diameter of 6 feet is rotating at 3200 rev>min. 
What is the velocity in miles per hour for a point on the tip of 
the propeller?

OUTSIDE THE BOX

 77. Moving a Refrigerator A box containing a refrigerator is 3 ft 
wide, 3 ft deep, and 6 ft high. To move it, Wally lays it on its 
side, then on its top, then on its other side, and finally stands 
it upright, as shown in the figure. Exactly how far has point A 
traveled in going from its initial location to its final location?  

Refrigerator

R
ef

ri
ge

ra
to

r

R
ef

ri
ge

ra
to

r

Refrigerator

R
efrigerator

A A

Figure for Exercise 77

 78. Arc Length In a circle of radius 6 the length of the chord with 
endpoints A and B is 623. What is the length of the shorter 
arc with endpoints A and B?

 1. If a = 12.3°, b = 10.4, and c = 8.1, then what is a?

 2. If a = 6, b = 7, and c = 12, then what is g?

 3. How many triangles are possible with a = 6, b = 12, and 
c = 5?

 4. What is the length of the chord (to the nearest tenth of a foot) 
intercepted by a central angle of 42.1° in a circle of radius  
8.7 ft?

5.2 POP QUIZ

Modeling the Best View

A large-screen theater has a screen that is 60 feet high as shown in the figure. The 
seats are placed on a 45° incline so that the seats are close to the screen.

a) Find the exact distance to the top of the screen and to the bottom of the screen 
for a person sitting at coordinates 130, 102.

b) Find the viewing angle a for a person sitting at 130, 102 to the nearest tenth of a 
degree.

c) Write the viewing angle a as a function of x and graph the function using a 
graphing calculator.

LINKING 
concepts... For Individual or Group Explorations

y

(x, y)

(0, 0)

(0, 60)

(20, 0)

45°
x

a

Sea
ts 

60
' S

cr
ee

n
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 5.3 Area of a Triangle 287

d) If the good seats are those for which the viewing angle is greater than 60°, then 
what are the x@coordinates of the good seats to the nearest tenth?

e) If the best seat has the largest viewing angle, then what are the coordinates of 
the best seat?

The well-known formula A = 1
2 bh gives the area of a triangle in terms of a side and the 

altitude to that side. In this section we will see two new formulas for the area of a triangle.

Area of a Triangle
Consider the triangle shown in Fig. 5.21, in which a is an acute angle and h is inside 
the triangle. Since sin a = h>c, we get h = c sin a. Substitute c sin a for h in the 
formula, to get

A =
1

2
 bc sin a.

This formula is also correct in all other possible cases: a is acute and h is the side of 
the triangle opposite a, a is acute and h lies outside the triangle, a is a right angle, and 
a is obtuse. (See Exercise 56.) Likewise, the formula can be written using the angles 
b or g. We have the following theorem.

5.3

a

b

h
c

Figure 5.21

Theorem: Area  
of a Triangle 

The area of a triangle is given by

A =
1

2
 bc sin a,  A =

1

2
 ac sin b,  and  A =

1

2
 ab sin g.

So the area of a triangle is one-half the product of any two sides and the sine of the 
angle between the sides.

Note that these new formulas for the area of triangle can be used to prove the law 
of sines. Since the area of a triangle is the same no matter which of the three formulas 
is used, we can write

1

2
 bc sin a =

1

2
 ac sin b =

1

2
 ab sin g.

Multiplying by 2 and then dividing by abc yields the law of sines,

sin a
a

=
sin b

b
=

sin g
c

.

a

8 ft

92.5°

48.5°

6 ft

Figure 5.22 Find the area of the triangle shown in Fig. 5.22.

Solution

Since the angles of any triangle have a sum of 180°, we find that a = 39°. Using the 
new area formula we get

A =
1

2
# 8 # 6 # sin139°2 ≈ 15.1.

EXAMPLE 1 Area of a triangle

Area of a Triangle
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93.5 ft

100.5 ft

148.7 ft 155.4 ft

92.3° 87.2°

91.5° 89.0°

A1

A2

Figure 5.23

Surveyors describe property in terms of the lengths of the sides and the angles 
between those sides. In Example 2 we find the area of a four-sided piece of property 
by dividing it into triangles.

So the area is approximately 15.1 ft 2.

TRY THIS. Given a = 5 meters, b = 11 meters, and g = 37°, find the area of the 
triangle.

The town of Hammond is considering the purchase of a four-sided piece of property 
to be used for a playground. The dimensions of the property are given in Fig. 5.23. 
Find the area of the property in square feet.

Solution

Divide the property into two triangles as shown in Fig. 5.23, and find the area of each:

 A1 =
1

2
 1148.72193.52 sin 91.5° ≈ 6949.3 ft2

 A2 =
1

2
 1100.521155.42 sin 87.2° ≈ 7799.5 ft2

Adding the areas of the triangles gives a total area of approximately 14,748.8 square 
feet. Since the property is almost a rectangle, an estimate of the area could be obtained 
by multiplying one of the lengths by one of the widths. However, such an estimate 
would be about 900 square feet in error, which is a rather large error if the property 
is priced per square foot.

TRY THIS. Two sides of a triangular piece of property are 244 feet and 206 feet, and 
the angle between these sides is 87.4°. Find the area to the nearest square foot.

EXAMPLE 2 Area of a quadrilateral

Area of a Triangle by Heron’s Formula
We now have the formulas A = 1

2 bh and A = 1
2 bc sin a for the area of a triangle. For 

one formula we must know a side and the altitude to that side, and for the other we 
need two sides and the measure of their included angle. Using the law of cosines, we 
can get a formula for the area of a triangle that involves only the lengths of the sides. 
This formula is known as Heron’s area formula, named after Heron of Alexandria, 
who is believed to have discovered it in about a.d. 75.

Heron’s Area Formula The area of a triangle with sides a, b, and c is given by the formula

A = 2S1S - a21S - b21S - c2
where S = 1a + b + c2>2.

PROOF  First rewrite the equation a2 = b2 + c2 - 2bc cos a as follows:

 a2 + 2bc cos a = b2 + c2

 2bc cos a = b2 + c2 - a2

 4b2c2 cos2 a = 1b2 + c2 - a222  Square both sides.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 5.3 Area of a Triangle 289

Now write the area formula A = 1
2bc sin a in terms of 4b2c2 cos2 a:

 A =
1

2
 bc sin a

 4A = 2bc sin a   Multiply by 4.

 16A2 = 4b2c2 sin2 a   Square both sides.

 16A2 = 4b2c211 - cos2 a2   Pythagorean identity

 16A2 = 4b2c2 - 4b2c2 cos2 a   Distributive property

 16A2 = 4b2c2 - 1b2 + c2 - a2 22  Substitution

The last equation could be solved for A in terms of the lengths of the three sides, but 
it would not be Heron’s formula. To get Heron’s formula, let S = 1a + b + c2>2 or 
2S = a + b + c. It can be shown (see Exercise 62) that

4b2c2 - 1b2 + c2 - a2 22 = 2S12S - 2a212S - 2b212S - 2c2.

Using this fact in the above equation yields Heron’s formula:

 16A2 = 16S1S - a21S - b21S - c2
 A2 = S1S - a21S - b21S - c2
 A = 2S1S - a21S - b21S - c2

A piece of property in downtown Houston is advertised for sale at $45 per square foot. 
If the lengths of the sides of the triangular lot are 220 feet, 234 feet, and 160 feet, then 
what is the asking price for the lot?

Solution

To use Heron’s formula we first find S:

S =
220 + 234 + 160

2
= 307

Now use 220, 234, and 160 along with S = 307 in Heron’s formula:

A = 23071307 - 22021307 - 23421307 - 1602 ≈ 16,929.69

At $45 per square foot the 16,929.69 square foot lot costs $761,836.

TRY THIS. Given a = 12, b = 8, and c = 6, find the area of the triangle.

EXAMPLE 3 Area of a triangle using only the sides

1. The area of a triangle is one-half the product of the 
lengths of any two sides.

2. An altitude in a triangle can be inside, be outside, or   
coincide with a side of the triangle.

3. The area of a triangle is one-half of the product of the 
lengths of two sides and the measure of the included 
angle.

4. The area of a right triangle is one-half the product of the 
lengths of its legs.

5. The area of a triangle can be found if you know the 
lengths of the three sides.

FOR THOUGHT… True or False? Explain.
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290 Chapter 5 Applications of Trigonometry 

CONCEPTS

Fill in the blank.

 1.  The area of a triangle with side b and altitude to the side h is 
__________.

 2. __________ area formula gives the area of a triangle in terms 
of the lengths of its sides.

SKILLS

Find the area of each triangle without using a calculator. 

 3. 

8 ft

4 ft
30°

 

 4. 
150°

4 ft

8 ft

 

Find the area of each triangle with the given parts. Round to the 
nearest tenth. 

 5.  a = 12.9, b = 6.4, g = 13.7°

 6. a = 42.7, c = 64.1, b = 74.2°

 7. a = 39.4°, b = 12.6, a = 13.7

 8. b = 74.2°, c = 19.7, b = 23.5

 9.  a = 42.3°, b = 62.1°, c = 14.7

 10. g = 98.6°, b = 32.4°, a = 24.2

 11.  a = 56.3°, b = 41.2°, a = 9.8

 12. b = 25.6°, g = 74.3°, b = 17.3

Find the area of each region to the nearest whole number of square 
units. 

 13. 

60°

5.7 ft

60°

3 ft 3 ft

 

 14. 

90°

3.1 yd

100°

3.8 yd

3.5 yd

 

 15. 

60°

120° 135°

45°

12 + 2Ë3 mi

4 mi

10 mi

2Ë6 mi

 

 16. 

89° 92°

109°

70°

140 ft

129.44 ft

120 ft

93.67 ft

Find the area of each triangle using Heron’s formula. Round to the 
nearest tenth. 

 17.  a = 16, b = 9, c = 10

 18. a = 12, b = 8, c = 17

 19.  a = 3.6, b = 9.8, c = 8.1

 20. a = 5.4, b = 8.2, c = 12.0

 21.  a = 346, b = 234, c = 422

 22. a = 124.8, b = 86.4, c = 154.2

Use the most appropriate formula for the area of a triangle to find 
the area of each triangle. Round to the nearest tenth. 

 23. 

20

10

 24. 

8

7 5

 25. 

8

6

60°

 26. 

12

9

5.3 EXERCISES
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 5.3 Exercises 291

 27. 

12

9 5

 28. 

15

9
14°

Solve each problem. 

 29. Find the area of the triangle whose vertices are (1, 1), (3, 5), 
and (6, 2).

 30. Find the area of the triangle whose vertices are (1, 2), (3, 5), 
and 15, -22.

 31. A triangle has one vertex at the origin. The other two vertices 
are the points of intersection of the line y = 6 - x and the 
parabola y = x2. Find the area of the triangle.

 32. A triangle has one vertex at the vertex of the parabola y = x2. 
The other two vertices are the points of intersection of the line 
y = 12 - x and the parabola y = x2. Find the area of the  
triangle.

 33. How many triangles are there that have a = 5, b = 6, and area 
626?

 34. Find c for the triangle in the previous exercise where c is an 
integer.

 35. Find the area of the triangle whose vertices are x- and  
y-intercepts of the parabola y = x2 - 3x + 2.

 36. Find the area of the triangle whose vertices are the x- and 
y-intercepts of the parabola y = x2 - 4x + 3.

 37. Find the maximum area for a triangle in which a = 10 inches 
and b = 12 inches.

 38. Find the maximum area for a parallelogram that has sides of 
lengths 5 inches and 8 inches.

MODELING

Solve each problem. 

 39. Making a Kite A kite is made in the shape shown in the figure. 
Find the surface area of the kite in square inches. Round to the 
nearest tenth.
 HINT  The triangles are not right triangles.

18 in.18 in.

40°40°

24
 in

. 24 in.

Figure for Exercise 39

 40.  Area of a Wing The F-106 Delta Dart once held a world speed 
record of Mach 2.3. Its sweptback triangular wings have the 
dimensions given in the figure. Find the area of one wing in 
square feet. Round to the nearest tenth. 

68°19.2 ft
37.6 ft

Figure for Exercise 40

 41.  Triangular Glazing A triangular piece of glass has sides of 
lengths 13 in., 8 in., and 9 in. Find the area of the triangle 
without using Heron’s formula. Round to the nearest tenth.

 42. Triangular Flashing A sheet metal worker constructed a tri-
angular metal flashing with sides of 6 ft, 5 ft, and 3 ft. If he 
charges $2 per square foot for this type of work, then what 
should he charge? Do not use Heron’s formula.

 43.  Maximum Triangle I Find the maximum possible area for a 
triangle that has two vertices on a circle of radius 2 feet and 
the third vertex at the center of the circle.

 44. Maximum Triangle II Find the maximum possible area for a 
triangle for which one side is the diameter of a circle of radius 
2 feet and the third vertex is on the circle.

 45. Areas Let a be the central angle (in radians) in a circle of 
radius r, as shown in the accompanying figure. The chord 
shown in the figure divides the sector of the circle into a trian-
gle and a lens-shaped region. Find formulas for the following.

a. The area of the triangle AT as a function of r and a

b. The area of the sector AS as a function of r and a

c. The area of the lens-shaped region AL as a function of r and 
a

a

r

s

a

Figure for Exercises 45 and 46

 46. Arcs, Chords, and Angles Let s be the length of the arc inter-
cepted by a central angle of a radians in a circle of radius r and 
a be the length of the corresponding chord. See the accompany-
ing figure. Find formulas for the following on the next page.
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292 Chapter 5 Applications of Trigonometry 

a. The length of the arc s as a function of a and r

b. The length of the chord a as a function of r and a

c. The length of the chord a as a function of s and a

d. The length of the arc s as a function of a and a

 47. Surveying Triangular Property A surveyor locating the cor-
ners of a triangular piece of property started at one corner and 
walked 480 ft in the direction N36°W to reach the next corner. 
The surveyor turned and walked S21°W to get to the next cor-
ner of the property. Finally, the surveyor walked in the direction 
N82°E to get back to the starting point. What is the area of the 
property in square feet? Round to the nearest tenth.

 48. Surveying Triangular Property A surveyor locating the cor-
ners of a triangular piece of property started at one corner and 
walked 200 ft in the direction S10°E to reach the next corner. 
The surveyor turned and walked N80°W to get to the next cor-
ner of the property. Finally, the surveyor walked in the direction 
N85°E to get back to the starting point. What is the area of the 
property in square feet? Round to the nearest tenth.

 49. Surveying a Quadrilateral A surveyor locating the corners 
of a four-sided piece of property started at one corner and 
walked 200 ft in the direction N80°E to reach the next corner. 
He turned and walked due north 150 ft to the next corner of 
the property. He then turned and walked due west to get to the 
fourth corner of the property. Finally, he walked in the direction 
S15°E to get back to the starting point. What is the area of the 
property in square feet? Round to the nearest tenth.

 50. Surveying a Quadrilateral A surveyor locating the corners of 
a four-sided piece of property started at one corner and walked 
400 ft in the direction S10°W to reach the second corner. She 
turned and walked 340 ft in the direction N86°E to the third 
corner of the property. She turned and walked in the direc-
tion N5°W to get to the fourth corner of the property. Finally, 
the surveyor walked in the direction S75°W to get back to the 
starting point. What is the area of the property in square feet? 
Round to the nearest tenth.

 51. Cul-de-sac Lot Claudia owns a lot on a cul-de-sac, as shown 
in the accompanying figure. The sides of the lot are parallel 
and are perpendicular to the back of the lot. The front of the 
lot is a circular arc of length 88.1 feet on a circle of radius 80 
feet. If property tax is $0.08 per square foot, find the amount 
of property tax to the nearest dollar. 

102.5 ft
127.1 ft

80 ft

88.1 ft

Figure for Exercise 51

 52. Lot on a Curve Two sides of Manny’s lot are parallel and per-
pendicular to the back boundary, as shown in the accompany-
ing figure. The front of the lot is a circular arc of length  
152.9 feet on a circle of radius 300 feet. Find the area of the 
lot to the nearest square foot. 

140 ft

197.3 ft

140 ft

152.9 ft

Figure for Exercise 52

 53. Area of a Pentagon Find a formula that expresses the area A of 
a regular pentagon in terms of its perimeter P.

 54. Area of a Hexagon Find a formula that expresses the area A of 
a regular hexagon in terms of its perimeter P.

WRITING/DISCUSSION

 55. Area of a Triangle Find the area of each triangle in the figure 
in square centimeters using the three different formulas that 
were discussed in the text. Measure the sides with a ruler 
and the angles with a protractor. Compare your answers. 
Which answer do you think is closest to the actual area of the 
triangle?

A

B

C

D

E

F

Figure for Exercise 55

 56. Prove the trigonometric formula for the area of a triangle in 
the cases mentioned in the text but not proved in the text.
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 5.3 Pop Quiz 293

 57. Find the area of the triangle with sides 37, 48, and 86 using 
Heron’s formula. Explain your result.

 58. Find the area of the triangle with sides 31, 87, and 56 using 
Heron’s formula. Explain your result.

 59. Find the area of the triangle with sides of length 6 ft, 9 ft, and 
13 ft to the nearest tenth by using the formula

A =
1

4
24b2c2 - 1b2 + c2 - a2 22

and check your result using a different formula for the area 
of a triangle. Prove that this formula gives the area of any 
triangle with sides a, b, and c.

 60. Find the area of the triangle with sides of length 11 ft, 12 ft, 
and 18 ft to the nearest tenth by using the formula

A =
1

2
 bc sin acos-1ab2 + c2 - a2

2bc
b b

and check your result using a different formula for the area of 
a triangle. Prove that this formula gives the area of any triangle 
with sides a, b, and c.

 61. Cooperative Learning Find a map or a description of a piece 
of property in terms of sides and angles. Show it to your class 
and explain how to find the area of the property in square feet.

 62. Heron’s Formula In the proof of Heron’s formula it was stated 
that

4b2c2 - 1b2 + c2 - a222 =
2S12S - 2a212S - 2b212S - 2c2.

Show that this equation is correct.

REVIEW

 63. Solve the triangle with b = 122.1°, a = 19.4, and b = 22.6.

 64. Solve the triangle with a = 22.1°, a = 19.4, and c = 144.2.

 65. Solve the triangle with a = 33.2°, b = 9.4, and c = 4.3.

 66. Find all solutions to the equation 2 cos1x2 + 1 = 0. Use k to 
represent any integer.

 67. Find all solutions to the equation 4 sin213x2 - 3 = 0 in the 
interval 10, p2.

 68. Find the period, asymptotes, and range for the function 
y = 5 tan1px + p2.

OUTSIDE THE BOX

 69. Watering the Lawn Josie places her lawn sprinklers at the 
vertices of a triangle that has sides of 9 m, 10 m, and 11 m. 
The sprinklers water in circular patterns with radii of 4, 5, and 
6 meters. No area is watered by more than one sprinkler. What 
amount of area inside the triangle is not watered by any of the 
three sprinklers? Give your answer to the nearest thousandth 
of a square meter.

 70. Equal Areas In the accompanying figure, P is an arbitrary 
point inside a regular hexagon. Show that the total area of the 
three shaded triangles is equal to the total area of the three 
unshaded triangles.

P

Figure for Exercise 70

 1. Find the area of the triangle in which a = 6 ft, b = 8 ft, and 
c = 10 ft.

 2. Find the area of the triangle in which a = 6 ft, b = 15 ft, and 
g = 66.7°. Round to the nearest tenth of a square foot.

 3. Find the exact area of the triangle with sides of lengths 7, 8, 
and 9 using Heron’s formula.

5.3 POP QUIZ

Discovering Area and Circumference Formulas

In this exercise you will use the formula for the area of a triangle,

A =
1

2
 bc sin a,

LINKING 
concepts... For Individual or Group Explorations

(continued)
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294 Chapter 5 Applications of Trigonometry 

to develop the formulas for the area and circumference of a circle. As shown in the 
figure, you will be using polygons that circumscribe a circle of radius r.

a) Suppose a regular pentagon circumscribes a circle of radius r as shown in the 
figure. Show that the area of the pentagon is 5r2 tan136°2.

b) Now suppose that a regular polygon of n sides circumscribes a circle of radius 
r. Show that the area of the n@gon is given by A = nr2 tan1180°>n2.

c) Does the area of the polygon in part (b) vary directly or inversely as the square 
of the radius?

d) Find the constant of proportionality for a decagon, kilogon, and megagon.

e) What happens to the shape of the n@gon as n increases? So what can you con-
clude is the formula for the area of a circle of radius r?

f) Use trigonometry to find a formula for the perimeter of an n@gon that circum-
scribes a circle of radius r.

g) Use the result of part (f) to find a formula for the circumference of a circle of 
radius r.

h) Graph the function y = x tan1p>x2 where x is a real number (radian mode). 

Identify all vertical and horizontal asymptotes.

r

By using the law of sines and the law of cosines we can find all of the missing parts 
of any triangle for which we have enough information to determine its shape. In this 
section we will use these and many other tools of trigonometry in the study of vectors.

Definitions
Quantities such as length, area, volume, temperature, and time have magnitude only 
and are completely characterized by a single real number with appropriate units (such 
as feet, degrees, or hours). Such quantities are called scalar quantities, and the cor-
responding real numbers are scalars. Quantities that involve both a magnitude and 
direction, such as velocity, acceleration, and force, are vector quantities, and they 
can be represented by directed line segments. These directed line segments are called 
vectors.

For an example of vectors, consider two baseballs hit into the air as shown in 
Fig. 5.24. One is hit with an initial velocity of 30 ft>sec at an angle of 20° from the 
horizontal and the other is hit with an initial velocity of 60 ft>sec at an angle of 45° 
from the horizontal. The length of a vector represents the magnitude of the vector 
quantity. So the vector representing the faster baseball is drawn twice as long as 
the other vector. The direction is indicated by the position of the vector and the 
arrowhead at one end.

5.4 Vectors
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 5.4 Vectors 295

A

2A

Figure 5.26

We have used the notation AB to name a line segment with endpoints A and B 
and AB

¡
 to name a ray with initial point A and passing through B. When studying 

vectors, the notation AB
¡

 is used to name a vector with initial point A and terminal 
point B. The vector AB

¡
 terminates at B while the ray AB

¡
 goes beyond B. Since the 

direction of the vector is the same as the order of the letters, we will omit the arrow 
and use boldface type to indicate a vector in print. In handwritten work an arrow over 
the letter or letters indicates a vector. Thus AB and AB

¡
 represent the same vector. The 

vector BA is a vector with initial point B and terminal point A, and is not the same 
as AB. A vector whose endpoints are not specified is named by a single uppercase or 
lowercase letter. For example, b, B, b

S
, and B

S
 are names of vectors. The magnitude 

of vector A is written 0A 0.
Two vectors are equal if they have the same magnitude and the same direction. 

Equal vectors may be in different locations. They do not necessarily coincide. In 
Fig. 5.25, A = B because they have the same direction and the same magnitude. 
Vector B is not equal to vector C because they have the same magnitude but opposite 
direction. C ≠ D because they have different magnitudes and different directions. 
The zero vector is a vector that has no magnitude and no direction. It is denoted by 
a boldface zero, 0.

Scalar Multiplication and Addition
Suppose two tugboats are pulling on a barge that has run aground in the Mississippi 
River as shown in Fig. 5.26.

A B C D

Figure 5.25

60 ft /sec

30 ft /sec

20°

45°

Figure 5.24

The yellow boat exerts a force of 2000 pounds in an easterly direction and its 
force is represented by the vector A. If the red boat exerts a force of 4000 pounds in 
the same direction, then its force can be represented by the vector 2A. This example 
illustrates the operation of scalar multiplication.
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296 Chapter 5 Applications of Trigonometry 

For any scalar k and vector A, kA is a vector with magnitude 0 k 0  times the 
magnitude of A.

If k 7 0, then the direction of kA is the same as the direction of A.
If k 6 0, the direction of kA is opposite to the direction of A.
If k = 0, then kA = 0.

Definition: Scalar 
Multiplication 

The vector 2A has twice the magnitude of A, and -  23 A has two-thirds of the 
magnitude. For -1A we write -A. Some examples of scalar multiplication are shown 
in Fig. 5.27.

Suppose two draft horses are pulling on a tree stump with forces of 200 pounds 
and 300 pounds as shown in Fig. 5.28, with an angle of 65° between the forces.

1–
2

2–
3

–A –A 2A A A

Figure 5.27

300 lb

200 lb

65˚

A

B

Figure 5.28

The two forces are represented by vectors A and B. If A and B had the same 
direction, then there would be a total force of 500 pounds acting on the stump. How-
ever, a total force of 500 pounds is not achieved because of the angle between the 
forces. It can be shown by experimentation that one force acting along the diagonal 
of the parallelogram shown in Fig. 5.28, with a magnitude equal to the length of the 
diagonal, has the same effect on the stump as the two forces A and B. In physics, this 
result is known as the parallelogram law. The single force A + B acting along the 
diagonal is called the sum or resultant of A and B. The parallelogram law motivates 
our definition of vector addition.

Definition: Vector Addition To find the resultant or sum A + B of any vectors A and B, position B (without 
changing its magnitude or direction) so that the initial point of B coincides with 
the terminal point of A, as in Fig. 5.29. The vector that begins at the initial point 
of A and terminates at the terminal point of B is the vector A + B.

A

B
A + BB + A

B

A

Figure 5.29

Note that the vector A + B in Fig. 5.29 coincides with the diagonal of a 
parallelogram whose adjacent sides are A and B. We can see from Fig. 5.29 that 
A + B = B + A, and vector addition is commutative. If A and B have the same 
direction or opposite directions, then no parallelogram is formed, but A + B can 
be found by the procedure given in the definition. Each vector in the sum A + B is 
called a component of the sum.

For every vector A there is a vector -A, the opposite of A, having the same 
magnitude as A but opposite direction. The sum of a vector and its opposite is the zero 
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 5.4 Vectors 297

vector, A + 1-A2 = 0. Vector subtraction is defined like subtraction of real numbers. 
For any two vectors A and B, A - B = A + 1-B2. Figure 5.30 shows A - B.

The law of sines and the law of cosines can be used to find the magnitude and 
direction of a resultant vector. Remember that in any parallelogram the opposite sides 
are equal and parallel, and adjacent angles are supplementary. The diagonals of a 
parallelogram do not bisect the angles of a parallelogram unless the adjacent sides of 
the parallelogram are equal in length.

Horizontal and Vertical Components
When a peregrine falcon dives at its prey with a velocity of 120 ft>sec at an angle of 
40° from the horizontal, its location is changing both horizontally and vertically. So its 
velocity vector can be thought of as a sum of a horizontal velocity vector and a verti-
cal velocity vector. In fact, any nonzero vector w is the sum of a vertical component 
and a horizontal component, as shown in Fig. 5.31. The horizontal component is 
denoted wx and the vertical component is denoted wy. The vector w is the diagonal of 
the rectangle formed by the vertical and horizontal components.

B–B

A
A + B

A
 – B

Figure 5.30

w

wx

wy

Horizontal
component

Resultant

Vertical
component

Figure 5.31

w

y

x

Direction angle

Position vector

u

wy

wx

Figure 5.32

If a vector w is placed in a rectangular coordinate system so that its initial point 
is the origin (as in Fig. 5.32), then w is called a position vector or radius vector. A 
position vector is a convenient representative to focus on when considering all vec-
tors that are equal to a certain vector. The angle u 10° … u 6 360°2 formed by the 
positive x@axis and a position vector is the direction angle for the position vector (or 
any other vector that is equal to the position vector).

If the vector w has magnitude r, direction angle u, horizontal component wx, 
and vertical component wy, as shown in Fig. 5.32, then by using trigonometric ratios 
we get

cos u =
0wx 0

r
  and  sin u =

0wy 0
r

or

0wx 0 = r cos u  and  0wy 0 = r sin u.

If the direction of w is such that sin u or cos u is negative, then we can write

0wx 0 = 0 r cos u 0  and  0wy 0 = 0 r sin u 0 .

Find the magnitude of the horizontal and vertical components for a vector v with 
magnitude 8.3 and direction angle 121.3°.

EXAMPLE 1 Finding horizontal and vertical 
components

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



298 Chapter 5 Applications of Trigonometry 

Component Form of a Vector
Any vector is the resultant of its horizontal and vertical components. Since the hori-
zontal and vertical components of a vector determine the vector, it is convenient to 
use a notation for vectors that involves them. The notation 8a, b9  is used for the 
position vector with terminal point 1a, b2 as shown in Fig. 5.34. The form 8a, b9  is 
called component form because its horizontal component is 8a, 09  and its vertical 
component is 80, b9 . Since the vector v = 8a, b9  extends from 10, 02 to 1a, b2, its 
magnitude is the distance between these points:

0 v 0 = 2a2 + b2

In Example 2 we find the magnitude and direction for a vector given in com-
ponent form and in Example 3 we find the component form for a vector given as a 
directed line segment.

y

x

v = Ha, bI

Ha, 0I

H0, bI

(a, b)

Figure 5.34

Solution

The vector v and its horizontal and vertical components vx and vy are shown in Fig. 5.33. 
The magnitudes of vx and vy are found as follows:

0 vx 0 = 0 8.3 cos 121.3° 0 ≈ 4.3

0 vy 0 = 0 8.3 sin 121.3° 0 ≈ 7.1

The direction angle for vx is 180°, and the direction angle for vy is 90°.

TRY THIS. Find the magnitude of the horizontal and vertical components for a vector v 
with magnitude 5.6 and direction angle 22°.

v

121.3°

y

x

vy

vx

Figure 5.33

Find the magnitude and direction angle of the vector v = 8-2, -59  shown in Fig. 5.35.

Solution

We find the magnitude of v shown in Fig. 5.35 using 0 v 0 = 2a2 + b2:

0 v 0 = 21-222 + 1-522 = 229

Using trigonometric ratios we get sin u = -5>229. Since

sin-1 A-5>229 B ≈ -68.2°,

we have u = 180° - 1-68.2°2 = 248.2°.

TRY THIS. Find the magnitude and direction angle for v = 82, -69 .

y

x1–1–2

–2

1

–3

–4

–5

 –3 2 3

v

(–2, –5)

u

Figure 5.35

EXAMPLE 2 Finding magnitude and direction  
from component form

Find the component form for a vector of magnitude 40 mph with direction angle 330°.

Solution

To find the component form, we need the terminal point 1a, b2 for a vector of magnitude 
40 mph positioned as shown in Fig. 5.36. Since a = r cos u and b = r sin u, we have

a = 40 cos 330° = 40 
23

2
= 2023

40 mph
v

330°

y

x

(a, b)

Figure 5.36

EXAMPLE 3 Finding the component form given  
magnitude and direction
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 5.4 Vectors 299

We originally defined vectors as directed line segments and performed opera-
tions with these directed line segments. When vectors are written in component form, 
operations with vectors are easier to perform. Figure 5.37 illustrates the addition of 
A = 8a1, a29  and B = 8b1, b29  where 1a1, a22 and 1b1, b22 are in the first quadrant. 
It is easy to see that the endpoint of A + B is 1a1 + b1, a2 + b22 and so

A + B = 8a1 + b1, a2 + b29 .

So the sum of two vectors can be found in component form by adding the components 
instead of drawing directed line segments. The component forms for the three opera-
tions that we have already studied and a new operation, dot product, are given in the 
following box. The dot product of two vectors is a scalar found by multiplying the 
corresponding components and adding the results. (When multiplying matrices in 
algebra, you find dot products of row vectors and column vectors.)

A

B

B

x

y

a1

a2

(a1, a2)

b1

b2

(a1 + b1, a2 + b2)

A +
 B

(b1, b2)

Figure 5.37

and

b = 40 sin 330° = 40a-  
1

2
b = -20.

So the component form of the vector is82023, -209 .

TRY THIS. Find the component form for a vector of magnitude 50 mph with direction 
angle 120°.

Rules for Scalar Product, 
Vector Sum and Difference, 

and Dot Product

If A = 8a1, a29 , B = 8b1, b29 , and k is a scalar, then

1. kA = 8ka1, ka29 Scalar product
2. A + B = 8a1 + b1, a2 + b29 Vector sum
3. A - B = 8a1 - b1, a2 - b29 Vector difference
4. A # B = a1b1 + a2b2 Dot product

Let w = 8-3, 29  and z = 85, -19 . Perform the operations indicated.

a. w - z b. -8z c. 3w + 4z d. w # z

Solution

a. w - z = 8-3, 29 - 85, -19 = 8-8, 39
b. -8z = -885, -19 = 8-40, 89
c. 3w + 4z = 38-3, 29 + 485, -19 = 8-9, 69 + 820, -49 = 811, 29
d. w # z = 8-3, 29 # 85, -19 = 1-32152 + 1221-12 = -17

TRY THIS. Let u = 8-1, -39  and v = 83, -49 . Find u + 3v and u # v.

EXAMPLE 4 Operations with vectors  
in component form

The Angle between Two Vectors
If A = kB for a nonzero scalar k, then A and B are parallel vectors. If A and B have 
the same direction 1k 7 02, the angle between A and B is 0°. If they have opposite 
directions 1k 6 02, the angle between them is 180°. If A and B are nonparallel vectors 
with the same initial point, then the vectors A, B, and A - B form a triangle as in 
Fig. 5.38. The angle between the vectors A and B is the angle a shown in Fig. 5.38. 
The angle between two vectors is in the interval 30°, 180°4 . If the angle between A 
and B is 90°, then the vectors are perpendicular or orthogonal.

The following theorem relates the angle between two vectors, the magnitudes of 
the vectors, and the dot product of the vectors. The theorem is simply a vector version 
of the law of cosines.

A

A – B

Ba

y

x

Figure 5.38
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300 Chapter 5 Applications of Trigonometry 

Unit Vectors
The vectors i = 81, 09  and j = 80, 19  are called unit vectors because each has 
magnitude one. For any vector 8a1, a29  as shown in Fig. 5.39 we have

8a1, a29 = a181, 09 + a280, 19 = a1i + a2 j.

The form a1i + a2 j is called a linear combination of the vectors i and j. These 
unit vectors are thought of as fundamental vectors because any vector can be expressed 
as a linear combination of them.

a1i1i

1

j

a2 j
a 1

i +
 a 2

j

y

x

Figure 5.39

If A and B are nonzero vectors and a is the smallest positive angle between 
them, then

cos a =
A # B
0A 0  0B 0 .

Theorem: The Angle 
between Two Vectors and 

the Dot Product 

PROOF  Let A = 8a1, a29 , B = 8b1, b29 , and A - B = 8a1 - b1, a2 - b29 . 
The vectors A, B, and A - B form a triangle as shown in Fig. 5.38. Apply the law of 
cosines to this triangle and simplify as follows.

 0A 0 2 + 0B 0 2 - 2 � A 0 0B 0 cos a = 0A - B 0 2
 1a122 + 1a222 + 1b122 + 1b222 - 2 � A 0 0B 0 cos a = 1a1 - b122 + 1a2 - b222

 -2 � A 0 0B 0 cos a = -2a1b1 - 2a2b2

 0A 0 0B 0 cos a = a1b1 + a2b2

 0A 0 0B 0 cos a = A # B

 cos a =
A # B
0A 0  0B 0

Note that cos a = 0 if and only if A # B = 0. So two vectors are perpendicu-
lar if and only if their dot product is zero. Two vectors are parallel if and only if 
cos a = {1.

Find the smallest positive angle between each pair of vectors.

a. 8-3, 29 , 84, 59  b. 8-5, 99 , 89, 59
Solution

a. Use the dot product theorem to find the cosine of the angle and then a calculator 
to find the angle:

 cos a =
8-3, 29 # 84, 59

0 8-3, 29 0  0  84, 59 0 =
-2213241

 a = cos-1 A-2>A213241 B B ≈ 94.97°

b. Because 8-5, 99 # 89, 59 = 0, the vectors are perpendicular and the angle 
between them is 90°.

TRY THIS. Find the smallest positive angle between 81, 39  and 85, 29 .

EXAMPLE 5 Angle between two vectors
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 5.4 Exercises 301

Write each vector as a linear combination of the unit vectors i and j.

a. A = 8-2, 69  b. B = 8-4, -19
Solution

a. A = 8-2, 69 = -2i + 6j
b. B = 8-4, -19 = -4i - j

TRY THIS. Write 8-1, 79  as a linear combination of i and j.

EXAMPLE 6 Unit vectors

1. The vector 2v has the same direction as v but twice the 
magnitude of v.

2. The magnitude of A + B is the sum of the magnitudes 
of A and B.

3. The magnitude of -A is equal to the magnitude of A.

4. For any vector A, A + 1-A2 = 0.

5. The parallelogram law says that the opposite sides of a 
parallelogram are equal in length.

6. In the coordinate plane, the direction angle is the angle 
formed by the y-axis and a vector with initial point at 
the origin.

7. If v has magnitude r and direction angle u, then the 
horizontal component of v is a vector with direction 
angle 0° and magnitude r cos u.

8. The magnitude of 83, -49  is 5.

9. The vectors 8-2, 39  and 8-6, 99  have the same direc-
tion angle.

10. The direction angle of 8-2, 29  is cos-1 A-2>28 B .

FOR THOUGHT... True or False? Explain.

CONCEPTS

Fill in the blank.

 1.  A(n) __________ quantity involves both magnitude and  
direction.

 2. Two vectors with the same magnitude and direction are 
__________ vectors.

 3. The length of a vector represents the __________ of the  
vector quantity.

 4. If A and B are vectors, then A + B is the __________ or 
__________ of A and B.

 5. The __________ indicates that the resultant of two vectors 
lies along the diagonal of the parallelogram formed by the two 
vectors.

 6. The angle formed by the positive x-axis and a position vector 
is the __________ angle.

 7.  The form 8a, b9  is the __________ form of a vector.

 8. If the angle between two vectors is 90°, then the vectors are 
__________ or __________.

SKILLS

For each given pair of vectors A and B draw the vectors A + B 
and A - B. 

 9. 
y

x

A

B

 10. 
y

x

A

B

5.4 EXERCISES
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302 Chapter 5 Applications of Trigonometry 

 11. 
y

x

A

B

 12. 
y

x

A

B

 13. 
y

x

A

B

 14. 
y

x

A
B

Determine which of the position vectors shown in the following  
figure has the given magnitude and direction angle. 

y

x1–1–2–3–4 2 3

2

5

4

4

3

A

B

C

E

D F

 15.  Magnitude 2 and direction angle 90°

 16. Magnitude 3 and direction angle 180°

 17.  Magnitude 322 and direction angle 45°

 18. Magnitude 4 and direction angle 30°

 19.  Magnitude 322 and direction angle 135°

 20. Magnitude 5 and direction angle 120°

Find the magnitude of the horizontal and vertical components for 
each vector v with the given magnitude and given direction angle u. 
Round to the nearest tenth. 

 21.   0 v 0 = 4.5, u = 65.2°  22. 0 v 0 = 6000, u = 13.1°

 23.   0 v 0 = 8000, u = 155.1°  24. 0 v 0 = 445, u = 211.1°

 25.   0 v 0 = 234, u = 248°  26. 0 v 0 = 48.3, u = 349°

Find the exact magnitude and direction angle to the nearest tenth 
of a degree of each vector. 

 27.  823, 19  28. 8-1, 23 9
 29. 8-22, 22 9  30. 822, -22 9
 31.  88, -823 9  32. 8-1>2, -23>29

 33.  85, 09  34. 80, -69
 35.  8-3, 29  36. 8-4, -29
 37. 83, -19  38. 82, -69
Find the component form for each vector v with the given magni-
tude and direction angle u. Give exact values using radicals when 
possible. Otherwise round to the nearest tenth. 

 39. 0 v 0 = 8, u = 45°  40. 0 v 0 = 12, u = 120°

 41.  0 v 0 = 290, u = 145°  42. 0 v 0 = 5.3, u = 321°

 43.  0 v 0 = 18, u = 347°  44. 0 v 0 = 3000, u = 209.1°

Let r = 83, -29 , s = 8-1, 59 , and t = 84, -69 . Perform the 
operations indicated. Write the vector answers in the form 8a, b9 . 

 45.  5r  46. -4s

 47.  2r + 3t  48. r - t

 49.  s + 3t  50. 
r + s

2

 51.  r - 1s + t2  52. r - s - t

 53.  r # s  54. s # t

Find the smallest positive angle to the nearest tenth of a degree 
between each given pair of vectors. 

 55.  82, 19 , 83, 59
 56. 82, 39 , 81, 59
 57.  8-1, 59 , 82, 79
 58. 8-2, -59 , 81, -99
 59.  8-6, 59 , 85, 69
 60. 82, 79 , 87, -29

Determine whether each pair of vectors is parallel, perpendicular, 
or neither. 

 61.   8-2, 39 , 86, 49  62. 82, 39 , 88, 129

 63.  81, 79 , 8-2, -149  64. 82, -49 , 82, 19

 65.  85, 39 , 82, 59  66. 82, 69 , 86, 29

Write each vector as a linear combination of the unit vectors i 
and j.

 67.  82, 19  68. 81, 59
 69. 8-3, 229  70. 822, -59
 71. 80, -99  72. 8-1>2, 09
 73.  8-7, -19  74. 81, 19
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 5.4 Exercises 303

Given that A = 83, 19  and B = 8-2, 39 , find the magnitude 
and direction angle for each of the following vectors. Give exact 
answers using radicals when possible. Otherwise round to the 
nearest tenth.

 75. A + B  76. A - B

 77.  -3A  78. 5B

 79.  B - A  80. B + A

 81. -A +
1

2
 B  82. 

1

2
 A - 2B

For each given pair of vectors, find the magnitude and direction 
angle of the resultant. Give exact answers using radicals when 
possible. Otherwise round to the nearest tenth. 

 83. 
y

x1 2 3

2

5

4 5

4

3

1

6

6

 84. 
y

x1 2 3

2

5

4 5

4

3

1

6

6

 85. 
y

x–1–3–4–5 1 2 3–2

2

4

4

3

1

–6

 86.  
y

x–1–3–4–5 1 2 3–2

2

4

4

3

1

–6

5

6

 87. 
y

x–1–3
–1

–2

–3

1 2 3–2

2

3

1

–4

–5

 88. 
y

x–1–3
–1

–2

–3

3–2

–4

–4 4 5 6

Solve each problem. 

 89.  Gaining Altitude An airplane with an air speed of 520 mph is 
climbing at an angle of 30° from the horizontal. What are the 
magnitudes of the horizontal and vertical components of the 
speed vector? Round to the nearest tenth.

 90. Acceleration of a Missile A missile is fired with an angle 
of elevation of 22°, and an acceleration of 30 m>sec2. What 
are the magnitudes of the horizontal and vertical compo-
nents of the acceleration vector? Round to the nearest tenth.

 91. Exact Values The acute angle between the vectors h 1

2
, 
23

2
i  

and h22

2
, 
22

2
i is 15°. Use the theorem on the angle between  

two vectors and the dot product to find the exact value of  
cos 15°.

 92. Exact Values The acute angle between the vectors h-
1

2
, 
23

2
i   

and h22

2
, 
22

2
i is 75°. Use the theorem on the angle between  

two vectors and the dot product to find the exact value of  
cos 75°.

Find the acute angle between each pair of lines using the theorem 
on the angle between two vectors and the dot product. Round 
approximate answers to the nearest tenth of a degree.

 93. y = 2x, y =
1

3
 x

 94. y = 4x + 2, y =
1

3
 x + 2

WRITING/DISCUSSION

 95. Distributive Prove that scalar multiplication is distributive 
over vector addition, first using the component form and then 
using a geometric argument.

 96. Associative Prove that vector addition is associative, first using 
the component form and then using a geometric argument.

REVIEW

 97. Find the exact area of the triangle whose sides are 3, 3, and 1.

 98. Find the area of the triangle with a = 3.6, b = 4.5, and 
g = 37.1°.
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  99. Complete the sum and difference identities.
a. tan1x + y2 =  __________

b. tan1x - y2 =  __________

 100. State the three Pythagorean identities.

 101. The length of the hypotenuse of a right triangle is 66 feet and 
one of the acute angles is 33°. Find the other acute angle and 
the lengths of the legs.

 102. Suppose that a is an angle in standard position whose  
terminal side contains the point 1-3, 52. Find sin a, cos a, 
and tan a.

OUTSIDE THE BOX

 103. Packing Billiard Balls There are several ways to tightly 
pack nine billiard balls each with radius 1 into a rect-
angular box. Find the volume of the box in each of the 
following cases and determine which box has the least 
volume.

a. Four balls are placed so that they just fit into the bottom 
of the box, then another layer of four, then one ball 
in the middle tangent to all four in the second layer, 
as shown from the side in the accompanying figure. 

Figure for Exercise 103(a)

b. Four balls are placed so that they just fit into the bottom 
of the box as in (a), then one is placed in the middle on 
top of the first four. Finally, four more are placed so that 
they just fit at the top of the box.

c. The box is packed with layers of four, one, and four as in 
(b), but the box is required to be cubic. In this case, the four 
balls in the bottom layer will not touch each other and the 
four balls in the top layer will not touch each other. The ball 
in the middle will be tangent to all of the other eight balls.

 104. Big Trig Equation How many solutions are there with 
0 6 x … p to the equation

cos x cos 2x cos 3x cos 4x cos 5x cos 6x = 0?

 1. Find 0 vx 0  and 0 vy 0  if 0 v 0 = 5.6 and the direction angle of v is 
33.9°. Round to the nearest tenth.

 2. Find the exact magnitude and direction angle to the nearest 
tenth of the vector v = 8-2, 69 .

 3. Find v - w, 3v, and v # w if v = 8-1, 39  and w = 82, 69 .

 4. Find the smallest positive angle to the nearest tenth of a degree 
between 81, 49  and 82, 69 .

5.4 POP QUIZ

In this section we use the operations with vectors from Section 5.4 to solve problems 
involving forces.

Basic Resultant Problems
When modeling forces that are acting on an object, we usually assume that all forces 
are acting on a single point. Since the resultant of two forces is the diagonal of a paral-
lelogram, you will need to recall some facts about parallelograms. In a parallelogram, 
opposite sides are parallel and equal, and opposite angles are equal. Adjacent angles 
are supplementary, which means that they have a sum of 180°.

5.5 Applications of Vectors

Two draft horses are pulling on a tree stump with forces of 200 pounds and 300 pounds, 
as shown in Fig. 5.40. If the angle between the forces is 65°, then what is the magnitude 

EXAMPLE 1 Magnitude and direction of a resultant
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 5.5 Applications of Vectors 305

Note that magnitude and direction of a resultant can be found using component form 
if the vectors are in a coordinate system. Figure 5.41 shows the vectors of Example 1 in 
a coordinate system. For simplicity we place one of the vectors on the positive x-axis. 
The component forms are 8300, 09  and 8200 cos165°2, 200 sin165°29 . The component 
form of the resultant is

8300 + 200 cos165°2, 0 + 200 sin165°29
or approximately 8384.5, 181.39 . The magnitude of the resultant is 2384.52 + 181.32 
or approximately 425.1 pounds. The angle between the resultant and the 300-pound 
force is tan-11181.3>384.52 or approximately 25.2°.

Inclined-Plane Problems
Anyone who has ever moved a refrigerator knows that it is easier to roll it up a ramp than 
to lift it into a truck. However, the steeper the ramp, the more force it takes. The amount 
of force depends on the weight of the refrigerator, the amount of incline in the ramp, 
and friction. Since friction can be minimized by using a well-oiled refrigerator dolly, we 
will always assume that there is no friction in our models of inclined-plane problems.

of the resultant force? What is the angle between the resultant and the 300@pound 
force?

v

300 lb

115°65°
a

200 lb 200 lb

Figure 5.40

Solution

The resultant coincides with the diagonal of the parallelogram shown in Fig. 5.40. 
Each acute angle of this parallelogram is 65°. Since adjacent angles of a parallelogram 
are supplementary, each obtuse angle is 115°. So the resultant is a side of a triangle in 
which the other two sides are 200 and 300, and their included angle is 115°. The law 
of cosines can be used to find the magnitude of the resultant vector v:

 0 v 0  2 = 3002 + 2002 - 21300212002 cos 115° ≈ 180,714.19

  0 v 0 ≈ 425.1 

We can use the law of sines to find the angle a between the resultant and the 
300@pound force.

sin a

200
=

sin 115°
425.1

 

sin a =
200 sin 115°

425.1
 ≈ 0.4264 

Since sin-110.42642 ≈  25.2°, both 25.2° and 154.8° are solutions to sin a = 0.4264.
Since a must be smaller than 65°, the angle between the resultant and the 300-pound 
force is approximately 25.2°. So one horse pulling in the direction of the resultant 
with a force of approximately 425.1 pounds would have the same effect on the stump 
as the two horses pulling at an angle of 65°.

TRY THIS. Forces of 100 pounds and 200 pounds are acting on a point. If the angle 
between the forces is 30°, then what is the magnitude of the resultant?

y

200 lb

300 lb

65°
x

Figure 5.41
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The weight of an object on an inclined plane is always modeled as a vertical 
vector and its length is fixed regardless of the incline of the plane. See Fig. 5.42. 
The force required to move the object is always modeled as a vector parallel to the 
inclined plane and its length increases as the incline increases as shown in Fig. 5.42. 
The resultant of these two forces is a vector perpendicular to the plane. It is what a 
bathroom scale would read if it were trapped between the object and the plane. The 
length of the resultant decreases as the incline increases.

Figure 5.42

A

C

B

D

O

30°

250 lb

Figure 5.43

Workers at the Audubon Zoo must move a giant tortoise to his new home. Find the 
amount of force required to pull a 250@pound tortoise up a ramp leading into a truck. 
The angle of elevation of the ramp is 30°. See Fig. 5.43.

Solution

The weight of the tortoise is a 250-pound force in a downward direction, shown as 
vector AB in Fig. 5.43. The tortoise exerts a force against the ramp at a 90° angle with 
the ramp, shown as vector AD. The magnitude of AD is less than the magnitude of 
AB because of the incline of the ramp. The force required to pull the tortoise up the 
ramp is vector AC in Fig. 5.43. The force against the ramp, AD, is the resultant of 
AB and AC. Since ∠O = 30°, we have ∠OAB = 60° and ∠BAD = 30°. Because 
∠CAD = 90°, we have ∠ADB = 90°. We can find any of the missing parts to the 
right triangle ABD. Since

sin 30° =
opposite

hypotenuse
=

0BD 0
0AB 0 ,

we have

0BD 0 = 0AB 0  sin 30° = 250 # 1

2
= 125 lb.

Since the opposite sides of a parallelogram are equal, the magnitude of AC is also 
125 pounds.

TRY THIS. Find the amount of force required to push an 800-pound block of ice up a 
ramp that is inclined 10°.

EXAMPLE 2 Finding the force to move an object

If a force of 86 pounds is required to push a safe up a ramp that is inclined 10°, then 
what is the weight of the safe?

EXAMPLE 3 Finding the weight of an object
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 5.5 Applications of Vectors 307

Solution

The weight of the safe is a force in a downward direction, shown as vector AB in Fig. 5.44.

A

O

C

B
D

10°

Figure 5.44

The force required to move it up the ramp is parallel to the ramp, shown as vector AC. 
The resultant of these two vectors is vector AD, which is perpendicular to the ramp. 
Since ∠O = 10°, we have ∠OAB = 80° and ∠BAD = 10°. Because ∠CAD = 90°, 
we have ∠ADB = 90° and we can find any of the missing parts to right triangle ADB. 
Since the opposite sides of a parallelogram are equal in length, 0AC 0 = 0BD 0 .

 sin 10° =
86

0AB 0
 0AB 0 =

86

sin 10°
≈ 495.3

So the weight of the safe is approximately 495.3 pounds.

TRY THIS. A landscaper uses 100 pounds of force to pull a cart full of rocks up a 
driveway that is inclined 15°. What is the weight of the cart?

In Example 4 we find the amount of incline from knowing the amount of force 
required to keep an object in position on an inclined plane. Since there is no friction 
involved, the force required to move the object is the same as the force required just 
to keep the object in a fixed position.

A

B

C

D

150

3000

Figure 5.45

A motorist exerts 150 pounds of force to keep his 3000-pound car from rolling down 
a hill. Find the angle of inclination of the hill to the nearest tenth of a degree.

Solution

The angle of inclination of the hill, ∠A in Fig. 5.45, is the same as ∠BCD, the angle 
between the resultant and the 3000-pound vertical force. Since ∠BCD is an acute 
angle of a right triangle, we can use right triangle trigonometry.

 sin1∠BCD2 =
opposite

hypotenuse
=

150

3000
= 0.05

 ∠BCD = sin-110.052 ≈ 2.9°

So the angle of inclination of the hill is about 2.9°.

TRY THIS. If 300 pounds of force is required to push a 1000-pound safe up a ramp, 
then what is the angle of inclination of the ramp?

EXAMPLE 4 Finding the amount of incline
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308 Chapter 5 Applications of Trigonometry 

Navigation Problems
If an airplane heads directly against the wind or with the wind, the wind speed is 
subtracted from or added to the air speed of the plane to get the ground speed of the 
plane. When the wind is at some other angle to the direction of the plane, some portion 
of the wind speed will be subtracted from or added to the air speed to determine the 
ground speed. In addition, the wind causes the plane to travel on a course different 
from where it is headed. We can use the vector v1 to represent the heading and air 
speed of the plane, as shown in Fig. 5.46.

N

EW

S

v3v2

v1

Wind direction
and speed 

Plane’s course
and ground speed

Drift angle

Plane’s heading
and air speed 

Figure 5.46

An airplane is headed due west (bearing 270°) with an air speed of 250 mph. The wind 
is from the north (bearing 180°) at 30 mph. Find the drift angle, the ground speed, and 
the course of the airplane. Round to one decimal place.

Solution

Figure 5.47 shows the vectors for the heading v1, the wind v2, and the course v3.

EXAMPLE 5 Finding the course and ground speed

v1

v3

N

S

EW
v2 u

Figure 5.47

Since the wind direction is perpendicular to the heading, we can solve this problem 
with right triangle trigonometry.

u = tan-1a 30

250
b ≈ 6.8°

The vector v2 represents the wind direction and speed. The resultant of v1 and v2 
is the vector v3, where v3 represents the course and ground speed of the plane. The 
angle between the heading and the course is the drift angle. Recall that the bearing 
of a vector used to describe direction in air navigation is a nonnegative angle smaller 
than 360° measured in a clockwise direction from due north. For example, the wind 
in Fig. 5.46 is out of the southwest and has a bearing of 45°. The vector v1 describing 
the heading of the plane points due west and has a bearing of 270°.
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 5.5 Applications of Vectors 309

The drift angle is 6.8°. The ground speed is the length of v3, which is the hypotenuse 
of a right triangle:

0 v3 0 = 22502 + 302 ≈ 251.8

So the ground speed is approximately 251.8 mph. The airplane is headed due west but 
is blown 6.8° to the south. So its course has bearing 270° - 6.8° or 263.2°.

TRY THIS. An airplane is headed due east with an air speed of 200 mph. The wind is 
out of the south (bearing 0°) at 40 mph. Find the drift angle, the ground speed, and the 
course of the airplane.

An airplane is headed due east with an air speed of 300 mph. The wind is out of the 
northeast (bearing 225°) at 50 mph. Find the drift angle, the ground speed, and the 
course of the airplane.

Solution

Figure 5.48 shows vectors for the heading v1, the wind v2, and the course v3.

v1

v3

N

S

EW
A v2

B

C

Figure 5.48

Since the bearing of the wind is 225°, ∠ABC = 45°. Use the law of cosines to find 0 v3 0 :
 0 v3 0 2 = 3002 + 502 - 2130021502 cos 45° ≈ 71,286.8

 0 v3 0 ≈ 267.0

Use the law of sines to find the drift angle:

 
sin ∠BAC

50
=

sin 45°
267.0

 sin ∠BAC =
50 sin 45°

267.0
≈ 0.1324

 ∠BAC ≈ 7.6°

So the ground speed is 267.0 mph, the drift angle is 7.6°, and the bearing of the course 
is 97.6°.

TRY THIS. An airplane is headed due west with an air speed of 400 mph. The wind is 
out of the northwest (bearing 135°) at 90 mph. Find the drift angle, the ground speed, and 
the course of the airplane.

EXAMPLE 6 Finding the course and ground speed

The heading of a Lear jet has a bearing of 320°. The wind is 70 mph with a bearing 
of 190°. If the air speed of the plane is 400 mph, then find the drift angle, the ground 
speed, and the course of the airplane.

EXAMPLE 7 Finding course and ground speed  
of an airplane

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios
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v3

190°
320°

A

B

C

D

50°

Wind's speed:
70 mph

Plane's air speed:
400 mph

u

v2

v1

v2

Figure 5.49

Solution

Figure 5.49 shows vectors for the heading v1, the wind v2, and the course v3. Subtract 
the bearing of the wind from that of the heading to get

∠DAB = 320° - 190° = 130°.

Since ABCD is a parallelogram, its adjacent angles are supplementary and 
∠CDA = 50°. Apply the law of cosines to triangle ACD to find the length of v3:

 0 v3 0 2 = 702 + 4002 - 2170214002 cos 50° ≈ 128,903.9

 0 v3 0 ≈ 359.0

The ground speed is approximately 359.0 mph. The drift angle u is found by using 
the law of sines:

 
sin u

70
=

sin 50°
359.0

 sin u =
70 sin 50°

359.0

 ≈ 0.1494

Since u is an acute angle, u = sin-110.14942 ≈  8.6°. The course v3 has a bearing of 
320° - 8.6° or approximately 311.4°.

TRY THIS. A jet is headed northwest with an air speed of 500 mph. The wind is 100 mph 
with a bearing of 200°. Find the drift angle, the ground speed, and the course of the jet.

1. The force required to push a 99-kg block of ice up a 
frictionless ramp inclined at 88° is nearly 99 kg.

2. The force required to move a 99-kg block of ice on a 
frictionless horizontal surface is 0 kg.

3. The weight of an object is always modeled by a horizontal 
vector.

4. The force required to move an object on an inclined 
plane is modeled by a vector parallel to the plane.

5. The resultant of the weight and the force required to 
move an object up an inclined plane is a vector perpen-
dicular to the plane.

6. If the course of an airplane is northeast, then the bearing 
for the course vector is 45°.

7. If the wind is blowing from the southwest, then the 
bearing for the wind vector is 225°.

8. If a plane is heading east with air speed 400 mph and 
the wind is from the northeast, then the ground speed is 
greater than 400 mph.

9. If a plane is heading south with wind from the northeast 
and the drift angle is 5°, then the bearing for the course 
is 175°.

10. If a plane is heading southeast with wind from the north 
and a drift angle of 3°, then the bearing for the course is 
138°.

FOR THOUGHT… True or False? Explain.

SKILLS

In each case, find the magnitude of the resultant force and the 
angle between the resultant and each force. Round to the nearest 
tenth. 

 1.  Forces of 3 lb and 8 lb act at an angle of 90° to each other.

 2. Forces of 2 lb and 12 lb act at an angle of 60° to each other.

 3. Forces of 4.2 newtons (a unit of force from physics) 
and 10.3 newtons act at an angle of 130° to each other.

 4. Forces of 34 newtons and 23 newtons act at an angle of 100° 
to each other.

5.5 EXERCISES
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 5.5 Exercises 311

MODELING

Solve each problem. Round answers to the nearest tenth. 

 5. Magnitude of a Force The resultant of a 10@lb force and 
another force has a magnitude of 12.3 lb at an angle of 23.4° 
with the 10@lb force. Find the magnitude of the other force and 
the angle between the two forces.

 6. Magnitude of a Force The resultant of a 15@lb force and 
another force has a magnitude of 9.8 lb at an angle of 31° with 
the 15@lb force. Find the magnitude of the other force and the 
angle between the other force and the resultant.

 7. Moving a Donkey Two prospectors are pulling on ropes 
attached around the neck of a donkey that does not want to 
move. One prospector pulls with a force of 55 lb, and the other 
pulls with a force of 75 lb. If the angle between the ropes is 
25°, as shown in the figure, then how much force must the 
donkey use in order to stay put? (The donkey knows the proper 
direction in which to apply his force.) 

55 lb

25°

75 lb

Figure for Exercise 7

 8. Pushing a Shopping Cart Ronnie, Phyllis, and Ted are con-
ducting a vector experiment in a Walmart parking lot. Ronnie 
is pushing a cart containing Phyllis to the east at 5 mph while 
Ted is pushing it to the north at 3 mph. What is Phyllis’s 
speed and in what direction (measured from north) is she 
moving?

Solve each problem.

 9. Winch Force Find the amount of force required for a winch to 
pull a 3000-lb car up a ramp that is inclined 20°.

 10.  Rock and Roll In Greek mythology, Sisyphus, king of 
Corinth, revealed a secret of Zeus and thus incurred the god’s 
wrath. As punishment, Zeus banished him to Hades, where 
he was doomed for eternity to roll a rock uphill, only to have 
it roll back on him. If Sisyphus stands in front of a 4000@lb 
spherical rock on a 20° incline, as shown in the figure, then 
what force applied in the direction of the incline would keep 
the rock from rolling down the incline? 

20
4000 lb

Figure for Exercise 10

 11. Ice Force If the amount of force required to push a block  
of ice up an ice-covered driveway that is inclined at 25° is  
100 pounds, then what is the weight of the block?

 12.  Weight of a Ball A solid steel ball is placed on a 10° incline. If 
a force of 3.2 lb in the direction of the incline is required to keep 
the ball in place, then what is the weight of the ball?

 13.  Super Force If Superman exerts 1000 pounds of force to pre-
vent a 5000-lb boulder from rolling down a hill and crushing a 
bus full of children, then what is the angle of inclination of the 
hill?

 14. Sisy’s Slope If Sisyphus exerts a 500-lb force in rolling his 
4000-lb spherical boulder uphill, then what is the angle of 
inclination of the hill?

 15. Due East A plane is headed due east with an air speed of  
240 mph. The wind is from the north at 30 mph. Find the 
bearing for the course and the ground speed of the plane.

 16. Due West A plane is headed due west with an air speed of 
300 mph. The wind is from the north at 80 mph. Find the 
bearing for the course and the ground speed of the plane.

 17. Ultralight An ultralight is flying northeast at 50 mph. The 
wind is from the north at 20 mph. Find the bearing for the 
course and the ground speed of the ultralight.

 18. Superlight A superlight is flying northwest at 75 mph. The 
wind is from the south at 40 mph. Find the bearing for the 
course and the ground speed of the superlight.

 19.  Course of an Airplane An airplane is heading on a bear-
ing of 102° with an air speed of 480 mph. If the wind is out 
of the northeast (bearing 225°) at 58 mph, then what are the 
bearing of the course and the ground speed of the airplane?

 20. Course of a Helicopter The heading of a helicopter has a 
bearing of 240°. If the 70@mph wind has a bearing of 185° and 
the air speed of the helicopter is 195 mph, then what are the 
bearing of the course and the ground speed of the helicopter?

 21. Going with the Flow A river is 2000 ft wide and flowing at 
6 mph from north to south. A woman in a canoe starts on the 
eastern shore and heads west at her normal paddling speed of 
2 mph. In what direction (measured clockwise from north) will 
she actually be traveling? How far downstream from a point 
directly across the river will she land?
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312 Chapter 5 Applications of Trigonometry 

 22. Crossing a River If the woman in Exercise 21 wants to go 
directly across the river and she paddles at 8 mph, then in 
what direction (measured clockwise from north) must she aim 
her canoe? How long will it take her to go directly across the 
river?

 23. Distance and Rate A group of trigonometry students wants 
to cross a river that is 0.2 mi wide and has a current of 1 mph. 
Their boat goes 3 mph in still water.

a. Write the distance the boat travels as a function of the 
angle b shown in the figure.

b. Write the actual speed of the boat as a function of a and b. 

b
1 mph
current

1 mph

0.2 mi 3 mpha

 

Figure for Exercises 23 and 24

 24. Minimizing the Time Write the time for the trip in the previ-
ous exercise as a function of a. Find the angle a for which 
they will cross the river in the shortest amount of time.

 25. My Three Elephants A man uses three elephants to pull a very 
large log out of the jungle. The papa elephant pulls with 800 lb 
of force, the mama elephant pulls with 500 lb of force, and the 
baby elephant pulls with 200 lb of force. The angles between 
the forces are shown in the figure. What is the magnitude of 
the resultant of all three forces? 

20˚

200 lb 500 lb 800 lb

30˚

Figure for Exercise 25

 26. Mama’s Direction If mama is pulling due east in Exercise 25, 
then in what direction will the log move?

REVIEW

 27. Solve the triangle in which a = 5, b = 7, and c = 10.

 28. Find the dot product of the vectors 8-2, 69  and 83, 59 .

 29.  Find the smallest positive angle between the vectors 8-3, 59  
and 81, 69 .

 30. Find the area of the triangle in which a = 10.6°, b = 5.7 feet, 
and c = 12.2 feet.

 31.  A tall building casts a shadow of length 230 feet when the 
angle of elevation of the sun is 48°. Find the height of the 
building.

 32. Simplify the expression 
1 - sin2 x csc2 x + sin2 x

cos2 x
.

OUTSIDE THE BOX

 33. Disappearing Dogs Someone opened up the cages at Pet 
Depot and more than 100 puppies got away! There were 
exactly 300 puppies to begin with. The Daily Mixup reported: 
“Of the pups that remained, a third were Dobermans, a quarter 
were schnauzers, a fifth were beagles, a seventh were poodles, 
and a ninth were dachshunds. The original number of beagles 
was three times the number of dachshunds that stayed.” The 
Daily Mixup got just one of the fractions wrong. How many 
beagles escaped? 

 34. Fifteen Degrees Show that sin1p>122 + cos1p>122 = 26>2.

 1. Forces of 50 lb and 100 lb are acting on a point. If the angle 
between the forces is 80°, then what is the magnitude of the 
resultant (to the nearest tenth of a pound)?

 2. If a force of 100 lb is required to push a motorcycle up a ramp 
inclined at 12°, then what is the weight of the motorcycle (to 
the nearest pound)?

 3. An airplane is headed due east with an air speed of 300 mph. 
The wind is from the north at 60 mph. What is the ground 
speed and heading of the airplane? Round to the nearest tenth.

5.5 POP QUIZ
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 Chapter 5 Highlights 313

5.2

Minimizing the Total Time

Suk wants to go from point A to point B as shown in the figure. Point B is 1 mile 
upstream and on the north side of the 0.4-mi-wide river. The speed of the current is 
0.5 mph. Her boat will travel 4 mph in still water. When she gets to the north side 
she will travel by bicycle at 6 mph. Let a represent the bearing of her course and b 
represent the drift angle as shown in the figure.

BC

A 

1 mi

0.5 mph
current

0.5

a0.4 mi b

6 mph

4 mph

a) When a = 12° find b and the actual speed of the boat. Round to hundredths.

b) Find the total time for the trip to the nearest tenth of a minute when a = 12°.

c) Write the total time for the trip as a function of a.

d) Graph the function that you found in part (c).

e) Find the approximate angle a that minimizes the total time for the trip and find 
the corresponding b. Round to the nearest tenth of a degree.

LINKING 
concepts... For Individual or Group Explorations

Highlights
5.1 The Law of Sines

Law of Sines
In any triangle sin a

a =
sin b

b =
sin g

c . a = 23, b = 1, c = 2 

a = p>3, b = p>6, g = p>2 

sin Ap3 B23
=

sin Ap6 B
1

=
sin Ap2 B

2

The Law of Cosines

Law of Cosines If a is the side opposite angle a in any triangle, 
then a2 = b2 + c2 - 2bc cos a.

a = 4, b = 5, c = 6 
42 = 52 + 62 - 60 cos a

Length of a Chord A central angle a in a circle of radius r intercepts  

a chord of length a where a = r22 - 2 cos a.
a = p>4, r = 2 

a = 222 - 2 cos1p>42
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314 Chapter 5 Applications of Trigonometry 

5.5

5.4

5.3 Area of a Triangle

Area of a Triangle The area of a triangle is one-half the product of 
any two sides and the sine of the angle  
between them: A = 1

2 bc sin a.

Equilateral triangle with sides  

of length 4: A =   
1
2
# 4 # 4 # sin160°2 = 423

Heron’s Area 
Formula

If a, b, and c are the sides of a triangle and  
S = 1a + b + c2>2, then  

A = 2S1S - a21S - b21S - c2.

S = 14 + 6 + 82>2 = 9 

A = 29 # 5 # 3 # 1 =2135

Vectors

Component Form The vector with initial point 10, 02 and terminal 
point 1a, b2 is denoted 8a, b9.

82, 39  has initial point 10, 02 and terminal 
point 12, 32.

Magnitude 0 8a, b9 0 = 2a2 + b2 0 82, 39 0 = 213

Scalar Product If k is a scalar and A is a vector, then 
0 kA 0 = 0 k 0 # 0A 0 . If k 7 0, kA has same  
direction as A. If k 6 0, kA has opposite  
direction to that of A.

481, 29 = 84, 89  
-481, 29 = 8-4, -89

Resultant of  
A and B

Place B so that its initial point coincides with the 
terminal point of A; then A + B is the vector from 
the initial point of A to the terminal point of B.

A = 81, 49 , B = 82, 59  
A + B = 83, 99

Dot Product 8a, b9 # 8c, d9 = ac + bd 81, 49 # 82, 59 = 22

Angle between  
Two Vectors

If a is the angle between nonzero vectors A and 

B, then cos a =
A # B
0A 0 0B 0 .

A = 81, 49 , B = 82, 59  

cos a = 22217229

Applications of Vectors

Basic Resultant 
Problems

All vectors act on a single point. The resultant of two vectors acting on a point is the diagonal of 
the parallelogram determined by the two vectors.

Inclined-Plane 
Problems

The weight vector always points downward.
The force vector to move the object is parallel to the inclined plane.
The resultant is perpendicular to the inclined plane.

Navigation  
Problems

Bearing is measured in degrees from north. The ground speed vector is the resultant of the air 
speed vector and wind speed vector.

Chapter 
Solve each triangle that exists with the given parts. If there is more 
than one triangle with the given parts, then solve each one. Round 
to the nearest tenth.

 1. g = 48°, a = 3.4, b = 2.6  2. a = 6, b = 8, c = 10

 3. a = 13°, b = 64°, c = 20  4. a = 50°, a = 3.2, b = 8.4

 5. a = 3.6, b = 10.2, c = 5.9

 6. b = 36.2°, g = 48.1°, a = 10.6

Review Exercises5 
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 Chapter 5 Review Exercises 315

 7. a = 30.6, b = 12.9, c = 24.1

 8. a = 30°, a = 23, b = 223

 9. b = 22°, c = 4.9, b = 2.5

 10. b = 121°, a = 5.2, c = 7.1

Find the exact area of each triangle given the lengths of its three sides.

 11. 3 feet, 4 feet, 5 feet  12. 5 feet, 12 feet, 13 feet

 13. 3 feet, 4 feet, 6 feet  14. 5 feet, 12 feet, 14 feet

 15. 3 feet, 3 feet, 3 feet  16. 6 feet, 6 feet, 6 feet

Find the area of each triangle. Round to the nearest tenth.

 17.  

38°
24.6 ft

12.2 ft

 18.  

12.4°
118.6°

400 m

 19.  

12.3 km

9.2 km 5.4 km

  20.  

22 ft

20 ft 3 ft

Find the magnitude of the horizontal and vertical components for 
each vector v with the given magnitude and given direction angle u. 
Round to the nearest tenth.

 21. 0 v 0 = 6, u = 23.3°  22. 0 v 0 = 4.5, u = 156°

 23. 0 v 0 = 3.2, u = 231.4°  24. 0 v 0 = 7.3, u = 344°

Find the magnitude and direction for each vector. Round to the 
nearest tenth.

 25. 82, 39  26. 8-4, 39
 27. 8-3.2, -5.19  28. 82.1, -3.89
Find the component form for each vector v with the given magni-
tude and direction angle. Round to the nearest tenth.

 29. 0 v 0 = 22, u = 45°  30. 0 v 0 = 6, u = 60°

 31. 0 v 0 = 9.1, u = 109.3°  32. 0 v 0 = 5.5, u = 344.6°

Perform the vector operations. Write your answer in the form 
8a, b9  if the answer is a vector.

 33. 28-3, 49  34. -384, -19
 35. 82, -59 - 281, 69  36. 381, 29 + 48-1, -29
 37. 8-1, 59 # 84, 29  38. 8-4, 79 # 87, 49
Rewrite each vector v in the form a1i + a2 j where i = 81, 09  and 
 j = 80, 19 . Give exact answers.

 39. In component form, v = 8-4, 89 .

 40. In component form, v = 83.2, -4.19 .

 41. The direction angle for v is 30° and its magnitude is 7.2.

 42. The magnitude of v is 6 and it has the same direction as the 
vector 82, 59 .

Determine whether the given vectors are parallel or perpendicular.

 43. 82, 69 , 84, 129  44. 8-3, 79 , 83, -79
 45. 8-6, 29 , 82, 69  46. 8-7, 19 , 81, 79
 47. 8-3, 89 , 89, -249  48. 8-2, 59 , 8-4, 109
Find the acute angle between each pair of lines. Round approxi-
mate answers to the nearest tenth of a degree.

 49. y = 5x, y = 3x  50. y =
1

2
 x, y =

1

3
 x

 51. 2x + y = 4, x + 3y = 12  52. x - y = 3, 2x + y = 9

Solve each problem. Round to the nearest tenth.

 53. Resultant Force Forces of 12 lb and 7 lb act at a  
30° angle to each other. Find the magnitude of the  
resultant force and the angle that the resultant makes  
with each force.

 54. Pushing a Cycle How much force does it take to push  
an 800-lb motorcycle up a ramp that is inclined at a  
25° angle?

 55. Course of a Cessna A twin-engine Cessna is heading on  
a bearing of 35° with an air speed of 180 mph. If the wind  
is out of the west (bearing 90°) at 40 mph, then what is  
the bearing of its course? What is the ground speed of the  
airplane?

 56. Course of an Ultralight An ultralight airplane has a  
heading of 340° with an air speed of 25 mph. If the wind  
is out of the northeast (bearing 225°) at 10 mph, then what  
is the bearing of its course? What is the ground speed of  
the airplane?

 57. Dividing Property Mrs. Sandoval gave each of her children 
approximately half of her four-sided lot in Gallup by dividing 
it on a diagonal. If Susan’s piece is 482 ft by 364 ft by 241 ft 
and Seth’s piece is 482 ft by 369 ft by 238 ft, then which child 
got the larger piece?

 58. Area, Area, Area A surveyor found that two sides of a trian-
gular lot were 135.4 ft and 164.1 ft, with an included angle 
of 86.4°. Find the area of this lot using each of the three area 
formulas.

 59. Pipeline Detour A pipeline was planned to go from point A to 
B as shown in the figure on the next page. However, Mr. Smith 
would not give permission for the pipeline to cross his property. 
The pipeline was laid 431 ft from A to C and then 562 ft from C 
to B. If ∠C is 122° and the cost of the pipeline was +21.60>ft,  
then how much extra was spent (to the nearest dollar) to go 
around Mr. Smith’s property? 
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316 Chapter 5 Applications of Trigonometry 

C
B

A

562 ft

431 ft

Pipeline

Pipeline
122°

Figure for Exercise 59

 60. In the Wrong Place In a lawsuit filed against a crane operator, 
a pedestrian of average height claims that he was struck by a 
wrecking ball. At the time of the accident, the operator had the 
ball extended 40 ft from the end of the 60-ft boom as shown in 
the figure, and the angle of elevation of the boom was 53°. How 
far from the crane would the pedestrian have to stand to be 
struck by this wrecking ball? 

40 ft

60 ft

53°

Figure for Exercise 60

 61. Shady Triangle Find the exact area of the shaded triangle 
shown in the accompanying figure. 

1

1

1

2

Figure for Exercise 61

 62. Detroit Pistons The pistons in a gasoline engine are con-
nected to a crankshaft as shown in the figure. If the length  
of the connecting rod is c and the radius of revolution around 
the center of the crankshaft is r, then the distance from the 

center of the crankshaft to the center of the piston a varies 
from c + r to c - r.

a. Show that a = 2c2 - r2 sin2 u + r cos u.

b. Suppose that the crankshaft is rotating at 426 rpm and 
time t = 0 min corresponds to u = 0 and a = c + r. If 
c = 12 in., r = 2 in., and t = 0.1 min, then what is a? 

a

c

r
u

Figure for Exercise 62

 63. Total Eclipse Since the sun and moon appear to be about the 
same size from earth, a total eclipse occurs when the earth, 
moon, and sun are in line. Assume the sun and moon both have 
apparent radius r. What percentage of the sun is blocked when 
the length of the chord a shown in the accompanying figure is 
80% of the apparent diameter of the sun? 

Sun

Moon

a

Figure for Exercise 63

 64. Tank Stand An engineer is designing a concrete stand that will 
hold a cylindrical tank of radius 5 feet as shown in the accom-
panying figure. The stand is to be 8 feet wide, 3 feet high, and 
1 foot thick. The top will be an arc of a circle of radius 5 feet. 
Find the volume of concrete (to the nearest tenth of a cubic 
foot) that is needed to make one stand. 

8 ft

3 ft

1 ft

5 ft

Figure for Exercise 64
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 Chapter 5 Test 317

 65. Total Eclipse Function When the sun and moon have the same 
apparent radius in the sky, the moon can pass in front of the 
sun and totally block out the sun. Assume that the moon moves 
at a constant rate, and that the eclipse begins at time t = 0 and 
ends at time t = 1. Verify that the function

P =
cos- 11u2 - sin1cos- 11u2 2

p
,

where u = 1 - 8t + 8t2, gives the portion of the sun 
that is blocked by the moon at time t.

 66. Partial Eclipse Because the distance from the earth to the 
moon varies, the apparent diameter of the moon could be 95% 
of the apparent diameter of the sun when an eclipse occurs. In 
this case, what is the maximum percentage of the sun that can 
be blocked by the moon? 

Figure for Exercises 65 and 66

OUTSIDE THE BOX

 67. Lakefront Property A man-made lake in the shape of a triangle    
is bounded on each of its sides by a square lot, as shown in the 

figure. The square lots are 8, 13, and 17 acres, respectively. 
What is the area of the lake in square feet? 

13
acres

17
acres

8
acres

Figure for Exercise 67

 68. More Circles A circular arc centered at A is drawn from B 
to D inside the square ABCD, as shown in the accompanying 
figure. The length of AB is 1. The small circle is tangent to the 
sides of the square and to the circular arc. Find the radius of 
the small circle. 

B A

C D

1

Figure for Exercise 68

Chapter 
Determine the number of triangles with the given parts and solve 
each triangle. Round to the nearest tenth.

 1. a = 30°, b = 4, a = 2

 2. a = 60°, b = 4.2, a = 3.9

 3. a = 3.6, a = 20.3°, b = 14.1°

 4. a = 2.8, b = 3.9, g = 17°

 5. a = 4.1, b = 8.6, c = 7.3

Given A = 8-3, 29  and B = 81, 49 , find the magnitude and  
direction angle (to the nearest tenth) for each of the following vectors.

 6. A + B  7. A - B  8. 3B

Solve each problem. Round to the nearest tenth.

 9. Find the area of the triangle in which a = 22°, b = 12 ft, and 
c = 10 ft.

 10. Find the area of the triangle in which a = 4.1 m, b = 6.8 m, 
and c = 9.5 m.

 11. A vector v in the coordinate plane has direction angle 
u = 37.2° and 0 v 0 = 4.6. Find real numbers a1 and a2 such 
that v = a1i + a2 j where i = 81, 09  and j = 80, 19 .

 12. Determine whether the vectors 8-3, 59  and 85, 39  are  
perpendicular.

 13. Determine the amount of force required to push a 1000-lb  
riding lawnmower up a ramp that is inclined at a 40° angle.

 14. The bearing of an airplane is 40° with an air speed of 240 mph. 
If the wind is out of the northwest (bearing 135°) at 30 mph, 
then what are the bearing of the course and the ground speed 
of the airplane?

Test5 
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318 Chapter 5 Applications of Trigonometry 

Chapters P–5

Determine the exact values of sin u, cos u, tan u, csc u, sec u, and cot u for each given angle, without using a calculator.

 1. u = p>6  2. u = p>4  3. u = p>3  4. u = p>2 

Determine the exact value (in radians) of each expression without using a calculator.

 5. sin-1112  6. sin-11-12  7. sin-11-1>22  8. sin-111>22
 9. cos-11-12  10. cos-1112  11. cos-1 A-23>2 B  12. cos-1 A23>2 B
 13. tan-1102  14. tan-1112  15. tan-11-12  16. tan-1 A1>23 B
Find all real solutions to each equation.

 17. sin x = 0  18. sin2 x - sin x = 0  19. sin2 x - sin x = 2 

 20. 2 sin 2x - 2 cos x + 2 sin x = 1  21. 4x sin x + 2 sin x - 2x = 1  22. sin12x2 = 1>2 

 23. tan14x2 = 1>23  24. sin2 x + cos21x2 = 1

Sketch one cycle of the graph of each function. State the amplitude, period, phase shift, domain, and range.

 25. y = sin13x2  26. y = 3 sin12x2  27. y = 2 cos1px - p2 

 28. y = cos12x - p>22 + 1  29. y = tan1x - p>22  30. y = tan1px2 - 3 

Fill in the blanks.

 31. If a is an acute angle in a right triangle, then sin1a2 is the length of the side  a divided by the length of the 
 .

 32. If a is an acute angle in a right triangle, then cos1a2 is the length of the side  to a divided by the length of the 
  .

 33. A central angle of one radian in a unit circle intercepts an arc of length .

 34. The  for the function y = sin1B1x - C22 is 2p>B.

 35. The identities sin2 x + cos2 x = 1, 1 + cot2 x = csc2 x, and tan2 x + 1 = sec2 x are called the  identities.

 36. Cosine and secant are  functions, whereas the other four trigonometric functions are .

 37. A triangle without a right angle is called a(n)  triangle.

 38. The  indicates that the ratio of the sine of an angle and the side opposite the angle is the same for each angle of a  
triangle.

 39. The  gives a formula for the square of any side of an oblique triangle in terms of the other two sides and their included  
angle.

 40. The  indicates that the sum of the lengths of any two sides of a triangle is greater than the length of the third side.

TYING IT ALL TOGETHER
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WHAT YOU WILL 

LEARN
In this chapter we will study polar coordinates and see how CAD programs 

use them to make drawings.

6.1 Complex Numbers
6.2 Trigonometric Form of 

Complex Numbers
6.3 De Moivre’s Theorem, 

Powers, and Roots
6.4 Polar Equations
6.5 Parametric Equations
6.6 Fun with Polar and 

Parametric Equations

6
Designing and building custom motorcycle wheels has never been easier. 
Thanks to computer-aided design (CAD) programs and computerized numeri-
cal control (CNC) machines, unique wheels are being manufactured for cus-
tom bikes. There is even a company that allows you to design your own 
custom wheels on its Web site.

The process starts with an idea and a solid block (or billet) of aluminum. 
The design is drawn with a CAD program, and then the CNC machine carves 
the wheel to the proper specifications. The process is slow, wasteful, and 
costly, but for the enthusiast the results are spectacular. The computing cost 
is insignificant compared to the cost of running the CNC machine, which is a 
complex robot that can cut and measure with an accuracy of a ten thousandth 
of an inch.

Complex Numbers, 
Polar Coordinates, and 
Parametric Equations
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320 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

6.1
Our system of numbers developed as the need arose. Numbers were first used for 
counting. As society advanced, the rational numbers were formed to express fractional 
parts and ratios. Negative numbers were invented to express losses or debts. When it 
was discovered that the exact size of some very real objects could not be expressed 
with rational numbers, the irrational numbers were added to the system, forming the 
set of real numbers. In this section we introduce the final expansion of the number 
system, the complex numbers.

Definitions
The simple quadratic equation x2 = 4 has two solutions 12 and -22. However, 
x2 = -1 has no real solution because the square of every real number is nonnega-
tive. So that equations such as x2 = -1 will have solutions, imaginary numbers are 
defined. They are combined with the set of real numbers to form the set of complex 
numbers.

The imaginary numbers are based on the solution of the equation x2 = -1. Since 
no real number solves this equation, a solution is called an imaginary number. The 
imaginary number i is defined to be a solution to this equation.

Definition: 
Imaginary Number i 

The imaginary number i is defined as

i = 2-1  and  i2 = -1.

A complex number is formed as the sum of a real number and a real multiple of i.

Definition: 
Complex Numbers 

The set of complex numbers is the set of all numbers of the form a + bi, where 
a and b are real numbers.

In the complex number a + bi, a is called the real part and bi is called the imaginary 
part. If b ≠ 0, then a + bi is called an imaginary number. Two complex numbers 
a + bi and c + di are equal if and only if a = c and b = d.

The form a + bi is called the standard form of a complex number, but for 
convenience we use a few variations of that form. If a = 0, then a is omitted and 
only the imaginary part is written. If b = 0, then only a is written and the complex 
number is a real number. If b is a radical, then i is usually written before b. For 

example, we write 2 + i23 rather than 2 + 23i, which could be confused with 

2 + 23i where i is inside the radical. If b is negative, we use the minus symbol 
instead of the plus symbol. For example, instead of 3 + 1-22i we write 3 - 2i. If 
both a and b are zero, the complex number 0 + 0i is the real number 0. For a com-

plex number involving fractions, such as 13 - 2
3 i, we may write 1 - 2i

3 .

Determine whether each complex number is real or imaginary and write it in the 
standard form a + bi.

a. 3i b. 87 c. 4 - 5i d. 0 e. 
1 + pi

2

Solution

a. The complex number 3i is imaginary, and 3i = 0 + 3i.
b. The complex number 87 is a real number, and 87 = 87 + 0i.

EXAMPLE 1 Standard form of a complex number

Complex Numbers
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 6.1 Complex Numbers 321

Addition, Subtraction, and Multiplication
Writing and thinking of complex numbers as binomials make it easy to perform opera-
tions with complex numbers. The sum of 4 + 5i and 1 - 7i is found as if we were 
adding binomials with i being the variable:

14 + 5i2 + 11 - 7i2 = 5 - 2i

To find the sum, we add the real parts and add the imaginary parts. Subtraction is 
done similarly:

19 - 2i2 - 16 + 5i2 = 3 - 7i

To multiply complex numbers, we use the FOIL method for multiplying binomials:

12 + 3i215 - 4i2 = 10 - 8i + 15i - 12i2

 = 10 + 7i - 121-12   Replace i2 with -1.

 = 22 + 7i

In the following box we give the definitions of addition, subtraction, and multi-
plication of complex numbers.

Real Numbers
3, –   , p, Ë5, etc.

Imaginary Numbers
i,    i, –2 + 3i, Ë2 – i, etc.

Complex Numbers

1
2

1
2

Figure 6.1

c. The complex number 4 - 5i is imaginary, and 4 - 5i = 4 + 1-52i.
d. The complex number 0 is real, and 0 = 0 + 0i.

e. The complex number 1 + pi
2  is imaginary, and 1 + pi

2 = 1
2 + p2  i.

TRY THIS. Determine whether i - 5 is real or imaginary and write it in standard form.

Just as there are two types of real numbers (rational and irrational), there are 
two types of complex numbers, the real numbers and the imaginary numbers. The 
relationship between these sets of numbers is shown in Fig. 6.1.

Definition: Addition,  
Subtraction,  

and Multiplication 

If a + bi and c + di are complex numbers, we define their sum, difference, and 
product as follows:

 1a + bi2 + 1c + di2 = 1a + c2 + 1b + d2i

 1a + bi2 - 1c + di2 = 1a - c2 + 1b - d2i

 1a + bi21c + di2 = 1ac - bd 2 + 1bc + ad2i

Note that it is not necessary to memorize these definitions to perform these opera-
tions with complex numbers. We get the same results by working with complex 
numbers as if they were binomials in which i is the variable, replacing i2 by -1 
wherever it occurs.
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322 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Powers of i
Since i2 = -1, we have i3 = i2 # i = -1 # i = - i. Since i3 = - i, we have

i4 = i3 # i = - i # i = - i2 = -1-12 = 1.

The first eight powers of i are listed here:

 i1 = i     i5 = i

 i2 = -1     i6 = -1

 i3 = - i     i7 = - i

 i4 = 1     i8 = 1

This list could be continued in this pattern, but any other whole-number power of i 
can be obtained from knowing the first four powers. We can simplify a power of i by 
using the fact that i4 = 1 and 1i42n = 1 for any integer n.

Simplify i83.

Solution

Divide 83 by 4 and write 83 = 4 # 20 + 3. So

i83 = 1i4220 # i3 = 1 # i3 = - i.

TRY THIS. Simplify i35.

EXAMPLE 3 Simplifying a power of i

Division of Complex Numbers
For real numbers, c is the quotient of a and b provided that c # b = a. The same defini-
tion applies to complex numbers. For example, m + ni is the quotient of 2 + 3i and 
4 - 5i provided that 1m + ni214 - 5i2 = 2 + 3i. However, it is not so easy to find 
m + ni because of the way these complex numbers are multiplied. Before we learn 
a process for finding the quotient of two complex numbers, we need to understand 

Perform the indicated operations with the complex numbers.

EXAMPLE 2 Operations with complex numbers

a. 1-2 + 3i2 + 1-4 - 9i2 b. 1-1 - 5i2 - 13 - 2i2
c. 2i13 + i2 d. 13i22

e. 1-3i22 f. 15 - 2i215 + 2i2
Solution

a. 1-2 + 3i2 + 1-4 - 9i2 = -6 - 6i
b. 1-1 - 5i2 - 13 - 2i2 = -4 - 3i
c. 2i13 + i2 = 6i + 2i2

= 6i + 21-12
= -2 + 6i

d. 13i22 = 32i2 = 91-12 = -9
e. 1-3i22 = 1-322i2

= 91-12 = -9
f. 15 - 2i215 + 2i2 = 25 - 4i2

= 25 - 41-12 = 29

TRY THIS. Find the product 14 - 3i211 + 2i2.
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 6.1 Complex Numbers 323

complex conjugates. The complex numbers a + bi and a - bi are called complex 
conjugates of each other. The product of a complex number and its conjugate is a 
real number.

EXAMPLE 4 Products of complex conjugates

Find the product of the given complex number and its conjugate.

a. 3 - i b. 4 + 2i c. - i

Solution

a. The conjugate of 3 - i is 3 + i, and

13 - i213 + i2 = 9 - i2 = 10.

b. The conjugate of 4 + 2i is 4 - 2i, and

14 + 2i214 - 2i2 = 16 - 4i2 = 20.

c. The conjugate of - i is i, and

- i # i = - i2 = -1-12 = 1.

TRY THIS. Find the product of 3 - 5i and its conjugate.

In general we have the following theorem about complex conjugates.

Theorem: 
Complex Conjugates 

If a and b are real numbers, then the product of a + bi and its conjugate a - bi 
is the real number a2 + b2. In symbols,

1a + bi21a - bi2 = a2 + b2.

We use complex conjugates to find the quotient of complex numbers in a process that 
is similar to rationalizing the denominator.

PROCEDURE

Dividing Complex Numbers

The quotient of a + bi  and c + di  is the complex number that is obtained 
by multiplying the numerator and denominator of a + bi

c + di  by the conjugate 
of the denominator.

EXAMPLE 5 Dividing imaginary numbers

Write each quotient in the form a + bi.

a. 
8 - i

2 + i
 b. 

1

5 - 4i
 c. 

3 - 2i

i

Solution

a. Multiply the numerator and denominator by 2 - i, the conjugate of 2 + i:

8 - i

2 + i
 =

18 - i2 12 - i2
12 + i2 12 - i2

 =
16 - 10i + i2

4 - i2 =
15 - 10i

5
= 3 - 2i

Check division using multiplication: 13 - 2i212 + i2 = 8 - i.
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324 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

b.  
1

5 - 4i
=

115 + 4i2
15 - 4i2 15 + 4i2

=
5 + 4i

25 + 16
=

5 + 4i

41
=

5

41
+

4

41
 i

Check:

 a 5

41
+

4

41
 ib15 - 4i2 =  

25

41
-

20

41
 i +

20

41
 i -

16

41
 i2

 =
25

41
+

16

41
= 1

c.  
3 - 2i

i
=

13 - 2i2 1- i2
i1- i2

=
-3i + 2i2

- i2 =
-2 - 3i

1
= -2 - 3i

Check: 1-2 - 3i21i2 = -3i2 - 2i = 3 - 2i

TRY THIS. Write 4
1 + i in the form a + bi.

Roots of Negative Numbers
In Example 2(d) and 2(e), we saw that both 13i22 = -9 and 1-3i22 = -9. This means 
that in the complex number system there are two square roots of -9, 3i and -3i. For 

any positive real number b, we have A i2b B2 = -b and A- i2b B2 = -b. So there are 

two square roots of -b, i2b and - i2b. We call i2b the principal square root of 

-b and make the following definition.

Definition: Square Root of  
a Negative Number 

For any positive real number b, 2-b = i2b.

In the real number system, 2-2 and 2-8 are undefined, but in the complex 

number system, they are defined as 2-2 = i22 and 2-8 = i28. Even though we 

now have meaning for a symbol such as 2-2, all operations with complex numbers 
must be performed after converting to the a + bi form. If we perform operations with 
roots of negative numbers using properties of the real numbers, we can get contradic-
tory results:2-2 # 2-8 = 21-221-82 = 216 = 4  Incorrect

   2-2 # 2-8 = i22 # i28 = i2 # 216 = -1 # 4 = -4 Correct

The product rule 2a # 2b = 2ab applies only to nonnegative numbers a and b.

Write each expression in the form a + bi, where a and b are real numbers.

a. 2-8 + 2-18 b. 
-4 + 2-50

4
 c. 2-27 A29 - 2-2 B

EXAMPLE 6 Square roots of negative numbers
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 6.1 Complex Numbers 325

Complex Solutions to Equations
We can use the operations for complex numbers defined in this section to determine 
whether a given complex number satisfies an equation.

Solution

The first step in each case is to write the principal square roots of the negative numbers.

a. 2-8 + 2-18 = i28 + i218

 = 2i22 + 3i22 = 5i22

b.  
-4 + 2-50

4
=

-4 + i250

4

 =
-4 + 5i22

4
= -1 +

5

4
 i22 or -1 +

522

4
 i

c.  2-27 A29 - 2-2 B = 3i23 A3 - i22 B
 = 9i23 - 3i226 = 326 + 9i23

TRY THIS. Write 2 - 2-12
2  in the form a + bi.

Determine whether the complex number 3 + i22 satisfies x2 - 6x + 11 = 0.

Solution

Replace x by 3 + i22 in the polynomial x2 - 6x + 11: 

A3 + i22 B2 - 6 A3 + i22 B + 11

= 32 + 6i22 + A i22 B2 - 18 - 6i22 + 11

= 9 + 6i22 - 2 - 18 - 6i22 + 11

= 0

Since the value of the polynomial is zero for x = 3 + i22, the complex number 
3 + i22 satisfies the equation x2 - 6x + 11 = 0.

TRY THIS. Determine whether 1 + i23 satisfies x2 - 2x + 4 = 0.

EXAMPLE 7 Complex number solutions to equations

1. The multiplicative inverse of i is - i.

2. The conjugate of i is - i.

3. The set of complex numbers is a subset of the set of real 
numbers.

4. A23 - i22 B A23 + i22 B = 5

5. 12 - 5i212 + 5i2 = 4 + 25

6. 5 - 2-9 = 5 - 9i

7. If P1x2 = x2 + 9, then P13i2 = 0.

8. The imaginary number -3i is a root to the equation 
x2 + 9 = 0.

9. i4 = 1

10. i18 = 1

FOR THOUGHT… True or False? Explain.
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326 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

CONCEPTS

Fill in the blank.

 1. Numbers of the form a + bi where a and b are real numbers 
are __________.

 2. In a + bi, a is the __________ and b is the __________.

 3. A number of the form a + bi with b ≠ 0 is a(n) __________.

 4. The __________ square root of -b where b is a positive real  

number is i2b.

SKILLS

Determine whether each complex number is real or imaginary and 
write it in the standard form a + bi. 

 5. 6i

6.1

 40. 
1

3
- i

 6. -3i + 26  7. 
1 + i

3

 8. -72  9. 27  10. - i25

 11. 
p

2
 12. 0

Perform the indicated operations and write your answers in the 
form a + bi, where a and b are real numbers. 

 13. 13 - 3i2 + 14 + 5i2  14. 1-3 + 2i2 + 15 - 6i2

 15. 11 - i2 - 13 + 2i2  16. 16 - 7i2 - 13 - 4i2

 17. -6i13 - 2i2  18. -3i15 + 2i2
 19. 12 - 3i214 + 6i2  20. 13 - i215 - 2i2
 21. 15 - 2i215 + 2i2  22. 14 + 3i214 - 3i2
 23. A23 - i B A23 + i B
 24. A22 + i23 B A22 - i23 B
 25. 13 + 4i22  26. 1-6 - 2i22

 27. A25 - 2i B2
 28. A26 + i23 B2

 29. i17  30. i24

 31. i98  32. i19

 33. i  

-4  34. i  

-13

 35. i  

-1  36. i  

-27

Find the product of the given complex number and its conjugate. 

 37.  3 - 9i  38. 4 + 3i  39. 
1

2
+ 2i

 41. i  42. - i25

 43. 3 - i23  44. 
5

2
+ i 
22

2

Write each quotient in the form a + bi.

 45. 
1

2 - i
 46. 

1

5 + 2i

 47. 
-3i

1 - i
 48. 

3i

-2 + i

 49. 
-2 + 6i

2
 50. 

-6 - 9i

-3

 51. 
-3 + 3i

i
 52. 

-2 - 4i

- i

 53. 
1 - i

3 + 2i
 54. 

4 + 2i

2 - 3i

 55. 
22 - i2323 + i22

 56. 
23 - i2222 + i23

Write each expression in the form a + bi, where a and b are real 
numbers. 

 57. 2-4 - 2-9  58. 2-16 + 2-25

 59. 2-4 - 216  60. 2-3 # 2-3

 61. A2-6 B2
 62. A2-5 B3

 63. 2-2 # 2-50  64. 
-6 + 2-3

3

 65. 
-2 + 2-20

2
 66. 

9 - 2-18

-6

 67. -3 + 232 - 4112152
 68. 1 - 21-122 - 4112112
 69. 2-8 A2-2 + 28 B
 70. 2-6 A22 - 2-3 B
 71. A2-4 + 28 B A2-1 - 22 B
 72. A2-54 - 22 B2

Let P1x2 = x2 + 4x + 5, T1x2 = 2x2 + 1, and W1x2 =
x 2 - 6x + 14. Find each of the following.

 73. P1-2 + i2  74. T ai22

2
 b

EXERCISES
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 6.1 Pop Quiz 327

 75. P1-2 - i2  76. T a- i22

2
 b

 77. P11 + i2  78. T13 - i2
 79. W A3 + i25 B  80. W A3 - i25 B
 81. W1-12  82. W12 - i2
Determine whether the given complex number satisfies the equa-
tion following it.

 83. 2i, x2 + 4 = 0

 84. -4i, 2x2 + 32 = 0

 85. 1 - i, x2 + 2x - 2 = 0

 86. 1 + i, x2 - 2x + 2 = 0

 87. 3 - 2i, x2 - 6x + 13 = 0

 88. 2 - i, x2 - 4x - 6 = 0

 89. 
i23

3
, 3x2 + 1 = 0

 90. 
- i23

3
, 3x2 - 1 = 0

 91. 2 + i23, x2 - 4x + 7 = 0

 92. 22 + i23, x2 - 222x + 5 = 0

WRITING/DISCUSSION

 93. Explain in detail how to find in for any positive integer n.

 94. Find a complex number a + bi such that a2 + b2 is irrational.

 95. Is it true that the product of a complex number and its conju-
gate is a real number? Explain.

 96. Show that the reciprocal of a + bi for a and b not both zero is 
a

a2 + b2 -
b

a2 + b2 i.

REVIEW

 97. Find the amount of force required to push a 600-pound motor-
cycle up a ramp that is inclined at 20°.

  98. Find the magnitude and direction angle for the vector 
8-3, -99 .

  99. Solve the triangle in which a = 5, b = 9, and c = 12.

 100. Find all solutions in radians to sin x = 0.88. Round to the 
nearest hundredth.

 101. Simplify 
cos12x2
sin21x2 - csc21x2.

 102. Find a function of the form y = A cos1B1x - C22 + D 
that has the same graph as y = sin12x - p>42.

OUTSIDE THE BOX

 103. Leaning Ladder A 7-ft ladder is leaning against a vertical 
wall. There is a point near the bottom of the ladder that is 
1 ft from the ground and 1 ft from the wall. Find the exact 
or approximate distance from the top of the ladder to the 
ground.  

1 ft

1 ft

Figure for Exercise 103

 104. Twin Squares Find two different numbers such that each of 
the numbers is the square of the other.

 1. Find the sum of 3 + 2i and 4 - i.

 2. Find the product of 4 - 3i and 2 + i.

 3. Find the product of 2 - 3i and its conjugate.

 4. Write 
5

2 - 3i
 in the form a + bi.

 5. Determine whether 4 + 2i satisfies x2 - 8x + 20 = 0.

6.1 POP QUIZ
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328 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Until now we have concentrated on applying the trigonometric functions to real-life 
situations. So the trigonometric form of complex numbers, introduced in this section, 
may be somewhat surprising. However, with this form we can expand our knowledge 
of complex numbers and find powers and roots of complex numbers that we could 
not find without it.

The Complex Plane
A complex number a + bi can be thought of as an ordered pair 1a, b2, where a is the 
real part and b is the imaginary part of the complex number. Ordered pairs represent-
ing complex numbers are found in a coordinate system just like ordered pairs of real 
numbers. The horizontal axis is called the real axis, and the vertical axis is called the 
imaginary axis, as shown in Fig. 6.2. This coordinate system for complex numbers 
is called the complex plane. The complex plane provides an order to the complex 
number system and allows us to treat complex numbers like vectors.

We use the same symbols to indicate the absolute value of a real number or a 
complex number. The absolute value a + bi is written as 0 a + bi 0  and it is defined 
as follows:

 6.2 

The Complex Plane

1 2 3

2

1

–1
–1–2–3–4–5

–2

–3

–4

–5

4

5

4 5

3

Imaginary axis

Real axis
(–3, –2) or
–3 – 2i

(2, 4) or
2 + 4i

Figure 6.2

Definition: Absolute Value  
or Modulus of a + bi 

The absolute value or modulus of the complex number a + bi is defined by

0 a + bi 0 = 2a2 + b2.

The absolute value of the complex number a + bi is the distance between a + bi and 
the origin in the complex plane. The absolute value of a real number is the distance 
on the number line between the real number and origin. Note that the absolute value 
of a + bi is the same as the magnitude of the vector 8a, b9 , which we studied in the 
last chapter.

1–1–2–3 2 3

2

1

–1

–2

4

3

Imaginary axis

Real axis(–2, –1) or
–2 – i

(3, 4) or
3 + 4i

Figure 6.3

Graph each complex number and find its absolute value.

a. 3 + 4i 

EXAMPLE 1 Graphing complex numbers

b. -2 - i

Solution

a. The complex number 3 + 4i is located in the first quadrant, as shown in Fig. 6.3,  
3 units to the right of the origin and 4 units upward. Using the definition of abso-
lute value of a complex number, we have

0 3 + 4i 0 = 232 + 42 = 5.

b. The complex number -2 - i is located in the third quadrant, as shown in  
Fig. 6.3, and

0-2 - i 0 = 21-222 + 1-122 = 25.

TRY THIS. Find the absolute value of 5 - i.

Trigonometric Form of a Complex Number
Multiplication and division of complex numbers in the standard form a + bi are 
rather complicated, as are finding powers and roots, but in trigonometric form 
these operations are simpler and more natural. A complex number is written in 

Trigonometric Form of Complex Numbers
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  6.2 Trigonometric Form of Complex Numbers 329

b

a

r

Imaginary axis

Real axis

Complex number
a + bi (a, b)

u

Figure 6.4

trigonometric form using a process similar to finding the horizontal and vertical 
components of a vector.

Consider the complex number a + bi shown in Fig. 6.4, where

r = 0 a + bi 0 = 2a2 + b2.

Since 1a, b2 is a point on the terminal side of the angle u in standard position, we have

a = r cos u  and  b = r sin u.

Substituting for a and b, we get

a + bi = 1r cos u2 + 1r sin u2i = r1cos u + i sin u2.

Definition: Trigonometric 
Form of a Complex Number 

If z = a + bi is a complex number, then the trigonometric form of z is

z = r1cos u + i sin u2
where r = 2a2 + b2 and u is an angle in standard position whose terminal side 
contains the point 1a, b2. An abbreviation for r1cos u + i sin u2 is r cis u.

The number r is the modulus of a + bi, and u is the argument of a + bi. Since there 
are infinitely many angles whose terminal side contains 1a, b2, the trigonometric form 
of a complex number is not unique. However, we usually use the smallest nonnegative 
value for u that satisfies

a = r cos u  or  b = r sin u.

In Examples 2 and 3 we convert from standard to trigonometric form and vice versa.

1–1–2–3–4 2

2

1

–1

3

r

Imaginary axis

Real axis

(–2Ë3, 2)

u

Figure 6.5

1–1–2 2

1

–1

–2

–3

r

3 4

Imaginary axis

Real axis

u

(3, –2)

Figure 6.6

Write each complex number in trigonometric form.

a. -223 + 2i 

EXAMPLE 2 Writing a complex number  
in trigonometric form

b. 3 - 2i

Solution

a. First we locate -223 + 2i in the complex plane, as shown in Fig. 6.5. Find r  

using a = -223, b = 2, and r = 2a2 + b2.

r = 4A-223 B2 + 22 = 4

Since a = r cos u, we have -223 = 4 cos u or

cos u = -  
23

2
.

The smallest nonnegative solution to this equation is u = 5p>6. Since the terminal  

side of 5p>6 goes through A-223, 2 B , we get

-223 + 2i = 41cos 5p>6 + i sin 5p>62.

b. Locate 3 - 2i in the complex plane, as shown in Fig. 6.6. Next, find r by using  

a = 3, b = -2, and r = 2a2 + b2:

r = 21322 + 1-222 = 213

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



330 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Since a = r cos u, we have 3 = 213 cos u or

cos u =
3213

.

Use a calculator to get

cos-1a 3213
b ≈ 33.7°.

Since u is an angle whose terminal side contains 13, -22, choose u =  
360° - 33.7° = 326.3°. So

3 - 2i ≈ 2131cos 326.3° + i sin 326.3°2.

TRY THIS. Write 1 + 2i in trigonometric form using degree measure.

Write each complex number in the form a + bi.

a. 221cos1p>42 + i sin1p>422 

EXAMPLE 3 Writing a complex number in standard form

b. 3.61cos 143° + i sin 143°2
Solution

a. Since cos1p>42 = 22>2 and sin1p>42 = 22>2, we have

 221cos1p>42 + i sin1p>422 = 22 a22

2
+ i 
22

2
b

 = 1 + i.

b. Use a calculator to find cos 143° and sin 143°.

3.61cos 143° + i sin 143°2 ≈ -2.875 + 2.167i

TRY THIS. Write 12 Acos p6 + i sin p6 B  in standard form.

Products and Quotients in Trigonometric Form
In standard form, multiplication and division of complex numbers are rather compli-
cated, whereas addition and subtraction are simple. In trigonometric form, addition 
and subtraction are complicated, whereas multiplication and division are simple. We 
multiply the complex numbers

z1 = r11cos u1 + i sin u12   and  z2 = r21cos u2 + i sin u22
as follows:

 z1z2 = r11cos u1 + i sin u12 # r21cos u2 + i sin u22
 = r1r21cos u1 + i sin u12 1cos u2 + i sin u22
 = r1r231cos u1 cos u2 - sin u1 sin u22 + i1sin u1 cos u2 + cos u1 sin u224

Using the identities for cosine and sine of a sum, we get

z1z2 = r1r23cos1u1 + u22 + i sin1u1 + u224 .

The last equation gives us a rule for finding the product of the complex numbers z1 
and z2 in trigonometric form: To find the product z1z2, multiply the moduli r1 and r2 
and add the arguments u1 and u2.
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  6.2 Trigonometric Form of Complex Numbers 331

We find the quotient of z1 and z2 as follows:

 
z1

z2
=

r11cos u1 + i sin u12
r21cos u2 + i sin u22

 =
r11cos u1 + i sin u12 1cos u2 - i sin u22
r21cos u2 + i sin u22 1cos u2 - i sin u22

 =
r1

r2
 31cos u1 cos u2 + sin u1 sin u22 + i1sin u1 cos u2 - cos u1 sin u224

Using the identities for cosine and sine of a difference, we get

z1

z2
=

r1

r2
 3cos1u1 - u22 + i sin1u1 - u224 .

The last equation gives us a rule for finding the quotient of the complex numbers z1 
and z2 in trigonometric form: To find the quotient z1>z2, divide the moduli r1 and r2 
and subtract the arguments u1 and u2. The rules for multiplying and dividing complex 
numbers in trigonometric form are stated precisely in the following theorem.

Theorem: The Product  
and Quotient of  

Complex Numbers 

If z1 = r11cos u1 + i sin u12 and z2 = r21cos u2 + i sin u22, then

z1z2 = r1r23cos1u1 + u22 + i sin1u1 + u224
and

z1

z2
=

r1

r2
 3cos1u1 - u22 + i sin1u1 - u224 .

Find z1z2 and z1>z2 for

z1 = 61cos 2.4 + i sin 2.42  and  z2 = 21cos 1.8 + i sin 1.82.

Express the answers in the form a + bi.

Solution

Find the product by multiplying the moduli and adding the arguments:

 z1z2 = 6 # 21cos12.4 + 1.82 + i sin12.4 + 1.822
 = 121cos 4.2 + i sin 4.22
 = 12 cos 4.2 + 12i sin 4.2

 ≈ -5.88 - 10.46i

EXAMPLE 4 A product and quotient using  
trigonometric form

Radian mode

Find the quotient by dividing the moduli and subtracting the arguments:

 
z1

z2
=

6

2
 1cos12.4 - 1.82 + i sin12.4 - 1.822

 = 31cos10.62 + i sin10.622
 = 3 cos 0.6 + 3i sin 0.6

 ≈ 2.48 + 1.69i

TRY THIS. Find z1z2 for z1 = 4 Acos p12 + i sin p12 B  and z2 = 8 Acos p12 + i sin p12 B .
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332 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Complex Conjugates
The notation z (read “z bar”) is used for the complex conjugate of z. If z = a + bi 
and z = a - bi, then zz = a2 + b2, which is a real number. In trigonometric form

z = a + bi = r1cos u + i sin u2,

and we could write z = a - bi = r1cos u - i sin u2. However, r1cos u - i sin u2 is 
not written in trigonometric form, which is r1cos u + i sin u2. (Trigonometric form 
is necessary for multiplying and dividing by the rules that we just learned.) Because 
cos1-u2 = cos1u2 and sin1-u2 = -sin1u2, we have

z = a - bi = r1cos u - i sin u2 = r1cos1-u2 + i sin1-u22.

Use trigonometric form to find z1z2 and z1>z2 if

z1 = -2 + 2i23  and  z2 = 23 + i.

Solution

First find the modulus of z1 and z2:

0 z1 0 = 41-222 + A223 B2 = 4  and  0 z2 0 = 4A23 B2 + 12 = 2

Now 120° is a positive angle whose terminal side contains A-2, 223 B  and 30° is a  

positive angle whose terminal side contains A23, 1 B . So

z1 = 41cos 120° + i sin 120°2 and z2 = 21cos 30° + i sin 30°2.

To find the product we multiply the moduli and add the arguments:

 z1z2 = 4 # 23cos1120° + 30°2 + i sin1120° + 30°24
 = 81cos 150° + i sin 150°2

Using cos 150° = -23>2 and sin 150° = 1>2, we get

z1z2 = 8a-  
23

2
+ i 

1

2
b = -423 + 4i.

To find the quotient, we divide the moduli and subtract the arguments:

 
z1

z2
=

4

2
 3cos1120° - 30°2 + i sin1120° - 30°24

 = 21cos 90° + i sin 90°2
 = 210 + i2
 = 2i

Check these results by performing the operations with z1 and z2 in standard form.

TRY THIS. Find z1z2 using trigonometric form for z1 = 223 + 2i and z2 =  
3 + 3i23.

EXAMPLE 5 A product and quotient using  
trigonometric form

Theorem: 
Complex Conjugates 

The conjugate of the complex number r1cos u + i sin u2 is

r1cos1-u2 + i sin1-u22.
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The product of z and z is a real number:

 z # z = 1r1cos u + i sin u221r1cos1-u2 + i sin1-u222
 = r21cos 0 + i sin 02
 = r2

So the product of z and its conjugate z is the real number r2.

Find the product of 21cos1p>32 + i sin1p>322 and its conjugate using multiplication 
in trigonometric form.

Solution

The conjugate is 21cos1-p>32 + i sin1-p>322. We find the product by multiplying 
the moduli and adding the arguments:

2acos 
p

3
+ i sin 

p

3
b # 2acosa-  

p

3
b + i sina-  

p

3
b b = 41cos 0 + i sin 02 = 4

TRY THIS. Find the product of 61cos 30° + i sin 30°2 and its conjugate using multi-
plication in trigonometric form.

EXAMPLE 6 Complex conjugates in trigonometric form

1. The complex number 3 - 4i lies in quadrant IV of the 
complex plane.

2. The absolute value of -2 - 5i is 2 + 5i.

3. If u is an angle whose terminal side contains 11, -32, 
then cos u = 1>210.

4. If u is an angle whose terminal side contains 1-2, -32, 
then tan u = 2>3.

5. i = 11cos 0° + i sin 0°2

6. The smallest positive solution to 23 = 2 cos u is 
u = 30°.

7. The modulus of 2 - 5i is 229.

8. An argument for 2 - 4i is u = 360° - cos-1 A1>25 B .
9. 31cos p>4 + i sin p>42 # 21cos p>2 + i sin p>22 =

61cos 3p>4 + i sin 3p>42

10. 
31cos p>4 + i sin p>42
21cos p>2 + i sin p>22 = 1.51cos p>4 + i sin p>42

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. Complex numbers are graphed in the ________ plane.

 2. In the complex plane, the horizontal axis is the __________ 
axis and the vertical axis is the __________ axis.

 3. The value of 2a2 + b2 is the __________ of the complex 
number a + bi.

 4. Complex numbers can be expressed in standard form or 
__________ form.

 5. In the trigonometric form of a complex number 
r1cos u + i sin u2, r is the _________ and u is the _________.

 6. The product of two complex numbers in trigonometric form 
is found by __________ their moduli and __________ their 
arguments.

 7. The __________ of two complex numbers in trigonometric 
form is found by dividing their moduli and subtracting their 
arguments.

 8. The __________ of the complex number r1cos u + i sin u2 is 
r1cos1-u2 + i sin1-u22.

SKILLS

Graph each complex number, and find its absolute value. 

 9. 2 - 6i  10. -1 - i

 11. -2 + 2i23  12. -23 - i

6.2 EXERCISES
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334 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

 13. 8i  14. -3i

 15. -9  16. -26

 17. 
122

-
i22

 18. 
23

2
+

i

2

 19. 3 + 3i  20. -4 - 4i

Write each complex number in trigonometric form, using degree 
measure for the argument. 

 21. -3 + 3i  22. 4 - 4i

 23. -  
322

+
3i22

 24. 
23

6
+

i

6

 25. 8  26. -7

 27. i23  28. -5i

 29. -23 + i  30. -2 - 2i23

 31. 3 + 4i  32. -2 + i

 33. -3 + 5i  34. -2 - 4i

 35. 3 - 6i  36. 5 - 10i

Write each complex number in the form a + bi. Round approxi-
mate answers to the nearest tenth.

 37. 221cos 45° + i sin 45°2  38. 61cos 30° + i sin 30°2

 39. 
23

2
 1cos 150° + i sin 150°2

 40. 121cos1p>102 + i sin1p>1022

 41. 
1

2
 1cos 3.7 + i sin 3.72

 42. 4.31cos1p>92 + i sin1p>922
 43. 31cos 90° + i sin 90°2
 44. 41cos 180° + i sin 180°2
 45. 231cos13p>22 + i sin13p>222
 46. 8.11cos p + i sin p2
 47. 261cos 60° + i sin 60°2
 48. 0.51cos15p>62 + i sin15p>622
Perform the indicated operations. Write the answer in the form 
a + bi. 

 49. 21cos 150° + i sin 150°2 # 31cos 300° + i sin 300°2
 50. 231cos 45° + i sin 45°2 # 221cos 315° + i sin 315°2
 51. 231cos 10° + i sin 10°2 # 221cos 20° + i sin 20°2

 52. 81cos 100° + i sin 100°2 # 31cos 35° + i sin 35°2

 53. 331cos 45° + i sin 45°242

 54. 3251cos1p>122 + i sin1p>122242

 55. 
41cos1p>32 + i sin1p>32 2
21cos1p>62 + i sin1p>62 2

 56. 
91cos1p>42 + i sin1p>42 2

31cos15p>42 + i sin15p>42 2

 57. 
4.11cos 36.7° + i sin 36.7°2
8.21cos 84.2° + i sin 84.2°2

 58. 
181cos 121.9° + i sin 121.9°2
21cos 325.6° + i sin 325.6°2

Find z1z2 and z1>z2 for each pair of complex numbers, using  
trigonometric form. Write the answer in the form a + bi.  

 59. z1 = 4 + 4i, z2 = -5 - 5i

 60. z1 = -3 + 3i, z2 = -2 - 2i

 61. z1 = 23 + i, z2 = 2 + 2i23

 62. z1 = -23 + i, z2 = 423 - 4i

 63. z1 = 2 + 2i, z2 = 22 - i22

 64. z1 = 25 + i25, z2 = -26 - i26

 65. z1 = 3 + 4i, z2 = -5 - 2i

 66. z1 = 3 - 4i, z2 = -1 + 3i

 67. z1 = 2 - 6i, z2 = -3 - 2i

 68. z1 = 1 + 4i, z2 = -4 - 2i

 69. z1 = 3i, z2 = 1 + i

 70. z1 = 4, z2 = -3 + i

Find the product of the given complex number and its complex con-
jugate in trigonometric form.

 71. 3acos 
p

6
+ i sin 

p

6
b  72. 5acos 

p

7
+ i sin 

p

7
b

 73. 21cos 7° + i sin 7°2  74. 61cos 5° + i sin 5°2
Solve each problem.

 75. If z = 3 + 3i, find z3 by writing z in trigonometric form and 
computing the product z # z # z.

 76. If z = 23 + i, find z4 by writing z in trigonometric form and 
computing the product z # z # z # z.

WRITING/DISCUSSION

 77. Show that the reciprocal of z = r1cos u + i sin u2 is 
z-1 = r-11cos u - i sin u2 provided r ≠ 0.

 78. If z = r1cos u + i sin u2, then find z2 and z-2 provided r ≠ 0.
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 6.3 De Moivre’s Theorem, Powers, and Roots 335

 79. Find the sum of 61cos 9° + i sin 9°2 and 31cos 5° + i sin 5°2. 
Find the sum of 1 + 3i and 5 - 7i. Is it easier to add complex 
numbers in trigonometric form or standard form?

 80. Find the quotient when 61cos 9° + i sin 9°2 is divided 
by 31cos 5° + i sin 5°2. Find the quotient when 
1 + 3i is divided by 5 - 7i. Is it easier to divide com-
plex numbers in trigonometric form or standard form?

REVIEW

 81. Perform the indicated operations and write your answers in 
a + bi form.
a. 13 + 5i22

b. 
1 + i

2 + i

c. 2-8 + 2-50

 82. Find all solutions in radians to cos12x2 = 0.89. Round to the 
nearest hundredth.

 83. The five key points on one cycle of a sine wave are 
1p>3, -12, 12p>3, -22, 1p, -32, 14p>3, -22,  and 
15p>3, -12.  Find the equation of the wave in the form 
y = A cos1B1x - C22 + D.

 84. Convert each degree measure to the exact radian measure.
a. 180° b. -150°

c. 120° d. -225°

 85. Find the period of each function.
a. y = 3 sin12x2 + 5

b. y =
1

2
 cos12px - 72 - 12

c. f1x2 = tan14x - 42 + 3

d. f1x2 =
3

4
 sec13x + 12 - 9

 86. Simplify each expression.
a. sin21b2 + cos21b2
b. csc212y2 - cot212y2
c. tan219w2 - sec219w2

OUTSIDE THE BOX

 87. Filling a Triangle Fiber-optic cables just fit inside a triangular 
pipe as shown in the figure. The cables have circular cross sec-
tions and the cross section of the pipe is an equilateral triangle 
with sides of length 1. Suppose that there are n cables of the 
same size in the bottom row, n - 1 of that size in the next row, 
and so on.
a. Write the total cross-sectional area of the cables as a function  

of n.

b. As n approaches infinity, will the triangular pipe get totally 
filled with cables? Explain.

Figure for Exercise 87

 88. Regular Polygons An equilateral triangle and a regular hexa-
gon have equal perimeters. What is the ratio of the area of the 
triangle to the area of the hexagon?

 1. Find the absolute value of 3 - i.

 2. Write 5 + 5i in trigonometric form.

 3. Write 2231cos15p>62 + i sin15p>622 in standard form.

 4. Find zw if z = 221cos1p>122 + i sin1p>1222 and 

w = 3221cos1p>122 + i sin1p>1222. Express the answer in 

standard form.

 5. Find the product of 221cos1p>42 + i sin1p>422 and its com-
plex conjugate.

6.2 POP QUIZ

We know that the square root of a negative number is an imaginary number, but we 
have not yet encountered roots of imaginary numbers. In this section we will use 
the trigonometric form of a complex number to find any power or root of a complex 
number.

6.3 De Moivre’s Theorem, Powers, and Roots
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336 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

De Moivre’s Theorem
Powers of a complex number can be found by repeated multiplication. Repeated 
multiplication can be done with standard form or trigonometric form. However, in 
trigonometric form a product is found by simply multiplying the moduli and adding 
the arguments. So, if

z = r1cos u + i sin u2,

then

 z2 = r1cos u + i sin u2 # r1cos u + i sin u2
 = r21cos 2u + i sin 2u2.   Since r # r = r2 and u + u = 2u

We can now find z3 because z3 = z2 # z:
 z3 = r21cos 2u + i sin 2u2 # r1cos u + i sin u2

 = r31cos 3u + i sin 3u2
Multiplying z3 by z gives

z4 = r41cos 4u + i sin 4u2.

If you examine the results of z2, z3, and z4 you will see a pattern, which can be 
stated as follows.

De Moivre’s Theorem If z = r1cos u + i sin u2 is a complex number and n is any positive integer, then

zn = rn1cos nu + i sin nu2.

De Moivre’s theorem is named after the French mathematician Abraham De Moivre 
(1667–1754).

Use De Moivre’s theorem to simplify A-23 + i B8
. Write the answer in the form 

a + bi.

Solution

First write -23 + i in trigonometric form. The modulus is 2, and the argument is 
150°. So

-23 + i = 21cos 150° + i sin 150°2.

Use De Moivre’s theorem to find the eighth power:

 A-23 + i B8 = 321cos 150° + i sin 150°248

 = 283cos18 # 150°2 + i sin18 # 150°24
 = 2563cos 1200° + i sin 1200°4

Since 1200° = 3 # 360° + 120°,

cos 1200° = cos 120° = -  
1

2
  and  sin 1200° = sin 120° =

23

2
.

Use these values to simplify the trigonometric form of A-23 + i B8
:

 A-23 + i B8 = 256a-  
1

2
+ i 
23

2
b

 = -128 + 128i23

TRY THIS. Simplify 11 + i26.

EXAMPLE 1 A power of a complex number
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 6.3 De Moivre’s Theorem, Powers, and Roots 337

We have seen how De Moivre’s theorem is used to find a positive integral power 
of a complex number. It is also used for finding roots of complex numbers.

Roots of a Complex Number
In the real number system, a is an nth root of b if a 

n = b. We have a similar definition 
of nth root in the complex number system.

Definition: nth Root of a 
Complex Number 

The complex number w = a + bi is an nth root of the complex number z if

1a + bi2n = z.

In Example 1 we saw that A-23 + i B8 = -128 + 128i23. So -23 + i is an  

eighth root of -128 + 128i23.
The definition of nth root does not indicate how to find an nth root, but a formula 

for all nth roots can be found by using trigonometric form. Suppose that the complex 
number w is an nth root of the complex number z, where the trigonometric forms of 
w and z are

w = s1cos a + i sin a2  and  z = r1cos u + i sin u2.

By De Moivre’s theorem, w 

n = s 

n1cos na + i sin na2. Since w 

n = z, we have

w 

n = s  

n1cos na + i sin na2 = r1cos u + i sin u2.

This last equation gives two different trigonometric forms for w 

n. The absolute 
value of w 

n in one form is s  

n and in the other it is r. So s  

n = r, or s = r1>n. Because 
the argument of a complex number is any angle in the complex plane whose terminal 
side goes through the point representing the complex number, any two angles used 
for the argument must differ by a multiple of 2p. Since the argument for w 

n is either 
na or u, we have na = u + 2kp or

a =
u + 2kp

n
.

We can get n different values for a from this formula by using k = 0, 1,
2,c, n - 1. These results are summarized in the following theorem.

Theorem: nth Roots of a 
Complex Number 

For any positive integer n, the complex number z = r1cos u + i sin u2 has 
exactly n distinct nth roots given by the expression

r1>n c cosau + 2kp
n

b + i sinau + 2kp
n

b d

for k = 0, 1, 2,c, n - 1.

The n distinct nth roots of a complex number all have the same modulus, r1>n. 
What distinguishes between these roots is the n different arguments determined by

a =
u + 2kp

n

for k = 0, 1, 2,c, n - 1. If u is measured in degrees, then the n different arguments 
are determined by

a =
u + k360°

n

for k = 0, 1, 2,c, n - 1. Note that if k Ú n, we get new values for a but no new 
nth roots, because the values of sin a and cos a have already occurred for some 
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338 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

–1

–2

1–1–2 2

2

1

Imaginary axis

Real axis

Fourth Roots of –8 + 8i √3

1 – i√3

–√3 – i

–1 + i√3

√3 + i

Figure 6.7

k 6 n. For example, if k = n, then a = u>n + 2p, and the values for cos a and sin a 
are the same as they were for a = u>n, which corresponds to k = 0.

Find all of the fourth roots of the complex number -8 + 8i23.

Solution

First find the modulus of -8 + 8i23:41-822 + A823 B2 = 16.

Since the terminal side of u contains A-8, 823 B , we have

cos u = -  
8

16
= -  

1

2
.

Choose u = 120°. So the fourth roots are generated by the expression

161>4 c cosa120° + k360°
4

b + i sina120° + k360°
4

b d .

Evaluating this expression for k = 0, 1, 2, and 3 (because n = 4, n - 1 = 32, we get

 23cos 30° + i sin 30°4 = 23 + i

 23cos 120° + i sin 120°4 = -1 + i23

 23cos 210° + i sin 210°4 = -23 - i

 23cos 300° + i sin 300°4 = 1 - i23.

So, the fourth roots of -8 + 8i23 are 23 + i, -1 + i23, -23 - i, and 
1 - i23.

TRY THIS. Find all fourth roots of -8 - 8i23.

EXAMPLE 2 Finding nth roots

Solve the equation x6 - 1 = 0.

Solution

The solutions to the equation are the sixth roots of 1. Since 1 = 11cos 0° + i sin 0°2, 
the expression for the sixth roots is

11>6 c cos a0° + k360°
6

b + i sin a0° + k360°
6

b d .

EXAMPLE 3 The six sixth roots of unity

The graph of the four fourth roots found in Example 2 reveals an interesting pat-

tern. Since the modulus of -8 + 8i23 is 16, -8 + 8i23 lies on a circle of radius 16 
centered at the origin. Since the modulus of each fourth root is 161>4 = 2, the fourth 
roots lie on a circle of radius 2 centered at the origin as shown in Fig. 6.7. Note how 
the fourth roots in Fig. 6.7 divide the circumference of the circle into four equal parts. 
In general, the nth roots of z = r1cos u + i sin u2 divide the circumference of a circle 
of radius r1>n into n equal parts. This symmetric arrangement of the nth roots on a 
circle provides a simple check on whether the nth roots are correct.

Consider the equation x6 - 1 = 0. By the fundamental theorem of algebra, this 
equation has six solutions in the complex number system if multiplicity is considered. 
Since this equation is equivalent to x6 = 1, each solution is a sixth root of 1. The 
roots of 1 are called the roots of unity. The fundamental theorem of algebra does 
not guarantee that all of the roots are unique, but the theorem on the nth roots of a 
complex number does.

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 6.3 Exercises 339

1
2

–

Sixth Roots of Unity

+ i1–
2

√3—
2

–

– i1–
2

√3—
2

– i1–
2

√3—
2

–

1

–1

1–1

Imaginary axis

Real axis

1
2

+ i1–
2

√3—
2

Figure 6.9

Figure 6.8

Evaluating this expression for k = 0, 1, 2, 3, 4, 5 gives the six roots:

cos 0° + i sin 0° = 1    cos 60° +  i sin 60° =
1

2
+ i 
23

2

cos 120° + i sin 120° = -  
1

2
+ i 
23

2
    cos 180° +  i sin 180° = -1

cos 240° + i sin 240° = -  
1

2
- i 
23

2
    cos 300° +  i sin 300° =

1

2
- i 
23

2

 You can check the six roots using a graphing calculator that handles complex 
numbers, as shown in Fig. 6.8.

TRY THIS. Find all complex solutions to x3 - 27 = 0.

A graph of the sixth roots of unity found in Example 3 is shown in Fig. 6.9. Notice 
that they divide the circle of radius 1 into six equal parts. According to the conjugate 
pairs theorem in algebra, the complex solutions to a polynomial equation with real 
coefficients occur in conjugate pairs. (Conjugate pairs are a + bi and a - bi.) In 
Example 3, the complex solutions of x6 - 1 = 0 did occur in conjugate pairs. This 
fact gives us another method of checking whether the six roots are correct. In general, 
the nth roots of any real number occur in conjugate pairs. Note that the fourth roots of 
the imaginary number in Example 2 did not occur in conjugate pairs.

1. 12 + 3i22 = 4 + 9i2

2. If z = 21cos 120° + i sin 120°2, then z3 = 8i.

3. If z is a complex number with modulus r, then the modulus  
of z4 is r4.

4. If the argument of z is u, then the argument of z4 is cos 4u.

5. 3cos1p>32 + i sin1p>6242 = cos12p>32 + i sin1p>32

6. If cos a = cos b, then a = b + 2kp for some integer k.

7. One of the fifth roots of 32 is 21cos 72° + i sin 72°2.

8. All solutions to x8 = 1 in the complex plane lie on the  
unit circle.

9. All solutions to x8 = 1 lie on the axes or the lines y = {x.

10. The equation x4 + 81 = 0 has two real and two  
imaginary solutions.

FOR THOUGHT... True or False? Explain.

CONCEPTS

Fill in the blank.

 1. Powers of a complex number can be found using __________ 
theorem.

 2. The roots of 1 are called the roots of __________.

SKILLS

Use De Moivre’s theorem to simplify each expression. Write the 
answer in the form a + bi. 

 3. 331cos 30° + i sin 30°243  4. 321cos 45° + i sin 45°245

 5. 3221cos 120° + i sin 120°244

 6. 3231cos 150° + i sin 150°243

 7. 3cos1p>122 + i sin1p>12248

 8. 3cos1p>62 + i sin1p>6249

 9. 3261cos12p>32 + i sin12p>32244

 10. 32181cos15p>62 + i sin15p>62243

 11. 34.31cos 12.3° + i sin 12.3°245

 12. 34.91cos 37.4° + i sin 37.4°246

6.3 EXERCISES
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Simplify each expression, by using trigonometric form and De 
Moivre’s theorem. 

 13. 12 + 2i23  14. 11 - i23

 15. A23 - i B4
 16. A-2 + 2i23 B4

 17. A-3 - 3i23 B5
 18. A223 - 2i B5

 19. 12 + 3i24  20. 14 - i25

 21. 12 - i24  22. 1-1 - 2i26

 23. 11.2 + 3.6i23  24. 1-2.3 - i23

Find the indicated roots. Express answers in trigonometric form. 

 25. The square roots of 41cos 90° + i sin 90°2

 26. The cube roots of 81cos 30° + i sin 30°2

 27. The fourth roots of cos 120° + i sin 120°

 28. The fifth roots of 321cos 300° + i sin 300°2

 29. The sixth roots of 641cos p + i sin p2

 30. The fourth roots of 163cos13p>22 + i sin13p>224

Find the indicated roots in the form a + bi. Check by graphing the 
roots in the complex plane. 

 31. The cube roots of 1  32. The cube roots of 8

 33. The fourth roots of 16  34. The fourth roots of 1

 35. The fourth roots of -1  36. The fourth roots of -16

 37. The cube roots of i  38. The cube roots of -8i

 39. The square roots of -2 + 2i23

 40. The square roots of -4i  41. The square roots of 1 + 2i

 42. The cube roots of -1 + 3i

Find all complex solutions to each equation. Express answers in 
the form a + bi. 

 43. x3 + 1 = 0  44. x3 + 125 = 0

 45. x4 - 81 = 0  46. x4 + 81 = 0

 47. x2 + 2i = 0  48. ix2 + 3 = 0

 49. x7 - 64x = 0  50. x9 - x = 0

Find all complex solutions to each equation. Express answers in 
trigonometric form.

 51. x5 - 2 = 0

Solve each problem.

 55. Write the expression 3cos1p>32 + i sin1p>6243 in the form 
a + bi.

 56. Solve the equation x6 - 1 = 0 by factoring and the quadratic 
formula. Compare your answers to Example 3 of this section.

 57. Use the quadratic formula and De Moivre’s theorem to solve

x 2 + 1-1 + i2x - i = 0.

 58. Use the quadratic formula and De Moivre’s theorem to solve

x 2 + 1-1 - 3i2x + 1-2 + 2i2 = 0.

WRITING/DISCUSSION

 59. Explain why x6 - 2x3 + 1 = 0 has three distinct solutions, 
x6 - 2x3 = 0 has four distinct solutions, and x6 - 2x = 0 has 
six distinct solutions.

 60. Find all real numbers a and b for which it is true that 2a + bi = 2a + i2b.

REVIEW

 61. Find the absolute value of the complex number 3 + 5i.

 62. Write 4 - 4i in trigonometric form, using degree measure for 
the argument.

 63. Perform the indicated operation:

21cos1p>62 + i sin1p>622 # 31cos1p>32 + i sin1p>322
  Write the result in a + bi form.

 64. At one point on the ground, the angle of elevation of the line of 
sight to the top of a building is 20°. At a point that is 100 feet 
closer to the building, the angle of elevation is 30°. Find the 
height of the building to the nearest foot.

 65. Find all solutions to the equation 2 sin212px2 - 1 = 0 in the 
interval 10, p>22.

 66. Find the area of the triangle whose sides are 10 feet, 14 feet, 
and 18 feet.

OUTSIDE THE BOX

 67. Related Angles
a. Find the triangle with the smallest perimeter and whole-

number sides such that the measure of one of the angles is 
twice the measure of another angle.

b. Find general expressions that could be used to determine 
infinitely many such triangles and find the next two larger 
such triangles.

 68. Swim Meet Two swimmers of unequal ability are at opposite 
ends of a pool. They simultaneously dive in and swim the 
length of the pool and back at a constant rate. They pass for 
the first time 75 feet from one end of the pool and for the  
second time 25 feet from the other end. What is the length of 
the pool?

 52. x5 + 3 = 0

 53. x4 + 3 - i = 0  54. ix3 + 2 - i = 0
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 6.4 Polar Equations 341

 1. Use De Moivre’s theorem to simplify 11 + i28.  2. Find all fourth roots of -16.

6.3 POP QUIZ

The Cartesian coordinate system is a system for describing the location of points in 
a plane. It is not the only coordinate system available. In this section we will study 
the polar coordinate system. In this coordinate system, a point is located by using 
a directed distance and an angle in a manner that will remind you of the magnitude 
and direction angle of a vector and the modulus and argument for a complex number.

Polar Coordinates
In the rectangular coordinate system, points are named according to their position 
with respect to an x-axis and a y-axis. In the polar coordinate system, we have a fixed 
point called the pole and a fixed ray called the polar axis. A point P has coordinates 
1r, u2 where r is the directed distance from the pole to P. Note that r can be positive 
or negative. The angle u is an angle whose initial side is the polar axis and whose 
terminal side contains the point P. See Fig. 6.10.

Since we are so familiar with rectangular coordinates, we retain the x- and y-axes 
when using polar coordinates. The pole is placed at the origin, and the polar axis is 
placed along the positive x-axis. The angle u is any angle (in degrees or radians) in 
standard position whose terminal side contains the point. As usual, u is positive for a 
counterclockwise rotation and negative for a clockwise rotation. In polar coordinates, 
r can be any real number. For example, the ordered pair 12, p>42 represents the point that 
lies two units from the origin on the terminal side of the angle p>4. The point 10, p>42 
is at the origin. The point 1-2, p>42 lies two units from the origin on the line through 
the terminal side of p>4 but in the direction opposite to 12, p>42. See Fig. 6.11. Any 
ordered pair in polar coordinates names a single point, but the coordinates of a point in 
polar coordinates are not unique. For example, 1-2, p>42, 12, 5p>42, and 12, -3p>42 
all name the same point.

6.4 
P

r

Polar axisPole

(r, u)

u

Figure 6.10

2, 

0, 

2, or

2, or –

y

x–2 1–1

1

–1

–2

2

2

p
4

p
4

p
4

p
4

5p
4
3p
4

–2, 

Q    R

Q   R

Q    R

Q     R

Q    R

Figure 6.11

y

x1–1–2–3 2 3

2

1

–1

–2

–3

3

1, –

2,

(–3, p)

or (–1, 450°)
2
p

6
5pQ    R

Q    R

Figure 6.12

Plot the points whose polar coordinates are given.

a. 12, 5p>62 

EXAMPLE 1 Plotting points in polar coordinates

b. 1-3, p2 c. 11, -p>22 d. 1-1, 450°2
Solution

a. The terminal side of 5p>6 lies in the second quadrant. So 12, 5p>62 is two units 
from the origin along the ray that forms the terminal side of this angle. See Fig. 6.12.

b. The terminal side of the angle p points in the direction of the negative x-axis. 
Since the first coordinate of 1-3, p2 is negative, the point is located 3 units in 
the direction opposite to the direction of the ray. So 1-3, p2  lies 3 units from the 
origin on the positive x-axis. The point 1-3, p2 in polar coordinates is the same 
as 13, 02 in Cartesian coordinates. See Fig. 6.12.

c. The terminal side of the angle -p>2 lies on the negative y-axis. So 11, -p>22  lies 
1 unit from the origin on the negative y-axis. See Fig. 6.12.

d. The terminal side of the angle 450° lies on the positive y-axis. Since the first coor-
dinate of 1-1, 450°2 is negative, the point is located 1 unit in the opposite direc-
tion. So 1-1, 450°2 is the same point as 11, -p>22 from part (c). See Fig. 6.12.

TRY THIS. Plot 12, 3p>42 and 1-1, p>22 in polar coordinates.

Polar Equations
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342 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

If you search for polar coordinate graph paper on the Internet, you will find 
sites that have free grids that you can print like the one in Fig. 6.13. Using grids like 
this will make your graphing in polar coordinates easier and more accurate. Or make 
copies of this page and use the grid given here.

60°120°

270°

90°

y

x

75°105°

45°135°

30°150°

15°165°

345°195°

225° 315°

210° 330°

240° 300°
285°255°

0°180°

Figure 6.13

x

y
r

x

y-axis

-axis

(r, u)

u

Figure 6.14

Polar–Rectangular  
Conversion Rules

To convert 1r, u2 to rectangular coordinates 1x, y2, use

x = r cos u  and  y = r sin u.

To convert 1x, y2 to polar coordinates 1r, u2, use r = 2x2 + y2 and any angle u 
in standard position whose terminal side contains 1x, y2.

Polar–Rectangular Conversions
To graph equations in polar coordinates, we must be able to switch the coordinates of 
a point in either system to the other. Suppose that 1r, u2 is a point in the first quadrant 
with r 7 0 and u acute as shown in Fig. 6.14. If 1x, y2 is the same point in rectangular 
coordinates, then x and y are the lengths of the legs of the right triangle shown in  
Fig. 6.14. Using the Pythagorean theorem and trigonometric ratios, we have

x 2 + y 2 = r 2,   x = r cos u,  y = r sin u,  and  tan u =
y

x
.

It can be shown that these equations hold for any point 1r, u2, except that tan u is 
undefined if x = 0. The following rules for converting from one system to the other 
follow from these relationships.

There are several ways to find an angle u whose terminal side contains 1x, y2. One 
way to find u (provided x ≠ 0) is to find an angle that satisfies tan u = y>x and goes 
through 1x, y2. Remember that the angle tan-11y>x2 is between -p>2 and p>2 and 
will go through 1x, y2 only if x 7 0. If x = 0, then the point 1x, y2 is on the y-axis, 
and you can use u = p>2 or u = -p>2 as appropriate.
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 6.4 Polar Equations 343

Polar Equations
An equation in two variables (typically x and y) that is graphed in the rectangular 
coordinate system is called a rectangular, or Cartesian, equation. An equation in 
two variables (typically r and u) that is graphed in the polar coordinate system is 
called a polar equation. Certain polar equations are easier to graph than the equiva-
lent Cartesian equations. We can graph a polar equation in the same manner that we 
graph a rectangular equation; that is, we can simply plot enough points to get the 
shape of the graph. However, since most of our polar equations involve trigonometric 
functions, finding points on these curves can be tedious. A graphing calculator can be 
used to great advantage here.

Figure 6.15

Figure 6.16

a. Convert 16, 210°2 to rectangular coordinates.
b. Convert 1-3, 62 to polar coordinates.

Solution

a. Use r = 6, cos 210° = -23>2, and sin 210° = -1>2 in the formulas x = r cos u 
and y = r sin u:

x = 6a-  
23

2
b = -323  and 

 
y = 6a-  

1

2
b = -3

So 16, 210°2 in polar coordinates is A-323, -3 B  in rectangular coordinates.
 You can check this result with a graphing calculator as shown in Fig. 6.15.

b. To convert 1-3, 62 to polar coordinates, first find r:

r = 21-322 + 62 = 325

Since y>x = -2 we can use a calculator to find that

tan-11-22 ≈ -63.4°.

Now the terminal side of -63.4° does not go through 1-3, 62. To get an angle 
whose terminal side contains 1-3, 62, use u ≈ 180° - 63.4° or 116.6°. So  

1-3, 62  in polar coordinates is A325, 116.6° B . Since there are infinitely many 
representations for any point in polar coordinates, this answer is not unique. In  

fact, another possibility is A-325, -63.4° B .
  You can check this result with a graphing calculator as shown in Fig. 6.16.

TRY THIS. Convert 13, 45°2 to rectangular coordinates and convert A-2, 223 B  to polar 
coordinates.

EXAMPLE 2 Polar–rectangular conversion

Sketch the graph of the polar equation r = 2 cos u.

Solution

If u = 0°, then r = 2 cos 0° = 2. So the ordered pair 12, 0°2 is on the graph. If  

u = 30°, then r = 2 cos 30° = 23, and A23, 30° B  is on the graph. These ordered 
pairs and several others that satisfy the equation are listed in the following table:

U 0° 30° 45° 60° 90° 120° 135° 150° 180°

r 2 23 22 1 0 -1 -22 -23 -2

EXAMPLE 3 Graphing a polar equation
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344 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Plot these points and draw a smooth curve through them to get the graph shown in 
Fig. 6.17. If u is larger than 180° or smaller than 0°, we get different ordered pairs, 

but they are all located on the curve drawn in Fig. 6.17. For example, A-23, 210° B  
satisfies r = 2 cos u, but it has the same location as A23, 30° B .

y

x1 2

1

–1

r = 2 cos u (1, 60°)

(2, 0°)

(–1, 120°)

(0, 90°)

(Ë2, 45°)

(Ë3, 30°)

(–Ë3, 150°)
(–Ë2, 135°)

Figure 6.17–3

–3

3

3

Figure 6.18
 To check this graph with a calculator, set the mode to polar and enter r = 2 cos u. 

The calculator graph in Fig. 6.18 supports our conclusions.

TRY THIS. Graph r = 4 sin u in polar coordinates.

The graph r = 2 cos u in Fig. 6.17 looks like a circle. To verify that it is a circle, 
we can convert the polar equation to an equivalent rectangular equation because we 
know the form of the equation of a circle in rectangular coordinates. This conversion 
is done in Example 6.

In Example 4 a simple polar equation produces a curve that is not usually graphed 
when studying rectangular equations because the equivalent rectangular equation is 
quite complicated.

Sketch the graph of the polar equation r = 3 sin 2u.

Solution

The ordered pairs in the following table satisfy the equation r = 3 sin 2u. The values 
of r are rounded to the nearest tenth.

U 0° 15° 30° 45° 60° 90° 135° 180° 225° 270° 315° 360°

r 0 1.5 2.6 3 2.6 0 -3 0 3 0 -3 0

As u varies from 0° to 90°, the value of r goes from 0 to 3, then back to 0, creating 
a loop in quadrant I. As u varies from 90° to 180°, the value of r goes from 0 to -3 
then back to 0, creating a loop in quadrant IV. As u varies from 180° to 270°, a loop 
in quadrant III is formed; and as u varies from 270° to 360°, a loop in quadrant II is 
formed. If u is chosen greater than 360° or less than 0°, we get the same points over 

EXAMPLE 4 Graphing a four-leaf rose
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 6.4 Polar Equations 345

 With a graphing calculator you can make a table of ordered pairs as shown in 
Fig. 6.20. Make this table yourself and scroll through the table to see how the radius 
oscillates between 3 and -3 as the angle varies. The calculator graph of r = 3 sin12u2 
in polar mode with u between 0° and 360° is shown in Fig. 6.21. The calculator graph 
supports the graph shown in Fig. 6.19.

y

x–2

2

–2

–3

2 3

3

–3

r = 3 sin 2u

(3, 45°)(–3, 315°)

(–3, 135°)(3, 225°)

Figure 6.19

and over because the sine function is periodic. The graph of r = 3 sin 2u is shown in 
Fig. 6.19. The graph is called a four-leaf rose.

–3 3

–3

3

Figure 6.21Figure 6.20

TRY THIS. Graph r = cos 2u in polar coordinates.

Sketch the graph of r = u, where u is in radians and u Ú 0.

Solution

The ordered pairs in the following table satisfy r = u. The values of r are rounded 
to the nearest tenth.

U 0 p
4

p
2

3p
4

p 3p
2

2p 5p
2

3p

r 0 0.8 1.6 2.4 3.1 4. 7 6.3 7.8 9.4

EXAMPLE 5 Graphing the spiral of Archimedes
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346 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

–30 30

–30

30

Figure 6.24

Figure 6.23

FUNCTIONS IN POLAR COORDINATES

FUNCTION 
GALLERY

–12 –4 2 4 8

4

–2

–6

–12

6

10

Spiral

10 14

u ≥ 0

r = u

–8

y

xa

–

r = a cos u

a . 0

a
2

a
2

a
2

Circle

y

x

Circle

r = a sin u

a . 0

– a
2

a
2

a

a

2

The graph of r = u, called the spiral of Archimedes, is shown in Fig. 6.22. As the 
value of u increases, the value of r increases, causing the graph to spiral out from 
the pole. There is no repetition of points as there was in Example 3 and 4 because no 
periodic function is involved.

2.4, 

7.8, 

4.7, 

0.8, 

1.6, 

y

x

2

–2

–4

–6

–6 –4 –2 2 4

4

6

5p
2

3p
4

3p
2

p
2

p
4

(3.1, p)

(6.3, 2p)

r = u

u ≥ 0

Q      R

Q     R

Q     R
Q      R

Q      R

Figure 6.22

 With a graphing calculator you can make a table of ordered pairs for r = u as 
shown in Fig. 6.23. The calculator graph of r = u in polar coordinates for u ranging 
from 0 through 40 radians is shown in Fig. 6.24. This graph shows much more of the 
spiral than Fig. 6.22. It supports the conclusion that the graph of r = u is a spiral.

TRY THIS. Graph r = -u for u in radians and u Ú 0.

The following Function Gallery shows the graphs of several types of polar equa-
tions. You should graph these equations on your graphing calculator.
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 6.4 Polar Equations 347

Converting Equations
We know that certain types of rectangular equations have graphs that are particular 
geometric shapes such as lines, circles, and parabolas. We can use our knowledge of 
equations in rectangular coordinates with equations in polar coordinates (and vice 
versa) by converting the equations from one system to the other. For example, we 
can determine whether the graph of r = 2 cos u in Example 3 is a circle by finding 
the equivalent Cartesian equation and deciding whether it is the equation of a circle. 
When converting from one system to another, we use the relationships

x2 + y2 = r2,   x = r cos u,  and  y = r sin u.

a

–a

–a–2a

y

x

r = a(1 – cos u)

a . 0

Cardioid

y

x

r = a – b cos u

b . a . 0

–(a + b) –a

–a

a

Limaçon

a

y

x

–a

r = a – b cos u

a . b . 0

–(a + b) –a a – b

Limaçon

y

x– Ëa

Lemniscate

r 2 = a cos 2u

a . 0

Ëa

a

–a

–a a

y

x

Three-Leaf Rose

r = a cos 3u

a . 0
a

y

xa–a

–a

r = a cos 2u

a . 0

Four-Leaf Rose

Write an equivalent rectangular equation for the polar equation r = 2 cos u.

Solution

First multiply each side of r = 2 cos u by r to get r2 = 2r cos u. Now eliminate r and 
u by making substitutions using r2 = x2 + y2 and x = r cos u.

 r2 = 2r cos u

 x2 + y2 = 2x

The standard equation of a circle with center 1h, k2 and radius r is 
1x - h22 + 1y - k22 = r2 . Complete the square to get x2 + y2 = 2x into the stan-
dard form of the equation of a circle:

 x2 - 2x + y2 = 0

 x2 - 2x + 1 + y2 = 1

 1x - 122 + y2 = 1

EXAMPLE 6 Converting a polar equation to a  
rectangular equation
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348 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

–10

–10

10

10

Figure 6.26

Since we recognize 1x - 122 + y2 = 1 as the equation of a circle centered at 11, 02  
with radius 1, the graph of r = 2 cos u shown in Fig. 6.25 is a circle centered at 11, 02 
with radius 1.

TRY THIS. Convert r = 3 sin u to a rectangular equation.

In Example 7 we convert the rectangular equation of a line and circle into polar 
coordinates.

y

x1 2

1

–1

r = 2 cos u

(x – 1)2 + y 2 = 1

Figure 6.25 For each rectangular equation, write an equivalent polar equation.

a. y = 3x - 2 

EXAMPLE 7 Converting a rectangular equation  
to a polar equation

b. x2 + y2 = 9

Solution

a. Substitute x = r cos u and y = r sin u, and then solve for r:

 y = 3x - 2

 r sin u = 3r cos u - 2

 r sin u - 3r cos u = -2

 r1sin u - 3 cos u2 = -2

 r =
-2

sin u - 3 cos u

 The graph in Fig. 6.26 supports the conclusion that we have found the polar 
coordinate form for the line y = 3x - 2.

b. Substitute r2 = x2 + y2 to get polar coordinates:

 x2 + y2 = 9

 r2 = 9

 r = {3

A polar equation for a circle of radius 3 centered at the origin is r = 3. Another 
equation for the same circle is r = -3.

  The graph in Fig. 6.27 supports the conclusion that r = 3 is a circle in polar 
coordinates.

TRY THIS. Convert y = -2x + 5 into a polar equation.

In Example 7 we saw that a straight line has a rather simple equation in rect-
angular coordinates but a more complicated equation in polar coordinates. A circle 
centered at the origin has a very simple equation in polar coordinates but a more 
complicated equation in rectangular coordinates. The graphs of simple polar equations 
are typically circular or somehow “centered” at the origin.

Applications of Polar Coordinates
In computer-assisted design (CAD) software it is often more convenient to use polar 
coordinates than rectangular coordinates when telling the computer how to draw a 
figure. The computer uses a coordinate system at each vertex of the figure. From each 
vertex, the user gives the polar coordinates of a point. The computer then draws a line 
segment from the vertex to the point.

–5 5

–5

5

Figure 6.27

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios
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308

A C

2 1

B

608

√3

List the polar coordinates that would be used at each vertex to locate the next 
vertex. Start at A and go in clockwise manner. Use a positive r and the smallest 
nonnegative u.

EXAMPLE 8 Drawing a triangle with polar coordinates

Solution

Starting with a coordinate system centered at A, point B has polar coordinates 12, 30°2.  
In a coordinate system centered at B, point C has polar coordinates 11, 270°2.

In a coordinate system centered at C, point A has coordinates A23, 180° B .
TRY THIS. A triangle has vertices 10, 02, 15, 52, and 15, 02. List the polar coordi-
nates that would be used at each vertex to locate the next vertex, going clockwise from 
the origin.

1. The distance of the point 1r, u2 from the origin depends 
only on r.

2. The distance of the point 1r, u2 from the origin is r.

3. The ordered pairs 12, p>42, 12, -3p>42, and 1-2, 5p>42 
all represent the same point in polar coordinates.

4. The equations relating rectangular and polar coordinates 
are x = r sin u, y = r cos u, and x2 + y2 = r2.

5. The point 1-4, 225°2 in polar coordinates is A222, 222 B  
in rectangular coordinates.

6. The graph of 0 # r + u = p>4 in polar coordinates is a 
straight line.

7. The graphs of r = 5 and r = -5 are identical.

8. The ordered pairs A-22>2, p>3 B  and A22>2, p>3 B  
satisfy r2 = cos 2u.

9. The graph of r = 1>sin u is a vertical line.

10. The graphs of r = u and r = -u are identical.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. In the polar coordinate system, the __________ axis is placed 
along the positive x-axis.

 2. In the polar coordinate system, the __________ is placed at 
the origin.

 3. The graph of the polar equation r = 3 sin 2u is a(n) ________.

 4. The graph of the polar equation r = u is the __________.

 5. To convert 1r, u2  to rectangular coordinates 1x, y2,  we use 
x =  __________ and y =  __________.

 6. To convert 1x, y2  to polar coordinates 1r, u2,  we use  
r = __________ and any angle u in standard position whose 
terminal side contains __________.

6.4 EXERCISES
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350 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

SKILLS

Find polar coordinates for each given point using radian measure 
for the angle. 

 7.  8. 
y

x
–1

–2

–3

1 2 3–1–3 –2

2

1

3 (3, 3)

u

y

x–1
–1

–2

1 2–2

2

1

(–2, 2)

u

y

x–1–3
–1

–2

–3

1 2 3–2

2

1

3

y

x–1
–1

–2

1 2–2

2

1

Sketch the graph of each polar equation. 

 43. r = 2 sin u  44. r = 3 cos u

 45. r = 3 cos 2u  46. r = -2 sin 2u

 47. r = 2u for u in radians

 48. r = u for u … 0 and u in radians

 49. r = 1 + cos u 1cardioid2
 50. r = 1 - cos u (cardioid)

 51. r2 = 9 cos 2u (lemniscate)

 52. r2 = 4 sin 2u (lemniscate)

 53. r = 4 cos 2u (four-leaf rose)

 54. r = 3 sin 2u (four-leaf rose)

 55. r = 2 sin 3u (three-leaf rose)

 56. r = 4 cos 3u (three-leaf rose)

 57. r = 1 + 2 cos u (limaçon)

 58. r = 2 + cos u (limaçon)

 59. r = 3.5

 60. r = -5

 61. u = 30°

 62. u = 3p>4
For each polar equation, write an equivalent rectangular equation. 

 63. r = 4 cos u  64. r = 2 sin u

 65. r =
3

sin u
 66. r =

-2

cos u

 67. r = 3 sec u  68. r = 2 csc u

 69. r = 5  70. r = -3

 71. u =
p

4
 72. u = 0

 73. r =
2

1 - sin u
 74. r =

3

1 + cos u

For each rectangular equation, write an equivalent polar  
equation.

 75. x = 4  76. y = -6

 77. y = -x  78. y = x23

 79. x2 = 4y  80. y2 = 2x

 81. x2 + y2 = 4  82. 2x2 + y2 = 1

 9.  10. 

Plot the points whose polar coordinates are given. 

 11. 13, p>62  12. 12, p>42  13. 1-2, 2p>32
 14. 1-1, p>62  15. 12, -p>42  16. 11, -2p>32
 17. 13, -225°2  18. 12, -180°2  19. 1-2, 45°2
 20. 1-3, 30°2  21. 14, 390°2  22. 13, 13p>62
Convert the polar coordinates of each point to rectangular coordi-
nates. 

 23. 11, p>62  24. 12, p>42
 25. 1-3, 3p>22  26. 1-2, 2p2
 27. A22, 135° B  28. A23, 150° B
 29. A-26, -60° B  30. A-22>2, -45° B
Convert the rectangular coordinates of each point to polar coordi-
nates. Use degrees for u. 

 31. A23, 3 B  32. 14, 42
 33. 1-2, 22  34. A-2, 223 B
 35. 10, 22  36. 1-2, 02
 37. 1-3, -32  38. 12, -22
 39. 11, 42  40. 1-2, 32
 41. A22, -2 B  42. A-2, -23 B
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 6.4 Exercises 351

 83. y = 2x - 1  84. y = -3x + 5

 85. x2 + 1y - 122 = 1  86. 1x + 122 + y2 = 4

Graph each pair of polar equations on the same screen of your cal-
culator and use the trace feature to estimate the polar coordinates 
of all points of intersection of the curves. Check your calculator 
manual to see how to graph polar equations.

 87. r = 1, r = 2 sin 3u  88. r = sin u, r = sin 2u

 89. r = 3 sin 2u, r = 1 - cos u  90. r = 3 sin 4u, r = 2

Using a coordinate system centered at each vertex, specify the 
polar coordinates of the next vertex. Start at vertex A and go  
clockwise. 

 91.  92. 

WRITING/DISCUSSION

  95. Explain why u must be radian measure for the equation r = 2u, 
but u can be in radians or degrees for the equation r = 2 cos u.

  96. Show that a polar equation for the straight line y = mx is 
u = tan-1 m.

REVIEW

  97. Use De Moivre’s theorem to simplify 11 + i212.

  98. Find all fourth roots of -8 - 8i23.

  99. Perform the indicated operations. Write the results in a + bi 
form.
a. 14 + 3i22

b. 
2 + i

4 - i

c. 1-3 + 5i2 - 1-4 - 2i2
 100. The force required to push a riding lawnmower up a ramp 

inclined at 12° is 130 pounds. Find the weight of the riding 
lawnmower to the nearest pound.

 101. Determine the range of each function.
a. f 1x2 = 3 sin12x2 + 1

b. f 1x2 = x2 + 1

c. f 1x2 = -5 tan13x2 + 4

d. f 1x2 = 2 sec13x - p>42
 102. A globe with a diameter of 12 inches is rotating at 3 revolu-

tions per second. How fast in miles per hour is a point on the 
45th parallel moving? Round to the nearest tenth.

OUTSIDE THE BOX

 103. Two Squares and Two Triangles The two squares with areas  
of 25 and 36 shown in the accompanying figure are positioned 
so that AB = 7. Find the exact area of triangle TSC.

A C

1

B

458

1

458

A C

2

B

308

608

A D

2

B

C

458458

1

1358

A D

4

B C

608608

4

10

 93. 

 94. 

B
A

S

R
C

T

U

Figure for Exercise 103

 104. Summing Factorials What is the units digit in the sum

1! + 2! + 3! + 4! + c + 1775! + 1776!?
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352 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

 1. If the polar coordinates of a point are 1-1, 15p>42, then in 
which quadrant does the point lie?

 2. Convert 14, 150°2 to rectangular coordinates.

 3. Convert the rectangular coordinates 1-2, 22 to polar coordi-
nates using radians for the angle.

 4. Convert the polar equation r = 4 cos u into a rectangular 
equation.

 5. Find the center and radius of the circle r = -16 sin u.

 6. Convert y = x + 1 into polar coordinates.

6.4 POP QUIZ

Curves with Strange Names

Some of the famous curves studied by mathematicians a few centuries ago had 
strange names such as the cissoid, the lituus, the witch of Agnesi, and the nephroid 
of Freeth. With a graphing calculator it is relatively easy to see what these curves 
look like. The lituus is shown in the accompanying figure. Imagine how difficult it 
was to draw an accurate graph a few hundred years ago.

a) The Cartesian equation for the conchoid of Nichomedes is x2 =  
12 - x221x2 + y22 . Convert it to polar coordinates and graph it in polar coordi-
nates. Who>what was Nichomedes?

b) The polar equation for the witch of Agnesi is r3 cos2 u sin u + 4r sin u - 8 = 0. 
Convert it to rectangular coordinates and draw its graph. Find out Agnesi’s 
whole name, her nationality, and when she lived.

c) Graph the lituus r2u = 1 for 0 … u … 50.

d) Graph the nephroid of Freeth, r = 1 + 2 sin1u>22. Who>what is Freeth? What 
is a nephroid?

e) The rectangular equation for the folium of Descartes is x3 + y3 - 6xy = 0. 
Convert it to polar coordinates and draw its graph. Does this graph have an as-
ymptote?

f) Graph the bifolium 1x2 + y222 = 4x2y.

g) Graph the cissoid 14 - x2y2 = x3.

LINKING  
concepts... For Individual or Group Explorations

–1

–1

1

1

We know how to graph points in the plane using the rectangular coordinate system 
and using polar coordinates. Points in the plane can also be located using parametric 
equations. We have already used parametric equations when we gave the x- and 
y-coordinates of a projectile as functions of time in Chapter 4. In this section we 
will study parametric equations in more detail.

6.5 Parametric Equations
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 6.5 Parametric Equations 353

Graphs of Parametric Equations
If f 1t2 and g1t2 are functions of t, where t is in some interval of real numbers, then the 
equations x = f 1t2 and y = g1t2 are called parametric equations. The variable t is 
called the parameter and the graph of the parametric equations is said to be defined 
parametrically. If the parameter is thought of as time, then we know when each point 
of the graph is plotted. If no interval is specified for t, then t is assumed to be any real 
number for which both f 1t2 and g1t2 are defined.

y

x

1

1–1–2 2 3 4 5 6 7

2
3
4
5

(–2, 1)

(7, 4)

Figure 6.28

Graph the parametric equations x = 3t - 2 and y = t + 1 for t in the interval 30, 34.
Solution

If t = 0, then x = 3102 - 2 = -2 and y = 0 + 1 = 1. So t = 0 produces the point 
1-2, 12 on the graph. Make a table of ordered pairs with some more values of t in 
the interval 30, 34:

t x = 3t - 2 y = t + 1

0 -2 1

1 1 2

2 4 3

3 7 4

Now plot the points 1-2, 12, 11, 22, 14, 32, and 17, 42. Of course, t is not restricted to 
just the values in the table. Other values of t in the interval 30, 34  will produce points 
that fall in between these points. The graph of the parametric equations is shown in 
Fig. 6.28. Note that the graph is a line segment that starts at 1-2, 12 and ends at 17, 42 
because t is restricted to the interval 30, 34 . We draw solid dots at the endpoints to 
show that they are included in the graph.

 To check with a graphing calculator, set your calculator to parametric mode and 
enter the parametric equations as shown in Fig. 6.29(a). Set the limits on the viewing 
window and the parameter as in Fig. 6.29(b). The graph is shown in Fig. 6.29(c).

EXAMPLE 1 Graphing a line segment

TRY THIS. Graph x = t + 5 and y = 2t - 1 for t in 30, 54 .

Eliminating the Parameter
In rectangular coordinates we know that y = mx + b is a line, 1x - h22 +  
1y - k22 = r2  is a circle, and y = ax2 + bx + c is a parabola. Since we have little 
experience with parametric equations, it may not be obvious when a system of 
parametric equations has a familiar graph. However, it is often possible to identify a 
graph by eliminating the parameter and writing an equation involving only x and y.

  

–4
–2

10

10

Figure 6.29

(a) (b) (c)
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354 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Writing Parametric Equations
Because a nonvertical straight line has a unique slope and y-intercept, it has a unique 
equation in slope-intercept form. However, a polar equation for a curve is not unique 
and neither are parametric equations for a curve. For example, consider the line 
y = 2x + 1. For parametric equations we could let x = t and y = 2t + 1. We could 
also let x = 4t and y = 8t + 1. We could even write x = t3 + 7 and y = 2t3 + 15. 
Each of these pairs of parametric equations produces the line y = 2x + 1.

–10

–10

10

10

Figure 6.30

Eliminate the parameter and identify the graph of the parametric equations.

a. x = 3t - 2, y = t + 1, -∞ 6 t 6 ∞
b. x = 7 sin t, y = 7 cos t, -∞ 6 t 6 ∞

Solution

a. Solve y = t + 1 for t to get t = y - 1. Now replace t in x = 3t - 2 with y - 1:

 x = 31y - 12 -2

 x = 3y - 5

 3y = x + 5

 y =
1

3
 x +

5

3

Because the equation has the form y = mx + b, we know that its graph is a line 
with slope 1>3 and y-intercept 10, 5>32. Because there is no restriction on t, the 
graph is the entire line. This conclusion is consistent with Example 1, where the 
same parametric equations with a different interval for t produced a segment of 
this line.

b. The simplest way to eliminate the parameter in this case is to use the trigonomet-
ric identity sin2 u + cos2 u = 1. Because sin t = x>7 and cos t = y>7 we have 
1x>722 + 1y>722 = 1 or x2 + y2 = 49. So the graph is a circle centered at the 
origin with radius 7.

 You can check this conclusion with a graphing calculator as shown in  
Fig. 6.30.

TRY THIS. Eliminate the parameter and identify the graph x = 4t - 9 and y =  
- t + 1 for t in 1-∞, ∞2.

EXAMPLE 2 Eliminating the parameter

Write parametric equations for the line segment between 11, 32 and 15, 82 for t in 
the interval 30, 24  with t = 0 corresponding to 11, 32 and t = 2 corresponding to 
15, 82 .

Solution

We can make both parametric equations linear functions of t. If x = mt + b and t = 0 
corresponds to x = 1, then 1 = m # 0 + b and b = 1. So x = mt + 1. If t = 2 cor-
responds to x = 5, then 5 = m # 2 + 1 or m = 2. So we have

x = 2t + 1.

EXAMPLE 3 Writing parametric equations  
for a line segment
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 6.5 Parametric Equations 355

–3

–3

10

10

Figure 6.31

Now we use the same reasoning to get the equation for y. When t = 0, y should be 3.  
So 3 = m # 0 + b, or b = 3. When t = 2, y should be 8. So 8 = m # 2 + 3, or 
m = 2.5. So

y = 2.5t + 3.

 You can use a graphing calculator to check as shown in Fig. 6.31.

TRY THIS. Write parametric equations for the line segment between 11, 22 and 18, 102 
with t in the interval 30, 14 , where t = 0 corresponds to 11, 22 and t = 1 corresponds to 
18, 102.

While it may not seem obvious how to write parametric equations for a particular 
rectangular equation, there is a simple way to find parametric equations for a polar 
equation r = f 1u2. Because x = r cos u and y = r sin u, we can substitute  f 1u2 for 
r and write x = f 1u2cos u and y = f 1u2sin u. In this case the parameter is u and we 
have parametric equations for the polar curve. This method of graphing polar equa-
tions can be used on calculators that are capable of handling parametric equations 
but not polar equations.

Write parametric equations for the polar equation r = 1 - cos u and graph the  
parametric equations.

Solution

Replace r by 1 - cos u in the equations x = r cos u and y = r sin u to get 
x = 11 - cos u2cos u and y = 11 - cos u2sin u. We know from Section 6.4 that 
the graph of r = 1 - cos u is the cardioid shown in Fig. 6.32. So the graph of these 
parametric equations is the same cardioid.

1

–1

–1–2

y

x

r = 1 – cos u 

Figure 6.32

 The calculator graph of the parametric equations in Fig. 6.33 appears to be a 
cardioid and supports the graph shown in Fig. 6.32.

TRY THIS. Write parametric equations for the polar equation r = 3 cos u.

EXAMPLE 4 Converting a polar equation  
to parametric equations

–4

–4

4

4

Figure 6.33
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356 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

1. If x = 3t + 1 and y = 4t - 2, then t is the variable  
and x and y are the parameters.

2. Parametric equations are graphed in the rectangular  
coordinate system.

3. The graph of x = 0.5t and y = 2t + 1 is a straight line 
with slope 4.

4. The graph of x = cos t and y = sin t is a sine wave.

5. The graph of x = tan1t2 and y = tan21t2 for  
-p>2 6 t 6 p>2 is a parabola.

6. The graph of x = 3t + 1 and y = 6t - 1 for 0 … t … 3 
includes the point 12, 12.

7. The graph of x = w2 - 3 and y = w + 5 for  
-2 6 w 6 2 includes the point 11, 72.

8. The graph of x = tan1t2 and y = 2 tan1t2 lies entirely 
within the first quadrant.

9. The graph of x = -sin t and y = cos t for 0 6 t 6 p>2  
lies entirely within the second quadrant.

10. The polar equation r = cos u can be graphed using the  
parametric equations x = cos2 u and y = cos u sin u.

FOR THOUGHT… True or False? Explain.

CONCEPTS

Fill in the blank.

 1. If both x and y are functions of t, then x = f 1t2 and y = g1t2 
are __________ equations.

 2. If x = f 1t2 and y = g1t2, then t is the __________.

SKILLS

Complete the table that accompanies each pair of parametric 
equations. 

 3. x = 4t + 1,
  y = t - 2,
  for 0 … t … 3

Graph each pair of parametric equations in the rectangular  
coordinate system. 

 7. x = 3t - 2, y = t + 3, for 0 … t … 4

 8. x = 4 - 3t, y = 3 - t, for 1 … t … 3

 9. x = t - 1, y = t2, for t in 1-∞, ∞2
 10. x = t - 3, y = 1>t, for t in 1-∞, ∞2
 11. x = 2w, y = 21 - w, for 0 6 w 6 1

 12. x = t - 2, y = 2t + 2, for -2 … t … 7

 13. x = cos t, y = sin t  14. x = 0.5t, y = sin t

Eliminate the parameter and identify the graph of each pair of 
parametric equations. 

 15. x = 4t - 5, y = 3 - 4t

 16. x = 5t - 1, y = 4t + 6

 17. x = -4 sin 3t, y = 4 cos 3t

 18. x = 2 sin t cos t, y = 3 sin 2t

 19. x = t + 4, y = 2t - 5

 20. x = t - 5, y = t2 - 10t + 25

 21. x = tan t, y = 2 tan t + 3

 22. x = tan t, y = - tan2 t + 3

6.5

t x y

0 1

1 5

1.5 7

3 13 1

 4. x = 3 - t,
  y = 2t + 5,
  for 2 … t … 7

t x y

2

3

-2

19

 5. x = t2,
  y = 3t - 1,
  for 1 … t … 5

t x y

1

2.5

5

11

25

 6. x = 2t,
  y = t + 4,
  for 0 … t … 9

t x y

0

2

4

12

3

EXERCISES

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 6.5 Pop Quiz 357

Write a pair of parametric equations that will produce the indi-
cated graph. Answers may vary.

 23. The line segment starting at 12, 32 with t = 0 and ending at 
15, 92  with t = 2

 24. The line segment starting at 1-2, 42 with t = 3 and ending at 
15, -92  with t = 7

 25. That portion of the circle x2 + y2 = 4 that lies in the third 
quadrant

 26. That portion of the circle x2 + y2 = 9 that lies below the 
x-axis

 27. The vertical line through 13, 12
 28. The horizontal line through 15, 22
 29. The circle whose polar equation is r = 2 sin u

 30. The four-leaf rose whose polar equation is r = 5 sin12u2

Graph the following pairs of parametric equations with the aid of 
a graphing calculator. These are uncommon curves that would be 
difficult to describe in rectangular or polar coordinates.

 31. x = cos 3t, y = sin t  32. x = sin t, y = t2

 33. x = t - sin t, y = 1 - cos t (cycloid)

 34. x = t - sin t, y = -1 + cos t (inverted cycloid)

 35. x = 4 cos t - cos 4t, y = 4 sin t - sin 4t (epicycloid)

 36. x = sin3 t, y = cos3 t (hypocycloid)

MODELING

The following problems involve the parametric equations for the 
path of a projectile.

x = v01cos u2t  and  y = -16t2 + v01sin u2t + h0,

where u is the angle of inclination of the projectile at the launch, 
v0 is the initial velocity of the projectile in feet per second, and h0 
is the initial height of the projectile in feet.

 37. An archer shoots an arrow from a height of 5 ft at an angle of  
inclination of 30° with a velocity of 300 ft>sec. Write the  
parametric equations for the path of the projectile and sketch  
the graph of the parametric equations.

 38. If the arrow of Exercise 37 strikes a target at a height of 5 ft, 
then how far is the target from the archer?

 39. For how many seconds is the arrow of Exercise 37 in flight?

 40. What is the maximum height reached by the arrow in  
Exercise 37?

REVIEW

 41. Write a rectangular equation that is equivalent to the polar 
equation r = 8 cos u.

 42. Find all complex solutions to the equation x4 + 1 = 0.

 43. Find the trigonometric form for the complex number  

3 - 3i23. Use radian measure for the argument.

 44. Solve the equation w =
1

3
 cos14b2 for b where 0 … b …

p

4
.

 45. Find all solutions to 2 cos21x2 + cos1x2 - 1 = 0 on the  
interval 30, 2p4 .

 46. Find the exact value of tan a if sin a = -7>8 and 
p 6 a 6 3p>2.

OUTSIDE THE BOX

 47. Double Boxed A rectangular box contains a delicate statue. 
The shipping department places the box containing the statue 
inside a 3-ft by 4-ft rectangular box as shown from above in 
the accompanying figure. If the box containing the statue is 
1 ft wide, then what is its length? Find a four-decimal place 
approximation. 

Figure for Exercise 47

 48. Quadratic Roots The two roots to the quadratic equation 
x2 - 56x + c = 0 are prime numbers. What is the value  
of c?

 1. The graph of x = 2t + 5 and y = 3t - 7 for t in 33, 54  is a 
line segment. What are the endpoints?

 2. Eliminate the parameter and identify the graph of x = 3 cos t 
and y = 3 sin t for -∞ 6 t 6 ∞.

 3. Write parametric equations for the line segment between 
10, 12  and 13, 52 where t = 0 corresponds to 10, 12 and t = 4 
corresponds to 13, 52.

6.5 POP QUIZ
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358 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

In this section we will have a bit of fun experimenting with polar and parametric 
equations using a graphing calculator. Any graphing calculator will do, but one that 
can graph different equations in different colors will make nicer pictures. There are 
no definitions, theorems, examples, exercises, or quizzes in this section.

Experimenting with Polar Equations
In Section 2.5 we combined algebraic and trigonometric functions and saw some 
interesting graphs. We can also make interesting graphs by combining trigonometric 
functions and graphing in polar coordinates. Such graphs would be impossible to draw 
without the help of technology. You my actually be looking at graphs that have never 
before been viewed by human eyes.

Start with a known function like r = 5 (a circle) and try r = 5 + sin110u2. 
Set your calculator to radian mode, turn the axes off, and use the standard viewing 
window. Let u range from 0 to 2p with a u step of 0.1. This gives us a wavy circle as 
shown in Fig. 6.34.

You should experiment with this function by modifying it. Try graphing these 
functions:

 r = 5 + 0.2 sin1512u2
 r = 5 + 6 sin112u2
 r = 5 sin(u) + 6 sin(12u)

Notice that sin1512u2 has a very small period. In this case, you should use a very 
small u step. Try 0.01. You can also change the range on u. Experiment. Fig-
ure 6.35 shows r = 2 + 6 sin112u2. Figure 6.36 shows r = 2 + sin112u2, 
r = 4 + sin112u2, r = 6 + sin112u2, r = 8 + sin112u2, and r = 10 + sin112u2 
in different colors.

Figure 6.35 Figure 6.36

Using composition you can get some interesting graphs. To get a fly, flower, and 
a star, graph the following functions:

 r = 10 sin1cos1tan1u222
 r = 10 sin1cos14u22
 r = 10 cos1sin12.5u22

Experiment with composition to see what other interesting graphs you can produce.
If we start with the three-leaf or four-leaf rose and add to it we can get some 

interesting pictures. Try the following functions:

 r = 4 cos13u2 + sin155u2
 r = 4 cos12u2 + sin1u2
 r = 2 cos13u2 + 8 cos12u2

6.6

Figure 6.34

Fun with Polar and Parametric Equations
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 6.6 Fun with Polar and Parametric Equations 359

Figure 6.37 shows r = 5 cos13u2 + cos1111u2 and r = 7 + sin1888u2. Figure 6.38 
shows r = 2 - 4 cos12u2>12 sin18u22 along with some circles.

Figure 6.37 Figure 6.38

Be creative and try different combinations of the trigonometric functions. There 
are no wrong answers here. Just experiment.

Experimenting with Parametric Equations
Parametric equations can be used to draw line segments, portions of circles, and many 
other graphs. Here we will use parametric equations to graph polar functions and see 
what we get.

Recall that we can graph the polar equation r = f1u2 parametrically by using 
x = cos1u2f1u2 and y = sin1u2f1u2. So to graph the limaçon r = 2 - 4 cos1u2, we 
graph x = cos1t212 - 4 cos1t22 and y = sin1t212 - 4 cos1t22 for t ranging from 
0 to 2p. Set your calculator to parametric mode and try it. You should see the well-
known limaçon shown in Fig. 6.39.

Now try modifying the limaçon. Change the sine to cosine, t to 2t, or whatever you 
like. Figure 6.40 shows x = cos1t212 - 8 cos14t22 and y = sin1t212 - 4 cos12t22. 
Figure 6.41 shows x = t cos1t2 and y = sin1t212 - 4 cos12t22 with t ranging from 
-25 to 25. Remember to vary the t step and the range of values for t to see what 
you get. Just experiment and have fun. You could design your own t shirt with your 
unique graph.

Figure 6.40 Figure 6.41

Shooting Baskets with Parametric Equations
With x and y in feet and t in seconds, the parametric equations for the path of a pro-
jectile are

x = v01cos u2t and y = -16t2 + v01sin u2t + h0

where u is the angle of inclination in degrees, v0 is the initial velocity in feet per second, 
and h0 is the initial height in feet. With these equations and a graphing calculator you 
can illustrate the flight of a basketball.

To enter these equations into a graphing calculator, first set the MODE as in 
Fig. 6.42. We will throw the ball from the location 10, 62 to a basket at 120, 102. To 
get these locations to appear on the screen, we use STAT PLOT. Use STAT EDIT to 

Figure 6.39
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360 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

–2

5

10

15

20

25

Figure 6.48

enter these ordered pairs in L1 and L2 as shown in Fig. 6.43. Then use STAT PLOT 
to turn on the feature that plots a square mark at these locations, as in Fig. 6.44.

Figure 6.42 Figure 6.43 Figure 6.44

Using A for the initial velocity, B for the angle of inclination of the throw, and 
h0 = 6 feet, enter the parametric equations using Y = as in Fig. 6.45. To get the 
“ball,” move the cursor to the left of X1T and press enter until a small circle appears to 
the left of X1T. Set the window so that the time T ranges from 0 to 2 seconds in steps 
of 0.1 second, as in Fig. 6.46. Set the window so that -2 … x … 25 and 0 … y … 20. 
Press QUIT to enter the initial values for A and B on the home screen using the STO 
button as in Fig. 6.47. Our first guess is A = 25 ft>sec and B = 60°.

Figure 6.45 Figure 6.46 Figure 6.47

Now press GRAPH to see the ball tossed toward the basket. After the toss, the path 
of the ball will appear as in Fig. 6.48.

With the initial velocity of 25 feet per second and the angle 60°, the ball falls 
short of the basket as seen in Fig. 6.48. Enter a new angle and velocity on the home 
screen until you find a combination for which the path of the ball goes through the 
basket at 120, 102.

The $100 Prize
It is difficult for any author to write a section in a mathematics text with no exercises. So 
here is one. Find the equation(s) that produce the graph shown in Fig. 6.49. The first stu-
dent to send me the equation(s) along with any other pertinent information needed to pro-
duce Fig. 6.49 will receive a $100 prize. Send your entry to me at bookinit@charter.net.Figure 6.49

Highlights
6.1 Complex Numbers

Standard Form Numbers of the form a + bi where a and b are real 
numbers, i = 2-1, and i2 = -1

2 + 3i, -p + i22, 6, 0, 12 i

Add, Subtract, Multiply Add, subtract, and multiply like binomials with  
variable i, using i2 = -1 to simplify.

13 - 2i214 + 5i2 
= 12 + 7i - 10i2  
= 22 + 7i
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 Chapter 6 Highlights 361

Divide Divide by multiplying the numerator and  
denominator by the complex conjugate of the 
denominator.

6>11 + i2 =
611 - i2

11 + i211 - i2 = 3 - 3i

Square Roots of  
Negative Numbers

Square roots of negative numbers must be  
converted to standard form using 2-b = i2b for 
b 7 0 before doing computations.

2-4 # 2-9 =  2i # 3i = -6

6.2 Trigonometric Form of Complex Numbers
Absolute Value 0 a + bi 0 = 2a2 + b2 0 2 + 3i 0 = 213

Trigonometric Form z = a + bi = r1cos u + i sin u2, where

a = r cos u, b = r sin u, r = 2a2 + b2, and u is 
an angle in standard position whose terminal side 
contains 1a, b2

 z = 23 + i

 = 2 Acos p6 + i sin p6 B

Multiplying and  
Dividing

z1 = r11cos u1 + i sin u12
z2 = r21cos u2 + i sin u22
z1z2 = r1r23cos1u1 + u22 + i sin1u1 + u224
z1
z2

= r1
r2
3cos1u1 - u22 + i sin1u1 - u224

z1 = 8 Acos p3 + i sin p3 B
z2 = 2 Acos p6 + i sin p6 B
z1z2 = 16 Acos p2 + i sin p2 B
z1
z2

= 4 Acos p6 + i sin p6 B

6.4 Polar Equations

Polar Coordinates If r 7 0, then 1r, u2 is r units from the origin  
on the terminal side of u in standard position.
If r 6 0, then 1r, u2 is 0 r 0  units from the origin  
on the extension of the terminal side of u.

12, p>42

1-2, 5p>42

Converting Polar to rectangular: x = r cos u, y = r sin u

Rectangular to polar: r = 2x2 + y2 and the  
terminal side of u contains 1x, y2.

Polar: 12, p>42
Rectangular: A22, 22 B

6.5
Parametric Equations x = f1t2 and y = g1t2 where t is a parameter in 

some interval of real numbers
x = 2t, y = t2  
for t in 30, 54

Converting to Rectangular Eliminate the parameter. y = 1x>222  
for x in 30, 104

Parametric Equations

6.3
De Moivre’s Theorem If z = r1cos u + i sin u2 and n is a positive integer, 

then zn = rn1cos nu + i sin nu2.
z = 2 Acos p6 + i sin p6 B
z3 = 8 Acos p2 + i sin p2 B

Roots The n distinct nth roots of r1cos u + i sin u2 are  

r1>n ccos Au + 2kp
n B + i sin Au + 2kp

n Bd   

for k = 0, 1, 2,c, n - 1.

Square roots of z:22 Acos p12 + i sin p12 B22 Acos 13p
12 + i sin 13p

12 B

De Moivre’s Theorem, Powers, and Roots

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



362 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

6.6 Fun with Polar and Parametric Equations

Polar Equations Modify common polar equations to see new graphs. r = 0.5u + tan125u2
Parametric Equations Modify common parametric equations to see new 

graphs.
x = 2t cos1t2
y = sin1t211 - 8 cos12t22

Chapter 
Write each expression in the form a + bi where a and b are real 
numbers.

 1. 13 - 7i2 + 1-4 + 6i2  2. 1-6 - 3i2 - 13 - 2i2

 3. 14 - 5i22  4. 7 - i12 - 3i22

 5. 11 - 3i212 - 6i2  6. 10.3 + 2i210.3 - 2i2

 7. 12 - 3i2 , i  8. 1-2 + 4i2 , 1- i2

 9. 
1 + i

2 - 3i
  10. 

3 - i

4 - 3i

 11. 
6 + 2-8

2
  12. 

-2 - 2-18

2

 13. i34 + i9  14. i55 - i6

Find the absolute value of each complex number.

 15. 3 - 5i  16. 3.6 + 4.8i

 17. 25 + i23  18. -222 + 3i25

Write each complex number in trigonometric form using degree 
measure for the argument.

 19. -4.2 + 4.2i  20. 3 - i23

 21. -2.3 - 7.2i  22. 4 + 9.2i

Write each complex number in the form a + bi.

 23. 231cos 150° + i sin 150°2
 24. 221cos 225° + i sin 225°2
 25. 6.51cos 33.1° + i sin 33.1°2
 26. 14.91cos 289.4° + i sin 289.4°2
Find the product and quotient of each pair of complex numbers, 
using trigonometric form. Write your answers in a + bi form.

 27. z1 = 2.5 + 2.5i, z2 = -3 - 3i

 28. z1 = -23 + i, z2 = -2 - 2i23

 29. z1 = 2 + i, z2 = 3 - 2i  30. z1 = -3 + i, z2 = 2 - i

Use De Moivre’s theorem to simplify each expression. Write the 
answer in the form a + bi.

 31. 321cos 45° + i sin 45°243

 32. 3231cos 210° + i sin 210°244

 33. 14 + 4i23  34. A1 - i23 B4

Find the indicated roots. Express answers in the form a + bi.

 35. The square roots of i  36. The cube roots of - i

 37. The cube roots of 23 + i  38. The square roots of 3 + 3i

 39. The cube roots of 2 + i  40. The cube roots of 3 - i

 41. The fourth roots of 625i  42. The fourth roots of -625i

Convert the polar coordinates of each point to rectangular 
coordinates.

 43. 15, 60°2  44. 1-4, 30°2
 45. A23, 100° B  46. A25, 230° B
Convert the rectangular coordinates of each point to polar coordi-
nates. Use radians for u.

 47. A-2, -223 B  48. A-322, 322 B
 49. 12, -32  50. 1-4, -52
Sketch the graph of each polar equation.

 51. r = -2 sin u  52. r = 5 sin 3u

 53. r = 2 cos 2u  54. r = 1.1 - cos u

 55. r = 500 + cos u  56. r = 500

 57. r =
1

sin u
 58. r =

-2

cos u

For each polar equation, write an equivalent rectangular equation.

 59. r =
1

sin u + cos u
 60. r = -6 cos u

 61. r = -5  62. r =
1

1 + sin u

Review Exercises6 
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 Chapter 6 Test 363

For each rectangular equation, write an equivalent polar equation.

 63. y = 3

 64. x2 + 1 y + 122 = 1

 65. x2 + y2 = 49  66. 2x + 3y = 6

Sketch the graph of each pair of parametric equations.

 67. x = 3t, y = 3 - t, for t in 10, 12
 68. x = t - 3, y = t2, for t in 1-∞, ∞2
 69. x = -sin t, y = -cos t, for t in 30, p>24
 70. x = -cos t, y = sin t, for t in 30, p4

OUTSIDE THE BOX

 71. Laying Pipe A circular pipe with radius 1 is placed in a 
V-shaped trench whose sides form an angle of u radians. In 
the cross section shown in the accompanying figure, the pipe 
touches the sides of the trench at points A and B.

a. Find the area inside the circle and below the line segment AB 
in terms of u (the blue area).

b. Find the area below the circle and inside the trench in terms 
of u (the red area).

c. If u is nearly equal to p, then the blue area and the red area are 
both very small. If u is equal to p, then both areas are zero. As 
u approaches p there is a limit to the ratio of the blue area to 
the red area. Use a calculator to determine this limit. 

A B

u

Figure for Exercise 71

 72. Square Roots Solve the equation 310 + 42x - 310 - 42x = 4.

Chapter 
Perform the indicated operations with the complex numbers in 
standard form and write the answer in standard form a + bi, 
where a and b are real.

 1. 14 - 3i22  2. 
2 - i

3 + i

 3. i6 - i35  4. 2-8 A2-2 + 26 B
Write each complex number in trigonometric form, using degree 
measure for the argument.

 5. 3 + 3i  6. -1 + i23

 7. -4 - 2i

Perform the indicated operations. Write the answer in the form 
a + bi.

 8. 31cos 20° + i sin 20°2 # 21cos 25° + i sin 25°2

 9. 321cos 10° + i sin 10°249  10. 
31cos 63° + i sin 63°2
21cos 18° + i sin 18°2

Give the rectangular coordinates for each of the following points 
in the polar coordinate system.

 11. 15, 30°2

 12. 1-3, -p>42
 13. 133, 217°2
Sketch the graph of each equation in polar coordinates.

 14. r = 5 cos u

 15. r = 3 cos 2u

Sketch the graph of each pair of parametric equations.

 16. x = 2t and y = 4t - 6 for t in 3-1, 34
 17. x = 3 sin t and y = 3 cos t for t in 30, p4
Solve each problem.

 18. Find all of the fourth roots of -81.

 19. Write an equation equivalent to x2 + y2 + 5y = 0 in polar 
coordinates.

 20. Write an equation equivalent to r = 5 sin 2u in rectangular 
coordinates.

 21. Find a pair of parametric equations whose graph is the 
line segment joining the points 1-2, -32 and 14, 52.

Test6 
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364 Chapter 6 Complex Numbers, Polar Coordinates, and Parametric Equations

Chapters P–6

Evaluate each expression without using a calculator.

TYING IT ALL TOGETHER

 1. sin1p>42  2. cos1p>32  3. sin-1 A1>22 B  4. sin-1 A-22>2 B  5. cos-111>22

 6. cos-11-1>22  7. cos1tan-11122  8. sin1tan-11-122  9. sin1cos-113>522  10. tan1sin-11-3>522

Find all solutions to each equation.

 11. sin x = 1  12. cos x = 1  13. sin2 x = 1

 14. cos2 x = 1  15. 2 sin x = 1  16. 2 cos x = 1

 17. 2 sin x cos x = 1  18. sin2 x + cos2 x = 1  19. x sin1p>32 = 1

 20. x sin1p>22 + x cos1p>62 = 1  21. 2 sin 2x - 2 cos x + 2 sin x = 1  22. 4x sin x + 2 sin x - 2x = 1

Sketch the graph of each function using rectangular or polar coordinates as appropriate.

 23. y = sin x  24. y = cos x  25. r = sin u  26. r = cos u  27. r = u

 28. y = x  29. y = p>2  30. r = sin1p>32  31. y = 2sin x  32. y = cos21x2
Fill in the blanks.

 33. __________ gives the area of a triangle in terms of the lengths of the sides only.

 34. A(n) __________ is a directed line segment.

 35. Quantities that are completely characterized by a single real number are called __________ quantities.

 36. The length of a vector is also called its  __________.

 37. The sum of two vectors is called the __________.

 38. The __________ of two vectors is a scalar that is found by multiplying the corresponding components and adding the results.

 39. If the angle between two vectors is 90°, then the vectors are perpendicular or __________.

 40. A number of the form a + bi, where a and b are real numbers, is called a(n) __________.

 41. The numbers a + bi and a - bi are called __________.

 42. __________ theorem gives a formula for finding powers of a complex number in trigonometric form.
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ANSWERS TO EXERCISES

Chapter P
Section P.1
Exercises:

41.  1, ¢22

4
, 
22

4
≤ 47.  

2p2 + 4

2
, ¢3p

4
, 

1

2
≤

48.  
2p2 + 4

2
, ¢p

4
# 1

2
≤

53. 
y

x
–1–2–3–4–5 1 2 3 4 5

5

4

3

2

1

–1
–2

–3

–4

–5

x2 + y2 = 16

54. 
y

x

x2 + y2 = 1 

–1

1

2

–2

–2 –1 1 2

55. 
y

x
–6 –4 –2–8–10–12–14 2

8

6

4

2

–2

–4

–6

–8

(x  + 6)2 + y2 = 36

56. 

x

y

3

2

1

4

5

6

7

–1
4321–1–2–3–4

x2 + (y – 3)2 = 9

57. 

x

y

–2 2

2

–2

–4

–6

4 6

(x – 2)2 + (y + 2)2 = 8

58. 

x

y

–2 2

4

2

–2

–4

–8

–6

864 10

(x – 4)2 + (y + 2)2 = 20

75. 

y = 3x – 4

–2 –1 1 2

2

–2

–4

–6

y

x

76. 

y = 5x – 5

–2 –1 1 2

2

–2

–4

–6

y

x

77. 
y

x
–1–2 42 31

2

–4

–2

–6

–8

y = 3x – 6

78. 

y

x
–1–2 42 31

2

–4

–2

–6

5x  – 2y = 10

79. 

100

80

60

40

20

–20

20 40 60 80 100

x + y = 80

y

x
–20

80. 

20

–20

–40

–60

–80

–100

–120

2x + y = –100

y

x
–60 –40 –20 20

81. 

x = 3y – 90

y

x

60

30

–30

–120 –90 –60 –30 30

82. 

x = 80 – 2y

y
60

40

20

–20

–20 20 40 60 80 100

83. 

x

y
600

–600

–600 600 1200 1800

–1200

–1800

–2400

x –     y = 6001
2

1
3

84. 

x

y
900

600

300

–300

400–400–1200 –800

y –     x = 4002
3

1
2

A-1
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 Answers to Exercises A-2

85. 

x

y

0.0075

0.005

0.0025

–0.0025

–0.005 0.005 0.01

2x + 4y = 0.01

86. 

x

y
0.3

–0.5 0.5 1

–0.3

–0.6

3x  – 5y = 1.5 

87. 
y

x

6

4

2

–2 2 4 6

–2

–4

–6

x = 5

88. 

x

y
4

2

–4

–2
y = –2

–6 –4 –2 2 4 6

89. 

6

4

2

–6 –4 –2 2 4 6

–2

y = 4

y

x

90. 

x

y
6

4

2

–2

–4

–6

x = –3

–4 –2 2 4

91. 

6

4

2

y

x

–2

–4

–6

–6 –4 –2 2

x = –4

92. 

x

y

y = 5

–6 –4 –2 2 4 6

8

6

4

2

–2

93. 
y

x

4

2

–6 –4 –2 2 4 6

–2

–4

y = 1

94. 

x

y

x = 1

6

4

2

–2

–2 2 4 6

–4

–6

95. 
y

x

30

20

10

–10

–20

–30

–30 –20 –10 10 20 30

y = x – 20

96. 

x

y

y = 999x – 100

200

100

–1 –0.5 0.5 1

–100

–200

97. 
y

x

4000

3000

2000

1000

–1000

–4 –2 2 4 6 8

500x + y = 3000

98. 

x

y

200x – 300y = 1

0.01

0.005

–0.01 –0.005 0.005 0.01

–0.01

–0.005

Section P.2
Exercises:
29. 

y

x

3

2

1

–1

–2

–3

–3 –2 –1 1 2 3

y = 2x – 1

30. 
y

x

4

3

2

1

–1

–2

–2 –1 1 2 3 4

y = –x + 3

31. 
y

x

6

4

2

–2 –1 1 2

y = 5

–2

32. 
y

x

1

–1

–2

–3

–4

–5

–3 –2 –1 1 2 3

y = –4

33. 
y

x
–2–4–6–8 2 4 6 8

40

30

20

10

–10

–20

–30

y = x2 – 20

34. 
y

x

150

100

50

–10 –5 5 10

y = x2+ 50
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A-3 Answers to Exercises

35. 
y

x

50

40

30

20

10

–8 –2

–10

–6 –4 2 4 6 8

y = 40 – x2

36. 

y

x

–40

–30

–20

–10

–8 –6 –4 –2 2 4 6 8

10

y = –10 – x2

37. 
y

x
–1–2 21

8

6

4

2

–2

–4

–6

–8

y  = x3

38. 
y

x
–1–2 21

8

6

4

2

–2

–4

–6

–8

y = –x3

39. 
y

x

6

4

2

–10

–2

10 20 30 40

y = √x – 10

40. 

y

x
–10–10

–2

2

4

6

–20–30–40

y = √x + 30

41. 
y

x

y = √x + 30

200 400 600

60

50

40

30

20

10

42. 

y

x

–10

10

–20

–30

–40

–50

–60

1000 2000

y = √x – 50

43. 
y

x
–40 –20–60 604020

10

–20

–10

–30

–40

–50

y = | x | – 40

44. 
y

x

4

2

–2

–2 –1 1 2

y = 2| x |

45. 
y

x

40

20

10 20 30 40 50–10

–20

y = | x – 20 |

46. 
y

x

40

20

–20

2020–40–60–80

y = | x + 30 |

69. 
C

B
5 10 15 20

–1

3

2

1

C = 2B

 √28503

Section P.3
Exercises:

11. 
y

4

2

–2 2 4 6 8

–2

–4

f (x) = √x

g(x) = – √x

x

12. 
y

x

8

6

4

2

–2

–4

–6

–8

–4 –2 2 4

f (x) = x2 + 1

g (x) = –x2 – 1

13. 

–4 –2 2 4

4

2

–2

–4

y

x

y = x

y = –x

14. 
y

x

4

4

2

2

–2

–2

–4

–4

y  = √4 – x2

y  = –√4 – x2
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 Answers to Exercises A-4

15. 

–2

–4

–6 –4 –2 2 4 6

8

6

4

2

g(x) = | x | – 4 

f (x) = | x | 

y

x

16. 

–2

–2 2 4

6

4

2

y

x

g (x) = √x+3  

f (x) = √x

17. 

x

y

8

6

4

2

–4 –2 2 4

–2

–4

g(x) = x + 3

f (x) = x

18. 

–4 –2 2 4

16
14
12
10
8
6
4
2

–2
–4
–6

y

x

f (x) = x2

g (x) = x2 –  5

19. 

y = (x _ 3)2

y = x2

x

y
12

10

8

6

4

2

–4 –2 2 4 6 8
–2

20. 

4

4

2

–2

2–2–4–6

y = | x |

y = | x + 2 |

y

x

21. 
y

x

8

6

4

2

–3 –2 –1 1 2
–2

–4

–6

–8

g(x) = (x + 1)3 f(x) = x3

22. 

–1

1

2

2 4 6 8 10 12

3
y

x

f(x) = √x

g(x) = √x – 3 

23. 

x
–2 2

–2

4

8

6

4

2

y

y = 3√x 

y = √x 

24. 

–2

–2

–6

–4

–6 –4 –2 2 4 6

y = | x |

y

x

y =     | x | 1
3

25. 

y = x2

y
16

14

12

10

8

6

4

2

–4 –2
–2

2 4
x

y =    x21
4

26. 

10

8

6

4

2

–2

–4

–6

–3 –2 –1 1 2 3

y

x

y  = x2

y  = 4 – x2

41. 

x

y
4

2

–1 1 2 3 4 5

y = √x – 1 + 2

–2

42. 

–4

–2

2

–5 5 10 15

y

x

y = √x + 5 – 4

43. 
y

x

6

4

2

–2

–2 2 4

y = | x – 1 | + 3 

44. 

–10 –8 –6

–6

–4

–4

–2

–2

2

2

4

y

x

y = | x + 3 | – 4 

45. 
y

x
–20 –10 10 20

20

–20

–40

–60

y = 3x – 40

46. 

400

200

–200

–50 50 100

y

x

y = –4x + 200

47. 
y

x

20

–20

–40

–20 20 40 60

y =   x – 201
2

48. 

60

40

20

–20

–40 40 80 120

y

x

y =   x + 401
2
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49. 
y

x

60

40

20

–20

–120 –80 –40 40 80 120

y = –    *x) + 40 1
2

50. 
y

x

100

–100

–200

–300

10050–50–100

y = 3*x* – 200 

51. 
y

x
–12 –10 –8 –6 –4 –2 2 4

–2

–4

y = –    | x + 4 | 1
2

2

52. 

x

y
8

6

6

4

4

2

2

–2

–2

y = 3| x – 2|

53. 

2

–2

–4

–6

–8

–10

–2 2 4 6 8
x

y

y = –(x – 3)2 + 1

54. 

x

y

–6 –4 –2 2

2

–2

–4

–6

–8

–10

y = –(x + 2)2 – 4

55. 

x

y

y = –2(x + 3)2 – 4

–6 –4 –2
–4

–8

–12

–16

–20

–24

2

56. 

x

y
2

–2

–4

–6

–1–2–3 1

y = 3(x + 1)2 – 5

57. 

x

y

y = –2√x + 3 + 2

2

–2

–4

–3 –2 –1 1 2

58. 

x

y

–2

–2

2

2 4 6 8 10 12 14 16 18 20

4

6

y = –    √x + 2 + 41
2

Section P.4
Exercises:

36.  ƒ -1(x) =
x2 + 1

3
 for x Ú 0

53. 

x

y

f (x) = 3x + 2

–4 –2 2 4

4

2

–2

–4

f  –1(x) = x – 2
3

54. 

x

y

2

2

2

–4

–6

–8

–10

–2–6–10 –8 –4

f  –1(x) =  –x – 8

f (x) =  –x – 8

55. 
y

x
–2–4–6 2 4 6

6

4

2

–4

–2

–6

f –1(x) = √x + 4

f (x) = x2 – 4,
x $ 0

56. 

f –1(x) = √1 – x

x

y
2

2

1

1

–2

–2

–1

–1

f  (x) =  1 – x2,
x ≥ 0  

57. 
y

x

f (x) = x3

–1

–2

–2 –1 1 2

2

1

f –1(x) = √x
3

58. 

x

y

–2

–1

1

2

21–1–2

f (x) = –x3

f –1(x) = – √x
3

59. 
y

x

f –1(x) = (x + 3)2, 
x $ – 3

12

10

8

6

4

2

–2

–4

–4 –2  2  4  6  8  10  12

f (x) = √x – 3

60. 

x

y

–2

–2

2

2

4

4

6

6

8

8

f –1(x) = x2 + 3,
x ≥ 0  

f (x) = √x – 3

A-5 Answers to Exercises
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Chapter P Review Exercises

13. 
y

x

x2 + y2 = 9 
4

3

2

1

–1

–2

–3

–4

–4 –3 –2 –1 1 2 3 4

14. 
y

x

x2 + y2 = 25 

6

4

2

4 62
–2

–2

–4

–4

–6

–6

15. 
y

x

x2 + (y – 1)2 = 1 

3

2

1

–1

–2 –1 1 2

16. 

(x – 2)2 + (y + 1)2 = 1

y

x

2

1

1 2 3

–1

–1

–2

17. 
y

x

 2x – 5y = 20

2

–2

–4

–6

–2 2 4 6 8 10 12

18. 
y

x

y = 2x – 50

20

–20

–40

–60

302010–10

19. 
y

x = 5

x

4

3

2

1

–1

–2

–3

–4

–1 1 2 3 4 6

20. 
y

x

y = 3

–1 1

1

2

2

3

3

4

–1

–2–3

21. 

y = x – 4

x

y
2

–2

–4

–6

–2 2 4 6

22. 

y = –x  + 4

y

x
2

2

–2

4

6

–2 4 6

23. 

y = 4

y

x

6

4

2

–4 –2 2 4

–2

24. 
y

y = – 2

x
42

2

–2

–4

–2–4

25. 

y = x2 – 3

y

x

4

3

2

1

–3 –2 –1 1 2 3
–1

–2

–3

–4

26. 

y = 6 – x2 

y

x
–3 –2 –1 1

1

2

3

4

5

6

7

2 3–1

–2

27. 

y = x3 – 1

–2 –1
–2

–4

–6

–8

–10

1 2
x

8

6

4

2

y
28. 

y = –x3 + 1

–2 –1 1 2
x

6

4

2

–2

–4

y

29. 

x

y

3

2

1

–2

–1

2 4 6 8

y = √x – 1

30. 

x

–2

–2 2 4 6–4

2

4

y

y = √x + 3

 Answers to Exercises A-6
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31. 

x

y
4

2

–2

–4

–6

–6 –4 –2 2 4 6

f (x) = | x | – 4

32. 

x

y
4

2

–2

2–2

f (x) = 3 | x |

47. 

x

y
8

6

4

2

–4

–2

–2 2 6 84

g(x) = 2√x + 3

f (x) = √ x

48. 

x

y
4

2

–2

–2

–1 1 3 42

f(x) = √x 

g(x) = –2√x + 3 

49. 

g(x) = –2| x + 2 | + 4 

f (x) = | x | 

–6 –4 –2

–2

2 4 6

6

4

2

8

y

x

50. 

g(x) = | x – 1 | – 3 

f (x) = | x | 

–4 –2 2 4 6

4

2

–2

–4

y

x

51. 

–2

–2 2 4

4

2

y

x

f (x) = x2

g(x) = (x  – 2)2 + 1

52. 

g(x) = –2x2 + 4

f (x) =  x2
 

6

4

2

2

–2

–2

y

x

64.  y = -  

1

2
� x � + 2, (-∞, ∞), (-∞, 2]

75. 
y

x
2 4 6

–2

–4

–4 –2

6

4

2 f (x) = √x + 3

g (x) = x2 – 3, x $ 0

76. 
y

x

6

6

4

4

2

2

–2

–2

g(x) = 
3
√x + 2

f(x) = (x – 2)3

77. 
y

x

6

4

2

–6 –4 –2
–2

–4

–6

2 4 6

g (x) =    x + 21
2

f (x) = 2x – 4

78. 
y

x

10

8

6

–2 2 4

2

–2

4

6 8 10

f (x) = –    x + 41
2

g (x) = –2x + 8

Chapter P Test
4. 

y

x

4

2

–2

–2

–4

2 4

y = 2x – 3

5. 

4

2

y

–2

–5 5 10 15

f (x) = √x – 5

x

6. 
y

x

2

1

–1

–2

–3

–4

–5

–3 –2 –1 1 2 3

y = 2| x | – 4 

7. 

6

4

2

–1

–2

1 2 3 4 5
x

y

f (x) = –(x – 2)2 + 5

A-7 Answers to Exercises
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Chapter 1
Section 1.2
Exercises:
5. 30° = p>6, 45° = p>4, 60° = p>3, 90° = p>2, 
120° = 2p>3, 135° = 3p>4, 150° = 5p>6, 180° = p, 210° = 7p>6, 
225° = 5p>4, 240° = 4p>3, 270° = 3p>2, 300° = 5p>3, 
315° = 7p>4, 330° = 11p>6, 360° = 2p

6. -30° = -p>6, -45° = -p>4, -60° = -p>3, -90° = -p>2, 
-120° = -2p>3, -135° = -3p>4, -150° = -5p>6, 
-180° = -p, -210° = -7p>6, -225° = -5p>4, -240° = -4p>3, 
-270° = -3p>2, -300° = -5p>3, -315° = -7p>4, 
-330° = -11p>6, -360° = -2p

109. b. V =
p(360 - a)2 2720a - a2

2,187,000

Section 1.4
Exercises:

5. 
225

5
, 
25

5
, 2, 
25

2
, 25, 

1

2
6. -  

225

5
, -  
25

5
, 2, -  

25

2
, -25, 

1

2

7. 1, 0, undefined, 1, undefined, 0 8. 0, 1, 0, undefined, 1, undefined

9. 
22

2
, 
22

2
, 1, 22, 22, 1 10. -  

22

2
, 
22

2
, -1, -22, 22, -1

11. 
22

2
, -  
22

2
, -1, 22, -22, -1 12. -  

22

2
, 
22

2
, -1, -22, 22, -1

13. -  
3213

13
, -  

2213

13
, 

3

2
, -  
213

3
, -  
213

2
, 

2

3

14. 
225

5
, -  
25

5
, -2, 

25

2
, -25, -  

1

2

Section 1.5
Exercises:
31. sin a = 2213>13, cos a = 3213>13, tan a = 2>3, csc a = 213>2, 
sec a = 213>3, cot a = 3>2
32. sin a = 1>5, cos a = 226>5, tan a = 26>12, csc a = 5, 

sec a = 526>12, cot a = 226

33. 25>5, 225>5, 1>2, 225>5, 25>5, 2

34. 7258>58, 3258>58, 7>3, 3258>58, 7258>58, 3>7
35. 3234>34, 5234>34, 3>5, 5234>34, 3234>34, 5>3
36. 2213>13, 3213>13, 2>3, 3213>13, 2213>13, 3>2
37. 4>5, 3>5, 4>3, 3>5, 4>5, 3>4
38. 202481>481, 92481>481, 20>9, 92481>481, 202481>481, 9>20

Section 1.6
Exercises:

35. 
22

2
, -  
22

2
, -1, 22, -22, -1 36. 

23

2
, -  

1

2
, -23, 

223

3
, -2, -  

23

3

37. -  
23

2
, -  

1

2
, 23, -  

223

3
, -2, 

23

3
38. -  

1

2
, -  
23

2
, 
23

3
, -2, -  

223

3
, 23

39. -  
23

2
, 

1

2
, -23, -  

223

3
, 2, -  

23

3
40. -  

22

2
, 
22

2
, -1, -22, 22, -1

41. -  
22

2
, -  
22

2
, 1, -22, -22, 1 42. -  

23

2
, -  

1

2
, 23, -  

223

3
, -2, 

23

3

43. 
22

2
, -  
22

2
, -1, 22, -22, -1 44. -  

23

2
, 

1

2
, -23, -  

223

3
, 2, -  

23

3

Chapter 2
Section 2.1
Exercises:

64. 1p>3, 02, 15p>6, 32, 14p>3, 02, 111p>6, -32
66. 1-p>8, 02, 1p>8, 22, 13p>8, 02, 15p>8, -22
73. 1, 0, 3-1, 14 ; points:  
10, 02, 1p>2, -12, 1p, 02, 
13p>2, 12,12p, 02

y

x

y = –sin x

2

1

–1

–2

2
3p
2

2pp p

74. 1, 0, [-1, 1]; points: 
10, -12, 1p>2, 02, 1p, 12, 
13p>2, 02, 12p, -12

y

x

y = –cos x

2

1

–1

–2

2
3p
2

2ppp

75. 3, 0, 3-3, 34 ; points: 10, 02, 
1p>2, -32, 1p, 02, 13p>2, 32, 
12p, 02

y

x

3

2

1

–1

–2

–3

y = –3 sin x

2
3p
2

2pp p

76. 4, 0, [-4, 4]; points: 10, 02, 
1p>2, 42, 1p, 02, 13p>2, -42, 
12p, 02

y

x

y = 4 sin x
4

3

2

1

–1

–2

–3

–4

2
3p
2

2pp p

64. If a terminates on or to the right of the y-axis, then 
cos(a) = 21 - sin2(a). If a terminates to the left of the y-axis, then 

cos(a) = -21 - sin2(a).

Chapter 1  Review Exercises
21. and 22.

u deg 0 30 45 60 90 120 135 150 180

u rad 0
p

6

p

4
p

3

p

2
2p

3
3p

4
5p

6
p

sin u 0
1

2
22

2
23

2
1 23

2

22

2

1

2
0

cos u 1 23

2

22

2

1

2
0 -  

1

2
-  
22

2
-  
23

2
-1

69. 5>13, 12>13, 5>12, 13>5, 13>12, 12>5
70. 3213>13, 2213>13, 3>2, 213>3, 213>2, 2>3
Chapter 1  Test
19. sin a = -2229>29, cos a = 5229>29, tan a = -2>5, 

csc a = -229>2, sec a = 229>5, cot a = -5>2
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77. 1>2, 0, 3-1>2, 1>24 ; points: 
10, 1>22, 1p>2, 02, 1p, -1>22, 
13p>2, 02, 12p, 1>22

y

x

y =    cos x1
2

1

0.5

–0.5

–1

2
3p
2

2pp p

78. 1>3, 0, [-1>3, 1>3]; points: 
10, 1>32, 1p>2, 02, 1p, -1>32, 
13p>2, 02, 12p, 1>32

y

x

y =    cos x1
3

1

–1

2
3p
2

2pp p

79. 1, -p, 3-1, 14 ; points: 
1-p, 02, 1-p>2, 12, 10, 02, 
1p>2, -12, 1p, 02

y

x
–p   

2

1

–1

–2

–
2 2

y = sin(x + p)

p p p

80. 1, p, [-1, 1]; points: 
1p, 12, 13p>2, 02, 12p, -12, 
15p>2, 02, 13p, 12

y

x

y = cos(x – p)

2

1

–1

–2

3p2pp

81. 1, p>3, 3-1, 14 ; points: 
1p>3, 12, 15p>6, 02, 14p>3, -12, 
111p>6, 02, 17p>3, 12

y

x

2

1

–1

–2

y = cos  Qx –    R

3
7p
3

4p
3

3
p

p

82. 1, -p>4, [-1, 1]; points: 
1-p>4, 12, 1p>4, 02, 13p>4, -12, 
15p>4, 02, 17p>4, 12

y

x

2

1

–1

–2

–

y = cosQx +   R

4
3p
4

7p
4

4
p

p

83. 1, 0, [1, 3]; points: 10, 32,  
1p>2, 22, 1p, 12, 13p>2, 22, 12p, 32

y

x

f (x) = cos(x) + 2

3

2

1

–1

2
3p
2

2pp p

84. 1, 0, [-4, -2]; points: 10, -22,
1p>2, -32, 1p, -42, 13p>2, -32, 
12p, -22

y

x

f(x) = cos(x) – 3

–1

–2

–3

–4

1

2
3p
2

2pp p

85. 1, 0, 3-2, 04 ; points: 10, -12,  
1p>2, -22, 1p, -12, 13p>2, 02, 
12p, -12

y

x

y = –sin(x) – 1

–2

–1

–3

1

2
3p
2

2ppp

86. 1, 0, [1, 3]; points: 10, 22,  
1p>2, 12, 1p, 22, 13p>2, 32, 12p, 22

y

x

y = –sin(x) + 2

3

2

1

2
3p
2

2ppp

87. 1, -p>4, [1, 3]; points: 
1-p>4, 22, 1p>4, 32, 13p>4, 22, 
15p>4, 12, 17p>4, 22

y

x

y = sin Qx +   R + 2

3

2

1

–
4

3p
4

5p
4

7p
44

p
4

pp

88. 1, p>2, [-3, -1]; points:  
1p>2, -22, 1p, -12, 13p>2, -22,  
12p, -32, 15p>2, -22

y

x

–1

–2

–3

1 y = sinQx –    R – 2

2
3  
2

2p  5  
2

2
p

pp p p

89. 2, -p>6, 3-1, 34 ; points: 
1-p>6, 32, 1p>3, 12, 15p>6, -12, 
14p>3, 12, 111p>6, 32

y

x

2

1

–1

– 4p
3

11p
6 6 3

5p
6

p p

y = 2 cos Qx +   R + 1p
6

90. 3, -2p>3, [-5, 1]; points: 
1-2p>3, 12, 1-p>6, -22, 1p>3, -52,  
15p>6, -22, 14p>3, 12

y

x

1

–1

–2

–3

–4

–5

– –

y = 3 cosQx +     R – 2

3
4p
36

2p
3

5p
6

2p
3

p p

91. 2, p>3, 3-1, 34 ; points: 
1p>3, 12, 15p>6, -12, 14p>3, 12, 
111p>6, 32, 17p>3, 12

y

x

3

2

1

–1

–2

5p
6

11p
6 3

7p
3

4p
3

p

f (x) = –2 sin  Qx –    R + 1p
3

92. 3, -p>3, [-4, 2]; points: 
1-p>3, -42, 1p>6, -12, 12p>3, 22, 
17p>6, -12, 15p>3, -42

y

x

2

1

–1

–2

–3

–4

–

f (x) = –3 cosQx +    R – 1

3
2p
36

7p
6

5p
3

3

pp

p
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27. 6, 0, 3-1, 14 ; points: 10, 02,
11.5, 12, 13, 02, 14.5, -12,16, 0 2 

y

x

2

1

–1

–2

4.51.5 63

y = sinQ    xR3
p

28. 8, 0, [-1, 1]; points: 10, 02,
12, 12, 14, 02, 16, -12, 18, 02

y

x

2

1

–1

–2

62 84

y = sinQ    xR4
p

29. p, p>2, 3-1, 14 ; points: 
1p>2, 02, 13p>4, 12, 1p, 02, 
15p>4, -12, 13p>2, 02

y

x

2

1

–1

–2

f (x) = sin S2Qx –   RT

2
3p
2

5p
44

3p
4

2
p

p pp

30. 2p>3, -p>3, [-1, 1]; points: 
1-p>3, 02, 1-p>6, 12, 10, 02, 
1p>6, -12, 1p>3, 02

y

x

2

1

–1

–2

– –

f (x) = sin S3Qx +   RT

3 6 36

3
p

p p p p

31. 4, -3, 3-1, 14 ; points: 1-3, 02,
1-2, 12, 1-1, 02, 10, -12, 11, 02

f (x) = sinQ    x +    R
y

x

2

1

–1

–2

1–3 –2 –1

2
3  
2

p p

32. 6, 1, [-1, 1]; points: 11, 12, 
12.5, 02, 14, -12, 15.5, 02, 17, 12

f (x) = cosQ   x –    R

y

x

2

1

–1

–2

654321 7

3 3
p p

33. p, -p>6, 3-1, 34 ; points:  
1-p>6, 32, 1p>12, 12, 1p>3, -12, 
17p>12, 12, 15p>6, 32

y

x

–1

3

2

1

y = 2 cos S2Qx +   RT  + 1

3
2p
3

–
6 26

5p
6

6
p

pppp

34. p>2, p>2, [-4, 2]; points: 
1p>2, 22, 15p>8, -12, 13p>4, -42, 
17p>8, -12, 1p, 22

y

x

2

1

–1

–2

–3

–4

y = 3 cos S4Qx –   RT  – 1
2

24
3p
4

p p p

p

Section 2.2
Exercises:

19. 2p>3, 0, 3-1, 14 ; points: 10, 02, 
1p>6, 12, 1p>3, 02, 1p>2, -12, 
 12p>3, 02

y

x

2

1

–1

–2 

y = sin(3x)

2
2p
36 3

ppp

20. 6p, 0, [-1, 1]; points: 10, 12, 
13p>2, 02, 13p, -12, 19p>2, 02, 
16p, 12

y

x

–1

–2 

2

1

y = cosQ  Rx
3

3p
2

3p  9p
2

6p 

21. p, 0, 3-1, 14 ; points: 10, 02, 
1p>4, -12, 1p>2, 02, 13p>4, 12, 
1p, 02

y

x

–1

–2 

y = – sin(2 x)

2

1

2
3p
44

p p p

22. 2p>3, 0, [-1, 1]; points: 
10, -12, 1p>6, 02, 1p>3, 12, 
1p>2, 02, 12p>3, -12

y

x

–1

–2 

y = – cos(3x)

2

1

3
2p
326

p p p

23. p>2, 0, [1, 3]; points: 10, 32, 
1p>8, 22, 1p>4, 12, 13p>8, 22, 
1p>2, 32

y

x

–1 

y = cos(4x) + 2

3

2

1

2
3p
88 4

p p p

24. 2p>3, 0, [-2, 0]; points: 
10, -12, 1p>6, 02, 1p>3, -12, 
1p>2, -22, 12p>3, -12

y

x

–1

–2

y = sin(3x) – 1

1

2
2p
36 3

ppp

25. 8p, 0, [1, 3]; points: 10, 22, 
12p, 12, 14p, 22, 16p, 32, 18p, 22

y = 2 – sinQ R

y

x

3

2

1
x
4

2p  4p  6p  8p  

26. 10p, 0, [2, 4]; points: 
10, 22, 15p>2, 32, 15p, 42, 
115p>2, 32, 110p, 22

y = 3 – cosQ  R

y
4

3

2

1

–1

x
5

15p
2 

5p  5p
2

10p  
x
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35. 2p>3, p>6, 3-3>2, -1>24 ; 
points: 1p>6, -12, 1p>3, -3>22,  
1p>2, -12, 12p>3, -1>22, 
15p>6, -12

x

y
1

0.5

–0.5

–1

–1.5

–2 y = –    sin S3Qx –   RT  – 11
2

6
2p
3

5p
6

6

3 2

p

ppp

36. p>2, -p>4, [1>2, 3>2]; points: 
1-p>4, 12, 1-p>8, 1>22, 10, 12, 
1p>8, 3>22, 1p>4, 12,

x

y
2

1.5

1

0.5

–0.5

–1

y = –    sin S4Qx +   RT  + 11
2 4

–
4

–
8 8 4

p p p p

p

57. 

t

x

x = 3 sin(2t)

3

2

1

–1

–2

–3

2
3p
2

2pp p

58. 

x

x = –    sin(p t)

t
4321

2

1

–1

–2

4
p

66. Actual periods (days) and amplitudes (miles): Callisto 16.689, 
1,170,000; Ganymede 7.155, 666,000; Europa 3.551, 417,000; and Io 
1.769, 262,000.

Section 2.3
Exercises:

37. 2 p, x = p>2 + k p, 
1-∞, -24 ∪ 32, ∞2

y

x

–1

–2

–3

–4

y = 2 secx

4

3

2

1

2
3p
2

2pp p

38. 2p, x = p>2 + kp, 
1-∞, -1>2] ∪ [1>2, ∞2

y

x

–1

–2

3

2

1
y =     secx1

2

2
3p
2

2pp p

39. 2 p>3, x = p>6 + k  p>3, 
1-∞, -14 ∪ 31, ∞2

y

x
y = sec(3x)

3

2

1

–1

–2

–3

3
2p
326

p p p

40. p>2, x = p>8 + kp>4, 
1-∞, -1] ∪ [1, ∞2

y

x

y = sec(4x)

3

2

1

–1

–2

–3

2
3p
848

ppp

41. 2p, x = p>4 + k p, 
1-∞, -14 ∪ 31, ∞2

y

x

3

2

–1

–2

–3

y = secQx +   R
4

5p
44

3p
4

7p
44

–

p

p p

42. 2p, x = 2p>3 + kp, 
1-∞, -1] ∪ [1, ∞2

y = secQx –   R

y

x

3

2

1

–1

–2

–3

6
2p
3

13p
6 

6

7p
6

5p
3

p

p

43. 4p, x = p + 2k p, 
1-∞, -14 ∪ 31, ∞2

y

x

4

3

2

1

–1

–2

–3

–4

y = secQ  Rx
2

2p 3p 4pp

44. 6p, x = 3p>2 + 3kp, 
1-∞, -1] ∪ [1, ∞2

y

x

3

2

1

–1

–2

–3

x
3

y = secQ  R

9p
2

3p 6p3p
2

45. 2, x = 1>2 + k, 
1-∞, -24 ∪ 32, ∞2

y

x
–1
–2
–3
–4
–5
–6

y = 2 sec(px)
6
5
4
3
2
1

0.5 1.51 2

46. 4, x = 2k + 1 
1-∞, -34 ∪ 33, ∞2

y

x
–1
–2
–3
–4
–5
–6

6
5
4
3
2
1

1 3 4

x
2y = 3 secQp    R
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55. 4,  x = 1 + 2k, 
1-∞, -14 ∪ 31, ∞2

y

x

y = cscQ   x –   R

4

3

2

1

–1

–2

–3

–4

1 2 3 4 5

22
p p

56. 8, x = 1 + 4k 
1-∞, -14 ∪ 31, ∞2

y = cscQ   x +     R

y

x

6
5
4
3
2

–2
–3
–4
–5
–6

–3 –2 –1 1 2 3 4 5

3  
44

p p

57. 4, x = 1 + 2k, 
1-∞, -14 ∪ 31, ∞2

y

x

4

3

2

1

–1

–2

–3

–4

–1 2 31

y = –cscQ    x +   R
22

p p

58. 2, x = k  
1-∞, -24 ∪ 32, ∞2

y = –2 csc(px – p)

y

x
1 2 3

–1

–2

–3

–4

4

3

2

1

Section 2.4
Exercises:

39. 

y = tan(3x)

x

y
3

2

1

–1

–2

–3

6
–

6 3
–

3
p p p p

40. 

y = tan(4x)

x

y
3

2

1

–1

–2

–3

8
–

8 4
–

4
p p p p

41. 

x

y

y = tan(px)

–1 1– 0.5 0.5

3

2

1

–1

–2

–3

42. 

x

y

–2 –1 1 2

–1

–2

–3

3

2

1

  x
2y = tanQ    Rp

47. p, x = p>4 + k p>2, 
1-∞, 04 ∪ 34, ∞2

y

x
–1
–2
–3

7
6
5
4
3
2
1

y  = 2 + 2 sec(2x)

2
3p
44

pp p

48. 4p, x = p + 2k p, 
1-∞, 04 ∪ 34, ∞2

y

–1

–2

–3

6

5

4

3

2

1

x

y  = 2 – 2 secQ  Rx
2

4p3p2pp

49. 2p, x = k p, 
1-∞, -24 ∪ 32, ∞2

x

y

–1

–2

–3

–4

4

3

2

1

y = –2 csc(x)

2p 3pp

50. 2p, x = k p 
 1-∞, -34 ∪ 33, ∞2

y

x

y = –3 csc(x) 

6
5
4
3
2
1

–1
–2
–3
–4
–5
–6

2pp 3p

51. 2p, x = p>2 + k p, 
1-∞, -14 ∪ 31, ∞2

y

x

y = –cscQx +    R
4

3

2

1

–1

–2

–3

–4

2
3  
2

2p

2

2
–

p

p p p p

52. 2p, x = k p 
 1-∞, -14 ∪ 31, ∞2

y

x

y = –csc(x – p)

-3

6
5
4
3
2
1

–1
–2
–3
–4
–5
–6

2ppp–   

53. p, x = p>4 + k p>2, 
1-∞, -14 ∪ 31, ∞2

y

x

y = cscQ2x –    R
4

3

2

1

–1

–2

–3

–4

2
3  
4

2

3  
2

5  
44

p

p p pp p p

54. 2p>3, x = kp>3 
1-∞, -14 ∪ 31, ∞2

y

x

y = csc(3x + p)
4

3

2

1

–1

–2

–3

–4

2366
–

3
– ppppp
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43. 

x

y

y = –2 tan(x) + 1 

10

8

6

4

2

–2

–4

–6

–8

–10

–
2 2

–  p ppp

44. 

y

x
–   –

10

8

6

4

2

–2

–4

–6

–8

–10
y = 3 tan(x) – 2

2 2
p ppp

45. 

x

y

–  

–1

–2

–3

3

2

1

–

y = – tanQx –    R

2 2

2

p ppp

p

46. 

x

y

–1

–2

–3

3

2

1

y = tan Qx +    R

–
2

–  
2

2

p ppp

p

47. 

x

y

–1

–2

–3

3

2

1

–2 –1.5 –1 –0.5 0.5 1 1.5 2

y = tanQ    x –    R
22

p p

48. 

y = tanQ   x +     R

x

y

–1

–2

–3

3

2

1

–1 1 2 3

4
3p
4

p

49. 

y

x

4

3

2

1

–1

–2

–3

–4
y = cot Qx +   R

4
3p
4

5p
4

4

– 3p
4 4

–

p

p p

50. 

y

x

3

2

1

–1

–2

–3
y = cotQx –    R 

6

2p
36

– 4p
3 3

–– 5p
6

p

pp

51. 

y

x

3

2

1

–1

–2

–3 y = cotQ  Rx
2

2p–p  p 3p

52. 

y

x

3

2

1

–1

–2

–3 y = cotQ  Rx3

3p
2

3p 9p
2

– 3p
2

53. 

y = – cotQx +    R

y

x

–1

–2

–3

3

2

1

2
–p p p p

2

2
–

p

54. 

y

x

y = 2 + cot x 

–1

–2

–3

5

4

3

2

1

2
–

2
3p
2

ppp

55. 

y = cotQ2x –    R – 1

y

x

4

3

2

1

–1

–2

–3

–4

–5

–6

2

2

42
–

4
– pppp

p

56. 

y

x

7

6

5

4

3

2

1

–1

–2

–3

y = cot(3x + p) + 2

2366
– pppp

58. y = 1
2 tan1x + p>22 - 5

Section 2.5
Exercises:

1. 

y = 1 + cos(x)

y

x

3

2

1

–1

2p–p p–2p

2. 

y

x

y = 2 + sin(x) 

4

3

2

1

2p–p p–2p
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11. 

y

x

y = Ëx + cos x

–1

6

5

4

3

2

1

4p 8p2p 6p

12. 

y

x

y = Ëx – sin x

6

5

4

3

2

1

–1
4p 8p2p 6p

13. 

y

x

y = |x| + 2 sin x

25

20

15

10

5

–4p 4p–8p 8p

14. 

y = |x | – 2 cos x

x

25

20

15

10

y

8p4p–4p–8p

15. 

2

1

–1

–2

y

x
–2 –1 1 2

y = –   1 – x2 + 0.1 cos(8px)

16. 

3

1

2

–1

–2

–3

y

x
–3 –1–2 1 2 3

y =   4 – x2 + 0.1 sin(4px)

17. 

1

0.5

–0.5

–1

3

y

x
–1 –0.5 0.5 1

y =   1 – 4x2 + 0.1 sin(10px)

18. 

4

3

2

1

–1

–2

–3

–4

–10 –8 –6 –4 –2 2 4 6 8 10
x

y

3
y =   81– x2 – 0.4 cos(8px)

3. 

y

x

y = x + cos x 
6
5
4
3
2
1

–1
–2
–3
–4
–5
–6

2p–p p–2p

4. 

y

x

8
7
6
5
4
3
2
1

–1
–2
–3
–4
–5
–6
–7
–8

y = – x + sin x

2p–p p–2p

5. 

y

x

6
5
4
3
2
1

–2
–3
–4
–5
–6

y =     – sin x1
x

2p–p p–2p

6. 

y

x

y =     + sin x5

4

3

2

1

–1

–2

–3

–4

–5

1
x

2p 3p–p p–2p–3p

7. 

y =     x + sin x

x

y
4

3

2

1

–2

–3

–4

1
2

2pp–p–2p

8. 

y

x

4

3

2

1

–2

–3

–4

y =    x – cos x1
2

2p–p p–2p

9. 

y

x

y = x2 + sin x 

40

30

20

10

2p–p p–2p

10. 

y = x2 + cos x
y

x

40

30

20

10

2p–p p–2p
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19. 

y

x

y = cos x + 2 sin x 

3

2

1

–1

–2

–3

2p–p p–2p

20. 

y = 2 cos x + sin x 

y

x

3

2

1

–1

–2

–3

2pp–p–2p

21. 

y = sin x – cos x 

y

x

3

2

1

–1

–2

–3

2p–p p–2p

22. 

y = cos x – sin x 

y

x

3

2

1

–1

–2

–3

2p–p p–2p

23. 

3

2

1

–1

–2

–3

y

x

y = sin x + cos 2x

2p–p p–2p

24. 

3

2

1

–1

–2

–3

y = cos x + sin 2x

x

y

2p–p p–2p

25. 

3

2

1

–1

–2

–3
y = 2 sin x – cos 2x

x

y

2p–p p–2p

26. 

4

3

2

1

–1

–2

–3

–4
y = 3 cos x – sin 2x

x

y

2p–p p–2p

27. 

y = sin x + sin 2x

x

y
3

2

1

–1

–2

–3

2pp–p–2p

28. 

3

2

–1

–2

–3
y = cos x + cos 2x

x

y

2p–p p–2p

29. 

y

x

3

2

1

–1

–2

–3
y = sin x + cos    x1

2

2pp–p  –2p  

30. 

2

1

–1

–2

y

x

y = cos x + sin    x1
2

2pp–p–2p  

31. 

3

2

1

–1

–2

–3

x

y

–2 2–1 1

y = x + cospx

32. 

3

2

1

–1

–2

–3

x

y

–2 –1 1 2

y = x – sinpx

33. 

5

4

3

2

1

–1

–2

–3

–5

x

y

–2 –1 1 2

y =     + cospx1
x

34. 

3

2

1

–1

–2

–3

y

x
–2 –1 1 2

1
xy =     – sin 2px
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51. 

12 24 36 48 60

1000

2000

3000

4000

5000

P

x

P(x) = 1000(1.01)x

        + 500 sin     (x – 4)
        + 2000

p
6

53. 

y

x

100

80

60

40

20

40–40–80 80–20

–40

–60

–80

–100

y = x + sin x

35. 

3

2

1

–1

–2

–3

y

x
–2 –1 1 2

y = sinp x – cosp x

36. 

3

2

1

–1

–2

–3

y

x
–2 –1 1 2

y = cospx – sin 2px

37. 

3

2

1

–1

–2

–3

y

x
–2 –1 1 2

y = sin px + sin 2px

38. 

3

2

–1

–2

–3

y

x
–2 –1 1 2

y = cos px + cos 2px

39. 

3

2

1

–1

–2

–3

y

x
–2 –1 1 2

y = cos    x + sinpx2
p

40. 

3

2

1

–1

–2

–3

y

x
–2 –1 1 2

y = sin    x + cospx2
p

41. 

3

2

1

–1

–2

–3

y

x
–1–2 1 2

y = sin px + sin   x2
p

42. 

3

2

1

–1

–2

–3

y

x
–1–2 1 2

y = cos px + cos   x2
p

54. 

y

x

10

8

6

4

2

4 62–4–6–10 –8 108

–4

–6

–8

–10

y = x + sin(50x)

55. 

y = x + tan x

10

8

6

4

2

–2

–4

–6

–8

–10

–6 –5 –4 –3–2 –1 1 2 3 4 5 6
x

y

Chapter 2
Review Exercises 
37. 5x � x ≠ p>2 + kp6 , 1-∞, -34 ∪ 3-1, ∞2
51. 1, 2p, 0, [2, 4]; points: 10, 32, 
1p>2, 42, 1p, 32, 13p>2, 22, 12p, 32

y = sin(x) + 3

y

x

5

2

3

4

1

p 2p
2
p 3p

2

52. 1, 2p, 0, [-3, -1]; points: 
10, -12, 1p>2, -22, 1p, -32, 
13p>2, -22, 12p, -12

y = cos(x) – 2

y
1

–2

–1

–3

–4

x
p 2p

2
p 3p

2

53. 1, p, 0, [0, 2]; points: 10, 22, 
1p>4, 12, 1p>2, 02, 13p>4, 12, 
1p, 22

y = cos(2x) + 1

y

x

3

2

1

p
4
p

2
p 3p

4

54. 1, 2p>3, 0, [-3, -1]; points: 
10, -22, 1p>6, -12, 1p>3, -22, 
1p>2, -32, 12p>3, -22

y = sin(3x) – 2

y
1

–2

–1

–3

–4

x

6
p

3
p

2
p 2p

3
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55. 3, p, 0, 3-3, 34 ; points: 10, 02, 
1p>4, 32, 1p>2, 02, 13p>4, -32, 
1p, 02

y = 3 sin(2x)

x

y
3

2

1

–1

–2

–3

4
3p
4

ppp
2

56. 2, 2p>3, 0, 3-2, 24 ; points: 
10, 22, 1p>6, 02, 1p>3, -22, 
1p>2, 02, 12p>3, 22

y = 2 cos(3x)

y

x

2

1

–1

–2

6
2p
33 2

ppp

57. 1, 2p, p>6, 3-1, 14 ; points: 
1p>6, 12, 12p>3, 02, 17p>6, -12, 
15p>3, 02, 113p>6, 12

y

x

1

–1

y = cosQx –    R
6

6
2p
3

p 7p
6

5p
3

13p
6 

p

58. 1, 2p, -p>4, 3-1, 14 ; points: 
1-p>4, 02, 1p>4, 12, 13p>4, 02, 
15p>4, -12, 17p>4, 02

y
1

–1

x

y = sinQx +   R
4

4
3p
4

pp 5p
4

7p
4

–
4

p

59. 1, 2p, -p>4, [0, 2]; points: 
1-p>4, 22, 1p>4, 12, 13p>4, 02, 
15p>4, 12, 17p>4, 22

y
2

1

x

y = 1 + cosQx +    R
4

4
3p
4

pp 5p
4

7p
4

–
4

p

60. 1, 2p, p>2, 3-4, -24 ; points: 
1p>2, -32, 1p, -22, 13p>2, -32, 
12p, -42, 15p>2, -32

y
1

–1

–2

–3

–4

x

y = sinQx –    R – 3
2

3p
2

p
2

2p

p

p 5p
2

61. 1, 4, 0, 3-1, 14 ; points: 10, 12, 
11, 02, 12, -12, 13, 02, 14, 12

y
1

–1

x
1 2 3 4

2y = cosQ   xRp

62. 1, 6, 0, 3-1, 14 ; points: 10, 02, 
13>2, 12, 13, 02, 19>2, -12, 16, 02

y
1

–1

x
1 2 3 4 5 6

3y = sinQ    xRp

63. 1, p, -p>2, 3-1, 14 ; points: 
1-p>2, 02, 1-p>4, 12, 10, 02, 
1p>4, -12, 1p>2, 02

y
1

–1

x

y = sin(2x + p)

2
–

2
–

4 4
p p p p

64. 1, 2p>3, p>3, 3-1, 14 ; 
points: 1p>3, 02, 1p>2, 12, 
12p>3, 02, 15p>6, -12, 1p, 02

y
1

–1

x

6
2p
33 2

5p
6

pppp

y = sin(3x – p)

65. 1>2, p, 0, 3-1>2, 1>24 ; points: 
10, -1>22, 1p>4, 02, 1p>2, 1>22, 
13p>4, 02, 1p, -1>22

y

x

1

0.5

–0.5

–1

y = –     cos(2x)1
2

3p
4

ppp
4 2

66. 2, 2p, 0, 3-1, 34 ; points: 10, 12, 
1p>2, -12, 1p, 12, 13p>2, 32, 
12p, 12

y

x

y = 1 – 2 sin(x)

3

2

1

–1
2

3p
2

2ppp

67. 2, p, -p>6, 3-1, 34 ; points: 
1-p>6, 12, 1p>12, -12, 1p>3, 12, 
17p>12, 32, 15p>6, 12

y

x

3

2

1

–1
y = –2 sinQ2x +    R + 13

2
2p
3

pppp 5p
6366

–

p

68. 3, p, -p>4, 30, 64 ; points: 
1-p>4, 32, 10, 02, 1p>4, 32, 1p>2, 62, 
13p>4, 32

y

x

6

5

4

3

2

1

y = –3 sinQ2x +    R + 32

3p
4

ppp

p

244
–

69. 1>3, 2, -1, 32>3, 4>34 ; points: 
1-1, 4>32, 1-1>2, 12, 10, 2>32, 
11>2, 12, 11, 4>32

y

x

2

1

1
3y =     cos (px + p) + 1

–1 –0.5 0.5 1

70. 2, 2, 1, 3-1, 34 ; points: 11, 32, 
13>2, 12, 12, -12, 15>2, 12, 13, 32

y

x

3

2

1

y = 1 + 2 cos (p x – p) 

1 2 3

–1
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83. 

y

x

5

4

3

2

1

–1

–2

–3

–4

–5

y = cotQ2x +    R
3

6 36
–

p

p p p

84. 

8

6

4

2

–2

–4

–6

–8

–

y

x

y = 2 tanQx +    R
4

4
3p
4

p p–
4

p

85. 

y

x

2

–1

–2
1
3y =     csc(2x + p)

4 22
–

4
–p p p p

86. 

y

x

–1

–2

–3

5

4

3

2

1

y = 1 + 2 secQx –   R
4

7  
44

–
2

p p p

p

87. 

y

x

3

2

1

–1

–2

–3

–4

–5
y = 2 secQx +   R – 1

4

4
3p
4

pp 7p
4

5p
44

–

p

88. 

y

x

–1

3

2

1

2
–p p p p

1
2

y =     csc(x – p) + 1  

2
–

89. 

y

x

y =    x + sin x 

3

2

1

–2

–3

1
2

2pp–p–2p

90. 

y

x

y = 2x + cos x 15

10

5

–5

–10

–15

2p–p p–2p

75. 

y

x

5

4

3

2

1

–1

–2

–3

–4

–5

y = tan (3x)

12 66
–

12
–p p p p

76. 

y

x

3

2

1

–1

–2

–3

y = 1 + tan Qx +   R
4

4
– 3p

4
p p p
2

–
4

–

p

77. 

y

x

3

2

1

–1

–2

–3

y = tan(2x + p)

484
–

8
– pppp

78. 

y

x

3

2

1

–1

–2

–3

y = cotQx –   R
4

4
3p
4

ppp 5p
42

p

79. 

y = secQ   xR

y

x

3

2

1

–1

–2

–3

1
2

3p2pp 4p

80. 

y = cscQ   xR

y

x

3

2

1

–1

–2

–3

1 2 3 4

2
p

81. 

y

x

3

2

1

–1

–2

–3

y =     cot (2x) 1
2

4
3p
8

ppp
28

82. 

y

x

5

4

3

2

1

–1

–2

–3

y = 1 – tanQx –    R
3

3
5p
6

pp–
6

p
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91. 

y

x

y = x2 – sin x 

40

30

20

10

2p–p p–2p

92. 

y

x

y = –x2 + cos x 

–10

–20

–30

–40

2p–p p–2p

93. 

y

x

2

1

–1

–2 y = sin x – sin 2x

2p–p p–2p

94. 

y

x

2

1

–1

–2
y = cos x – cos 2 x

2p–p p–2p

95. 

y

x

y = 3 sin x + sin 2x

4

3

2

1

–1

–2

–3

–4

2p–p p–2p

96. 

y

x

y = 3 cos x + cos 2x

4

3

2

1

–1

–2

–3

–4

2p–p p–2p

99. 

y

x

16

12

8

4

5 10 15 20

y = 2 sin S     Qx + 5R T + 14 
10
p

100. 

120

115

110

105

100
20 40 60 80

x

y

y = 10 sin S      (x – 35)T + 110
30
p

Chapter 2  Test 
1. 2p>3, 3-1, 14 , 1; points: 10, 02, 
1p>6, 12, 1p>3, 02, 1p>2, -12, 
12p>3, 02

y = sin(3x)

x

y
1

–1

6
2p
3

ppp
3 2

2. 2p, 3-1, 14 , 1; points: 
1-p>4, 12, 1p>4, 02, 13p>4, -12, 
15p>4, 02, 17p>4, 12

x

y
1

–1

y = cosQx +    R
4

4
3p
4

pp 5p
4

7p
44

–

p

3. 4, 3-1, 14 , 1; points: 10, 02,
11, 12, 12, 02, 13, -12, 14, 02

1 2 3 4

1

–1

px
2

y

x

y = sinQ    R

4. 2p, 3-2, 24 , 2; points: 
1p, -22, 13p>2, 02, 12p, 22, 
15p>2, 02, 13p, -22

y

x

2

1

y = –2 cos(x – p)

–1

–2

3p
2

2p 5p
2 

3pp

5. 2p, 3-1>2, 1>24 , 1>2; points: 
1p>2, 02, 1p, -1>22, 13p>2, 02, 
12p, 1>22, 15p>2, 02

f (x) = –     sinQx –   R

y

x

1

0.5

–0.5

–1

2
1
2

2
3p
2

2ppp 5p
2

p

6. p, [2, 4], 1; points: 1p>6, 22, 
15p>12, 32, 12p>3, 42, 111p>12, 32, 
17p>6, 22

y

x

4

3

2

1

–1

y = – cosQ2x –   R + 3
3

6
7p
6

5p
6

pp
2

p

8. 

y

x

1212
–

–1

–2

–3

–4

–5

3

2

1

y = tan(3x) – 2

6
–

6
p p p p

9. 

y

x

–1

–2

–3

–4

4

3

2

1

2
y = cotQx +    R

242
–

4
–p p p p

p
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2. 

u rad p
7p

6
5p

4

4p

3

3p

2
5p

3

7p

4
11p

6
2p

u deg 180 210 225 240 270 300 315 330 360

sin u 0 -  
1

2 -  
22

2
-  
23

2
-1 -  

23

2
-  
22

2
-  

1

2
0

cos u -1 -  
23

2
-  
22

2
-  

1

2
0

1

2
22

2

23

2
1

tan u 0 23

3
1 23 und -23 -1 -  

23

3
0

csc u und -2 -22 -  
223

3
-1 -  

223

3
-22 -2 und

sec u -1 -  
223

3
-22 -2 und 2 22

223

3
1

cot u und 23 1 23

3
0 -  

23

3
-1 -23 und

3. 

1

–1

y

x

y = sin(2x)

4
3p
4

ppp
2

4. 

1

–1

y

x

y = cos(2x)

4
3p
4

ppp
2

5. 

y

x

y = tan(2x)

3

2

1

–1

–2

–3

488
–

4
–p p p p

6.  5x � x ≠ p>4 + k p>26 , 
 1-∞, -14 ∪ 31, ∞2, p

y

x

y = sec (2x)
3

2

1

–1

–2

–3

4
3p
4

ppp
2

7. 

y

y = csc(2x)

3

2

1

–1

–2

–3

x

2
3p
4

ppp
4

8. 
y

y = sin(px)

x

1

–1

0.5 1 1.5 2

10. 

y

x

–1

–2

–3

–4

4

3

2

1

2
3p
2

2pp 5p
2

y = 2 sec(x – p) 

11. 

y

x

–1

–2

4

3

2

1

2
y = cscQx –   R + 1

2
3p
2

p p 2p 5p
2

p

12. 

y

x

3

2

1

–1

–2

–3

–4

–5
y = 3 sin x + cos(2x)

2p–p p–2p

13. 

x

y
7.8

7.7

7.6

7.5

7.4

7.3

7.2
13 14 15 16 17

y = 0.3 sin S    (x – 14)T + 7.5
2
p

Tying It All Together Chapters P–2 
1. 

u deg 0 30 45 60 90 120 135 150 180

u rad 0
p

6

p

4

p

3

p

2
2p

3
3p

4
5p

6
p

sin u 0
1

2
22

2

23

2
1 23

2

22

2

1

2
0

cos u 1 23

2

22

2

1

2
0 -  

1

2 -  
22

2
-  
23

2
-1

tan u 0 23

3
1 23 und -23 -1 -  

23

3
0

csc u und 2 22
223

3
1 223

3
22 2 und

sec u 1 223

3
22 2 und -2 -22 -  

223

3
-1

cot u und 23 1 23

3
0 -  

23

3
-1 -23 und
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9. 

1

–1

0.5 1.51 2

y = cos(px)

x

y

10. 

3

2

1

–1

–2

–3

x

y

–0.5 –0.25 0.25 0.5

y = tan(px)

Chapter 3
Section 3.1
Exercises:

30. 1sin y - cos x21sin y + cos x21sin2 y + cos2 x2

49. sin1x2 =
{121 + cot21x2

50. cos1x2 =
{12tan21x2 + 1

51. tan1x2 =
{12csc21x2 - 1

52. cot 1x2 =
{12sec21x2 - 1

53. sin a = 25>5, cos a = 225>5, csc a = 25, sec a = 25>2, 
cot a = 2
54. cos a = -27>4, tan a = -327>7, csc a = 4>3, sec a = -427>7,
cot a = -27>3
55. sin a = -222>5, tan a = 266>3, csc a = -5222>22,
 sec a = -523>3, cot a = 266>22

56. sin a = 211>4, cos a = -25>4, tan a = -255>5,

csc a = 4211>11, cot a = -255>11

57. sin a = -3210>10, cos a = 210>10, tan a = -3,
csc a=  -210>3, sec a = 210
58. sin a = 23>3, cos a = 26>3, tan a = 22>2, sec a =  26>2,
cot a = 22

Section 3.5
Linking Concepts:
b)

100

75

50

25

x

x = 78.125 sin(2u)

4 2
p p

u

Section 3.6
Exercises:
35. y = 22 sin1x + 3p>42,22, 2p, -3p>4

2

1

–1

–2

x

y

3p
4

y = Ë2 sinQx +     R

2p–2p –p p

36. y = 2 sin1x + p>32,
2, 2p, -p>3

2

1

–1

–2

x

y

1

y = 2 sinQx +    R
3
p

2p–2p –p p

37. y = 2 sin1x - p>42,
2, 2p, p>4

x

2

1

y
y = 2 sinQx –   R

4
p

–1

–2

2p–2p –p p

38. y = 222 sin1x - p>42,
222, 2p, p>4

3

2

1

x

y

y = 2Ë2 sinQx –    R
4
p

–1

–2

–3

2p–2p –p p

39. y = 2 sin1x + 7p>62,
2, 2p, -7p>6

7p
6

2

1

y

x

y = 2 sinQx +     R

–1

–2

2p–2p –p p

40. y = sin1x + 4p>32,
1, 2p, -4p>3

4p
3

2

1

y

x

y = sinQx +     R
–1

–2

2p–2p –p p

Linking Concepts:
a)

50

40

30

20

10

y

x

Month

P
ro

fi
t 

(t
ho

us
an

ds
 o

f 
$)

1 2 3 4 5 6 7 8 9 10 11 12

b)

80

70

60

50

40

30

20

y

x

Month

P
ro

fi
t 

(t
ho

us
an

ds
 o

f 
$)

1 2 3 4 5 6 7 8 9 10 1112

A-21 Answers to Exercises
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c)

110

100

90

80

70

60

50

y

x

Month

To
ta

l 
P

ro
fi

t 
(t

ho
us

an
ds

 o
f 

$)

1 2 3 4 5 6 7 8 9 10 1112

Chapter 3 Review Exercises 
15. sin a = 12>13, tan a = -12>5, csc a = 13>12, sec a = -13>5,
cot a = -5>12
16. sin a = -5>13, cos a = -12>13, csc a = -13>5, sec a =  -13>12,
cot a = 12>5
17. sin a = -4>5, cos a = -3>5, tan a = 4>3, csc a = -5>4,
sec a = -5>3, cot a = 3>4
18. sin a = 222>3, cos a = 1>3, tan a = 222, csc a = 322>4,
sec a = 3, cot a = 22>4
19. sin a = -24>25, cos a = 7>25, tan a = -24>7, csc a = -25>24,
sec a = 25>7, cot a = -7>24
20. sin a = -422>9, cos a = -7>9, tan a = 422>7, csc a =  -922>8,
sec a = -9>7, cot a = 722>8
53. y = 422 sin1x + p>42,

422, 2p, -p>4

6
5
4
3
2
1

y

x

y = 4Ë2 sinQx +    R
4
p

–1
–2
–3
–4
–5
–6

2p–2p –p p

54. y = 223 sin1x + p>32,
223, 2p, -p>3

y

x

4

3

2

y = 2Ë3 sin Qx +    R
3
p

–1

–2

–3

–4

2p–2p –p p

55. y = 25 sin1x + 2.682,25, 2p, -2.68

y

x

y = Ë5 sin(x + 2.68) 

3

2

1

–1

–2

–3

2p–2p –p p

56. y = 25 sin1x + 3.612,25, 2p, -3.61

y

x

y = Ë5 sin(x + 3.61) 

3

2

1

–1

–2

–3

2p–2p –p p

Chapter 3 Test 
 9. y = 2 sin1x + 5p>32, 2p, 2, -5p>3

y

x

3

2

1

–1

–2

–3

y = 2 sinQx +     R5p
3

2p–2p –p p

10. sin a = 1>2, cos a = -23>2, tan a = -23>3, sec a=  -223>3,

cot a = -23 

Chapter 4
Section 4.1
Exercises:
113. The domain of y = sin1sin-1 1x22 is [-1, 1]. So the graph is a line 
segment with endpoints 1-1, -12 and 11, 12.

y

x
2p–2p p–p

3

2

1

–1

–2

–3
y = sin(sin–1(x))

114. The domain of y = sin-11sin 1x22 is 1-∞, ∞2, but sin-1 1sin1x22 = x 
only if x is in [-p>2, p>2]. For example, if x is in [p>2, 3p>2] then 
sin-11sin 1x22 = p - x.

y

x

3

2

1

–1

–2

–3

y = sin–1(sin(x))

2p–2p –p p

115. The graph of y = sin-111>x2 looks like the graph of y = csc-11x2  
because of the identity csc-11x2 = sin-111>x2.

y

x

1
xy = sin–1Q   R

321–1–3

–

p

2
p

2
p

–p
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116. The graph of y = tan-111>x2 does not look like the graph of 
y = cot-11x2 because the identity tan-111>x2 = cot-11x2 holds only  
for x 7 0.

y

x

1
xy = tan–1Q   R

321–1–3

p

p

2

p

2
–

–p

Linking concepts
b) 

15

10

5

a

x
100 200 300 400

60
xa = tan–1Q    R– tan–1Q    R90

x

Section 4.2
Exercises:

8. e x � x =
p

2
+ 2kpf   9. e x � x =

3p

2
+ 2kpf

15. e x � x =
p

3
+ 2kp or x =

5p

3
+ 2kpf

16. e x � x =
p

4
+ 2kp or x =

7p

4
+ 2kpf

17. e x � x =
p

4
+ 2kp or x =

3p

4
+ 2kpf

18. e x � x =
p

3
+ 2kp or x =

2p

3
+ 2kpf

19. e x � x =
p

6
+ kpf   20. e x � x =

p

6
+ kpf

21. e x � x =
5p

6
+ 2kp or x =

7p

6
+ 2kpf

22. e x � x =
3p

4
+ 2kp or x =

5p

4
+ 2kpf

23. e x � x =
5p

4
+ 2kp or x =

7p

4
+ 2kpf

24. e x � x =
4p

3
+ 2kp or x =

5p

3
+ 2kpf

25. e x � x =
p

3
+ kpf   26.  e x � x =

2p

3
+ kpf

33. 5a �a = 45° + k 360° or a = 315° + k 360°6
34. 5a �a = 120° + k 360° or a = 240° + k 360°6
35. 5a �a = 210° + k 360° or a = 330° + k 360°6
36. 5a �a = 225° + k 360° or a = 315° + k 360°6
78. f  -11x2 =

1

p
 cos-1ax - 1

4
b + 2, [-3, 5], [2, 3]

81. f  -11x2 = 2 sin1x - 32, c3 -
p

2
, 3 +

p

2
d , 3-2, 24

82. f  -11x2 =
1

5
 cosax - 3

2
b , [3, 3 + 2p], c-1

5
, 
1

5
d

91. 0.41 + 2kp or 2.73 + 2kp where k is any integer

92. 2.42 + 2kp or 3.86 + 2kp where k is any integer

Section 4.3
Exercises:

1. e x � x =
2p

3
+ 4kp or x =

10p

3
+ 4kpf

2. e x � x =
3p

8
+ kp or x =

5p

8
+ kpf   4. e x � x =

p

4
+

kp

2
f

5. e x � x =
p

3
+ 4kp or x =

5p

3
+ 4kpf

7. e x � x =
5p

8
+ kp or x =

7p

8
+ kpf   8. e x � x =

9p

2
+ 6kpf

9. e x � x =
p

6
+

kp

2
f   10.  e x � x =

5p

18
+

kp

3
f

12. e x � x =
p

4
+

kp

3
f   13. e x � x =

1

6
+ 2k or x =

5

6
+ 2kf

16. e x � x =
1

6
+

2k

3
f

34. 542°, 66°, 114°, 138°, 186°, 210°, 258°, 282°, 330°, 354°6
37. 511.25°, 33.75°, 101.25°, 123.75°, 191.25°, 213.75°, 281.25°, 303.75°6
38. 537.5°, 82.5°, 127.5°, 172.5°, 217.5°, 262.5°, 307.5°, 352.5°6

Chapter 4 Review Exercises

54. y = sin ax - k

b
b - 1

64. f -11x2 =
3

p
 tan-1 1x - 12, 1-∞, ∞2, a-

3

2
, 
3

2
b

77. e x � x =
p

6
 or 
p

3
 or 

2p

3
 or 

5p

6
 all plus 2kpf

78. e x � x =
7p

6
 or 

5p

6
 or 
p

4
 or 

7p

4
 all plus 2kpf

79. e x � x =
p

2
 or 
p

6
 or 

5p

6
 all plus 2kpf

80. e x � x =
p

2
 or 3.99 or 5.44 all plus 2kpf

81. e x � x =
4p

3
+ 4kp or x =

2p

3
+ 4kpf

82. e x � x =
5p

2
+ 4kp or x =

3p

2
+ 4kpf

83. e x � x =
p

3
+ 4kp or x =

5p

3
+ 4kp or x = p + 2kpf

84. e x � x = kp or x =
p

4
+

kp

2
f

95. e x � x =
p

2
+ kpf  

96. e x � x = 2kp or x =
p

2
+ kpf

97. e x � x =
3p

2
+ 2kp or x = p + 2kpf

98. e x � x =
p

4
+ kp or x =

p

2
+ kpf

105. 522.5°, 67.5°, 112.5°, 157.5°, 202.5°, 247.5°, 292.5°, 337.5°6

Chapter 4 Test

8. e s � s =
p

9
+

2kp

3
 or s =

5p

9
+

2kp

3
f

9. e t � t =
p

3
+

kp

2
f

10. e u � u =
p

6
+ 2kp or u =

5p

6
+ 2kp or u =

p

2
+ kpf

A-23 Answers to Exercises
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Tying It All Together Chapters P–4
13. 2p, 1, p>6, 1p>6 + kp, 02

x

y
1

–1

2
p

2
3p 2pp

y = sinQx –    Rp
6

14.  p, 1, 0, 1kp>2, 02
y

x

1

–1 y = sin(2x) 

p p 2p
2

3p
2

15. 2p>3, 1, 0, 1p>6 + kp>3, 02
y

x

1

–1

y = cos(3x) 

p

3
2p
3

16.  p, 1, p>2, 1p>4 + kp>2, 02
y

x

1

–1

y = cos(2x – p) 

2
3pp p
2

17. 4p, 3, p, 1p + 2kp, 02
y

x
2p 4p

3

2

1

–1

–2

–3

y = 3 sinQ    –    Rx
2

p

2

18.  2p, 4, -p>3, 1p>6 + kp, 02
y

x

4

 

2

1

–1

–2

–3

–4

3
5p
3

4p
3

2ppp
3

–
3

y = 4 cosQx +   R
3
p

19. 6, 4, 0, 13>2 + 3k, 02
y

x

4

3

2

1

–1

–2

–3

–4

x
3

1 2 3 4 5 6

y = – 4 cosQp    R

20.  2, 2, 1, 1k, 02
y

x

2

1

–1

–2
y = –2 sin(px – p)

1 2 3

21. cos a = -222>3, tan a = 22>4, csc a = -3, sec a = -322>4, 
cot a = 222
22. sin a = 215>4, tan a = -215, csc a = 4215>15, sec a = -4, 

cot a = -215>15

23. sin a = 3234>34, cos a = 5234>34, csc a = 234>3,  

sec a = 234>5, cot a = 5>3
24. cos a = 3>5, tan a = -4>3, csc a = -5>4, sec a = 5>3, 
cot a = -3>4 

Chapter 5
Section 5.2
Linking Concepts:

c) a

x

80

60

40

20

20 40 60 80

Section 5.3
Linking Concepts:

h) 

1

2

3

4

5

6

x
2p–2p –p p

6

5

4

3

2

1

y

y = x tanQ   Rx
p

Section 5.4
Exercises:
9. 

y

x

A

B–B

A – B A + B

10. 
y

x

A

B

–B

A – B

A + B

11. 

y

x

A

B

–B

A – B

A + B

12. 

y

x

A

B

–B

A – B

A + B

13. 
y

x

A

B–B

A – B

A + B

14. 
y

x

A

B

–B

A – B

A + B

 Answers to Exercises A-24
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Section 5.5
Linking Concepts:

c) T =
0.1 sin190 + a2

cos1a2sin c90 - a - sin- 1asin190 + a2
8

b d
+

1 - 0.4 tan1a2
6

d) T

a

0.4

0.3

0.2

0.1

20 40 8060

Tying It All Together Chapters P–5
21.  5x � x = -1>2 or x = p>6 + 2kp or x = 5p>6 + 2kp6
25. 

y

x

y = sin(3x)

2p
3

p

2
p

3
p

6

1

–1

26. 

x

y = 3 sin(2x)

y
3

2

1

–1

–2

–3

3p
4

p p

2
p

4

27. 

x

y = 2 cos(px – p)

y

2

1

–1

–2

0.5 1.5 2 2.5 31

28. 

x

y

2

1

y = cos Q2x –    R + 1p

2

3p
4

5p
4

p p

2
p

4

29. 

y

x

3

2

1

–1

–2

–3

y = tanQx –    R

3p
4

p p

2
p

4

p

2

30.

 

y

x

y = tan(px) – 3

4
3
2
1

– 1
4

–1
–2
–3
–4
–5
–6
–7

1
2

– 1
4

1
2

 

Chapter 6
Section 6.3
Exercises:

31. 1, -  
1

2
{ 23

2
 i 35. 

22

2
{ 22

2
 i, -
22

2
{ 22

2
 i

37. {23

2
+

1

2
 i, - i 46. 

322

2
{ 322

2
 i, -

322

2
{ 322

2
 i

48.  
26

2
+
26

2
 i, -
26

2
-
26

2
 i

50.  0, {1, {i, 
22

2
{ 22

2
 i, -
22

2
{ 22

2
 i

52.  31>51cos a + i sin a2 for a = 36°, 108°, 180°, 252°, 324°
54.  51>61cos a + i sin a2 for a = 21.1°, 141.1°, 261.1°

56.  {1, 
1

2
{ 23

2
 i, -

1

2
{ 23

2
 i

67. b. If the sides are a, b, and c, and b = 2 a, then c = 1b2 - a22>a. The 
next two triangles are a = 9, b = 12, c = 7, and a = 8, b = 12, c = 10.

Section 6.4  
Exercises:
11.–21.  Odd:

4

3

2

1

y

x

–1

–2

–3

–4

–4 –3 –2 –1 1 2 3 4

17

11

15
13

19

21

12.–22.  Even:

4

3

2

1

y

x

–2

–3

–4

–4 –3 –2 1 2

12 22

16

18

20

14 3 4

43. 

–2 –1 1 2

–1

–2

2

1

y

x

r = 2 sin u

44. 
y

x
–1 1 2 3

–1

–2

2

1

r = 3 cos u

45. 
y

x

4

3

2

1

–4 –3 –2 –1
–1

–2

–3

–4

1 2 3 4

r = 3 cos 2u

46. 
y

x

2

1

–2 –1

–1

–2

1 2

r = –2 sin 2u
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47. 
y

x

25

20

15

10

5

–25–20–15–10 –5–5

–10

–15

–20

–25

5 10 15 20 25

r = 2u

48. 

–25–20–15–10 10 15 20 25–5 5
x

y
25

20

15

10

5

–5

–10

–15

–20

–25

r = u
u ≤ 0

49. 50. 

y

x

2

1

–1

–2

–2 –1 1 2

r = 1 + cos u

y

x

2

1

–1

–2

–2 –1 1 2

r = 1 – cos u

51. 52. 

y

x

3

2

1

–1

–2

–3

–2–3 –1 1 2 3

r 2 = 9 cos 2u

y

x

2

1

–1

–2

–2 –1 1 2

r 2 = 4 sin 2u

53. 54. 

y

x

4

3

2

1

–1

–2

–3

–4

–2–3 –1 1 2 3–4 4

r = 4 cos 2u
y

x

3

2

1

–1

–2

–3

–2–3 –1 1 2 3

r = 3 sin 2u

55. 56. 

y

x

3

2

1

–2

–3

–1
–2–3 –1 1 2 3

r = 2 sin 3u

y

x

4

3

2

1

–1

–2

–3

–4

–2–3 –1 1 2 3–4 4

r = 4 cos 3u

57. 58. 

y

x

2

1

–1

–2

–1 1 2 3

r = 1 + 2 cos u
y

x

3

2

1

–1

–2

–3

–2 –1 1 2 3

r = 2 + cos u

59. 60. 

y

x

4

3

2

1

–1

–2

–3

–4

–4 –3 –2 –1 1 2 3 4

r = 3.5

y

x

6
5
4
3
2
1

–1
–2
–3
–4
–5
–6

–6 –5 –4 –3 –2–1 1 2 3 4 5 6

r = –5

61. 62. 

x

4

3

2

1

–1

–2

–3

–4

–4 –3 –2 –1 1 2 3 4

y

u = 308

x

2

1

–1

–2

–2 –1 1 2

y

u = 3p
4

88.  11, 02, 10.9, 1.02, 10.9, 2.12
90.  r = 2, u = 0.2, 0.6, 1.0, 1.4, 1.8, 2.2, 2.5, 2.9, 3.3, 3.8, 4.1, 4.6, 4.9,

5.3, 5.7, 6.1

 Answers to Exercises A-26
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Linking Concepts:

a) b) 

20

15

10

5

–5

–10

–15

–20

1 2 3
x

y

x2 = (2 – x)2 (x2 + y2) 

y

x
–10 –5 5 10

–1

3

2

1

r 3 cos2u sin u + 4r sin u – 8 = 0

c) d) 

–1 1

1

–1

y

x

r2u = 1
0 ≤ u ≤ 50

y

x
–4 –3 –2 –1 21

3

2

1

–1

–2

–3

r = 1 + 2 sinQ   R
2
u

e) f) 

y

x

x3 + y 3 – 6xy = 0

–4 –3 –2 –1 1 2 3 4

4

3

2

1

–1

–2

–3

–4

y

x

(x2 + y2)2 = 4x2y

–2 –1 1 2

2

1

–1

–2

g) 

20

15

10

5

–5

–10

–15

–20

–1 1 2 3 4

(4 – x)y2 = x3

y

x

Section 6.5  
Exercises:
7. 8. 

–6 –4 –2 2 4 6 8 10 12
x

y
8

7

6

5

4

3

2

1

–1

x = 3t – 2
y = t + 3
0 # t # 4

–6 –5 –4 –3 –2 –1

3

2

1

x

y

1

–1

2

x = 4 – 3t
y = 3 – t
1 # t # 3

9. 10. 
16

12

8

4

–5 –4 –3 –2 –1 1 2 3 4 5

x = t – 1
y = t2

x

y

–7 –6 –5 – 4 –3 –2 –1 1–1
–2
–3
–4
–5
–6

6
5
4
3
2
1

y

x

x = t – 3
1
ty =

11. 12. 

x = √w

y = √1 – w
0 , w , 1

1

–1

–1 1

y

x

y
4

3

2

1

–5–4–3–2 –1 1 2 3 4 5 6 7 8

–1

x

x = t – 2
y = √t + 2 
– 2 # t # 7 

13. 14. 

2

1

–1

–2

–2 –1 1 2
x

y

x = cos t
y = sin t

x

y

x = 0.5t
y = sin t

2

1

–1

–2

2p–2p –p p

A-27 Answers to Exercises
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31. 32. 

x

y

x = cos 3t
y = sin t

2

1

–1

–2

–2 2

x = sin t
y = t2

100

80

60

40

20

–2 –1 1 2

y

x

33. 34. 

x = t – sin t
y = 1 – cos t

y

–15 –10 –5

–1

5 10 15
x

2

1

y
1

–1

–2

–15 –10 –5 5 10 15
x

x = t – sin t
y = –1 + cos t

35. 36. 

x = 4 cos t – cos 4 t
y = 4 sin t – sin 4 t

y

x
–6 –5–4 –3 –2 –1 1 2 3 4 5 6

6
5
4
3
2
1

–1
–2
–3
–4
–5
–6

x = sin3t
y = cos3t

y

x

1

1

–1

–1

37. 

400

300

200

100

x

y

500 1000 1500 2000 2500

42.  
22

2
{  i

22

2
, -

22

2
{  i

22

2

Chapter 6 Review Exercises

35.  
22

2
+
22

2
 i, -  

22

2
-
22

2
 i 36.  i, -

23

2
-

1

2
 i, 
23

2
-

1

2
 i

38.  181>41cos a + i sin a2 for a = 22.5°, 202.5°
40.  101>61cos a + i sin a2 for a = 113.9°, 233.9°, 353.9°
42.  51cos a + i sin a2 for a = 67.5°, 157.5°, 247.5°, 337.5°

51. 52. 

y

x

2

1

–1

–2

–1–2 1 2

r = –2 sin u

y

x

5

4

3

2

1

–1

–2

–3

–4

–5

–1–2–3–4–5 1 2 3 4 5

r = 5 sin 3u

53. 54. 

y

x

r = 2 cos 2u

2

1

–1

–2

–1–2 1 2

y

1
x

2

1

–1

–2

–1–2–3

r = 1.1 – cos u

55. 56. 

y

x

600

400

200

–200

–400

–600

–600 –400 –200 200 400 600

r = 500 + cos u

y

r = 500 

x

600

400

200

–200

–400

–600

–600 –400 –200 200 400 600

57. 58. 

y

x
–2 –1 1 2

2

1

r = 1
sin u

–1

–2

–3 –1 1 2

2

1

–1

–2

y

x

r = –2
cos u

–2

 Answers to Exercises A-28
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Tying It All Together Chapters P–6 

11.  e x � x =
p

2
+ 2kp where k is any integerf

13.  e x � x =
p

2
+ kpf

15.  e x � x =
p

6
+ 2kp or x =

5p

6
+ 2kpf

16.  e x � x =
p

3
+ 2kp or x =

5p

3
+ 2kpf

21.  e x � x =
p

6
, 

5p

6
, 

2p

3
, 

4p

3
 all plus 2kpf

22.  e x � x = -  
1

2
 or x =

p

6
+ 2kp or x =

5p

6
+ 2kpf

67. 68. 

x

y
4

3

2

1

–6 –4 –2

–1

2 4 6

x = 3t
y = 3 – t
0 , t , 1

–6 –5 –4 –3 –2 –1

–1

1 2
x

y
3

2

1

x = t – 3
y = t2

69. 70. 

–2 –1 1 2

–1

–2

2

1

x

y

x = –sin t
y = –cos t
0 ≤ t ≤  2

p

–2 –1 1 2

–1

–2

2

1

x

y
x = –cos t
y = sin t
0 ≤ t ≤ p

Chapter 6 Test

7.  2251cos 206.6° + i sin 206.6°2 10.  
322

4
+

322

4
 i

14. 15. 

4

3

2

1

y

x

–1

–2

–3

–1 1 2 3 4 5 6

r = 5 cos u

–3 –2 –1 1 2 3

3

2

1

–1

–2

–3

y

x

r = 3 cos 2u

16. 17. 

8

6

4

2

–8 –6 –4 –2–2

–4

–6

–8

–10

–12

2 4 6 8
x

y

x = 2 t
y = 4t – 6
–1 # t # 3 

y

x
–4 –3 –2 –1 1 2 3 4

4

3

2

1

–1

–2

–3

–4

x = 3 sin t
y = 3 cos t
0 ≤ t ≤ p

18.  
322

2
{ 322

2
 i, -  

322

2
{ 322

2
 i

23. 24. 

1

–1

y = sin x

x

y

2p–2p –p p

1

–1

y = cos x

x

y

2p–2p –p p

25. 26. 

1

1

–1

x

y

r = sin u

–1 1

1

–1

–1
x

y

r = cos u

27. 28. 

–5 –4 –3 –2 –1 1 2 3 4 5–1

–2

–3

–4

–5

x

y
5

4

3

2

1

r = u

x

y

–2 –1 1 2

–1

–2

2

1

y = x

A-29 Answers to Exercises
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29. 30. 

2

1

–1

–2

–2 –1 1 2
x

y
y = 

2
p 1

1

–1

–1
x

y

r = sinQ   R3
p

31. 32. 

y

x
–10 –8 –6 –4 –2 2 4 6 8 10

1

–1

y = √sin x

y

x

2

1

–1

–2

y = cos2(x)

2p–p–2p p

 Answers to Exercises A-30
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INDEX OF APPLICATIONS

Astronomy

achieving synchronous orbit, 70
catching a green flash, 95–96
circling Earth, 96
communicating via satellite, 95
discovering planets, 135, 151
eclipse function, 231, 317
Eratosthenes measures Earth, 

63–64
filtering the sun, 274–275
first pulsar, 134
flat Earth, 275
Jupiter’s satellites, 135
linear velocity of point on  

equator, 68
linear velocity on surface of  

Earth, 68
moon illumination, 136
parsecs, 94
partial eclipse, 317
photographing Earth, 63
scattering angle, 284
sunrise times, 132
sunspots, 134
total eclipse, 285, 316, 317
view from Landsat, 94–95
weather radar, 64

Biology/Health/Life Sciences

aerobics, 20
army of ants, 175
blood velocity, 135
lightest kid, 142
lung capacity, 135
Poiseuille’s Law, 39

Business

across-the-board raises, 30
costly computers, 276
cost-of-living raises, 30
cost of sundaes, 20
cost of window cleaning, 20
counting coworkers, 183
credit applications, 162
making radios, 39
maximum profit, 158
papermaking, 70–71
paying up, 13
periodic cost, 135

Entertainment

AM radio, 161
best view in theater, 286–287
broadcasting the oldies, 161
Ferris wheels, 70, 72
London Eye, 70
the survivor, 65
viewing area, 205
waveform of guitar note, 143

Environment

amount of daylight, 136
avoiding a swamp, 92
Bismarck temperature, 104
cloud height, 109
completely saturated lawn, 205
Devil’s Tower, 109
giant redwood, 92
grizzly attack, 285
height of rock, 94
ocean waves, 136
periodic temperature, 136
Phoenix temperature, 104
progress of forest fires, 94
saving endangered hawks, 275
tide in Bay of Fundy, 103
watering the lawn, 95, 293
wave action, 251

Geometry

aerial photography, 89–90, 92
angle bisector theorem, 276
angle of airplane, 231
angle of depression, 92
angle of elevation, 53
arc length, 286
arcs, chords, and angles, 291–292
area of hexagon, 292
area of parallelogram, 44
area of pentagon, 292
area of polygon, 259
area of sector of circle, 64
area of slice of pizza, 64
area of triangle, 292
area of wing, 291
blocking a pipe, 96–97
central angle, 284
chord length, 280, 283
circle and square, 214

periodic revenue, 135
periodic sales, 251
price of car, 39
shipping pipes, 95
shipping stop signs, 105
total profit, 158
total profit maximization, 215
withholdings, 39

Construction

adjacent pipes, 284
angle of elevation, 95, 109, 275
angular window, 53
antenna installation, 283
buckling bridge, 98
eyebrow window, 183
four pipes, 175
hanging pipe, 96
height of skyscraper, 94
installing guy wire, 92
laying pipe, 363
making a kite, 275, 291
making a shaft, 284–285
pipeline detour, 315–316
tiling a room, 152
triangular flashing, 291
triangular glazing, 291

Design

angle between spokes of wheel, 53
angles on bicycle, 53
designing an addition, 275
figuring setback, 96
irrigation system, 64
limiting the beam, 20
maximizing area, 96
planning a tunnel, 284
solar panel positioning, 283
solving a lot, 97
spacing between saw blade  

teeth, 105
tank stand, 316

Economics

depreciation rate, 40
expenditures vs. income, 39
growth rate, 40
production function, 31
unemployment vs. inflation, 30

I-0
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 Index of Applications I-1

Physics

achieving synchronous orbit, 70
angular velocity of a radar  

antenna, 71
angular velocity of bicycle  

wheel, 108
angular velocity of helicopter 

blade, 66
angular velocity of lawnmower 

blade, 66
angular velocity of nail in tire, 70
angular velocity of record, 70
belts and pulleys, 71
bicycle velocity, 71
crooked man, 109
Ferris wheels, 70, 72
force of draft horses pulling stump, 

296, 304–305
force of elephants pulling log, 312
force to move tortoise, 306
human arm positioning, 284
ice force, 311
linear velocity of lawnmower blade,  

67, 70
linear velocity of London Eye, 70
linear velocity of point on  

equator, 68
linear velocity of propeller, 67
linear velocity of record, 70
linear velocity of router bit, 70
linear velocity on surface of  

Earth, 68, 70
magnitude of a force, 311
motion of footballs, 206
motion of projectiles, 176
motion of springs, 105, 134, 156, 

158, 212–214, 256–258, 263
moving a donkey, 311
muzzle velocity, 251
path of projectiles, 248–249
pushing a shopping cart, 311
resultant force, 315
robotic arm positioning, 280–281
rolling a rock, 311
Sisy’s force, 311
speed of table saw blade, 70
super force, 311
weight of ball, 311
weight of safe, 306–307
winch force, 311

Sports and Recreation

angle of completion, 276
baseball strategy, 259–260
choosing the right angle, 251

triangular flashing, 291
triangular glazing, 291
twin squares, 327
two common triangles, 197
two pulleys and a belt,  

109–110
two squares and two triangles,  

351
Venn watering diagram, 64
volume of a cup, 64
volume of cube, 39
wing dimensions, 274

Mathematics

average rate of change, 151
door prizes, 31
large and largest integers,  

218, 252
maximizing the sum, 40
natural numbers, 244
odd integers, 54
one in a million, 218
ordered triples, 65
sine cubed, 259
sum and difference, 231
summing factorials, 351
wrong division, 44

Miscellaneous

acceleration of missile, 303
arranging digits, 152
Battle of Gettysburg, 263
Cellular One, 275
clocks, 285
as the crow flies, 214
cruise missile shot down, 275
distance to survey helper, 63
double boxed, 357
Eiffel Tower, 109
firing an M-16, 251
firing a torpedo, 284
head start, 276
leaning ladder, 327
Lucky Lucy, 231, 252
minimizing value, 263
moving a refrigerator, 286
muzzle velocity, 251
oscillating depth, 161
oscillating light, 218
oscillating temperature, 161
rabbit and fox, 276
renumbering Elm Street, 158
tortoise and hare, 162
two wrongs make right, 137
in the wrong place, 316

circles in conduits, 12
clock angle, 54
concentric circles, 137
cul-de-sac lot, 292
cutting cardboard, 142
diagonal of rectangular solid, 72
diameter of conduit, 12
dividing property, 315
equal areas, 293
filling a triangle, 335
height of antenna, 92
height of balloon, 94
height of buildings, 109
height of crosswalk, 92
height of object, 88–89, 272–273
height of rock, 94
hexagons, 283
interesting angle, 197
intersecting lines, 111
irrigation area, 60, 64, 108
lakefront property, 317
length of pipe, 92
lot on a curve, 292
machine parts, 54
maximizing viewing angle, 232
maximizing volume, 65
maximum sector, 64
maximum triangle, 291
overlapping circles, 191
the Pentagon, 283
perpendicular tangents, 12
pipe on inclined plane, 97
property angles, 54
radius of circle, 317
radius of Earth, 97
radius of pulley, 90
regular hexagon, 98
regular polygon, 93, 335
related angles, 340
Robin and Marian, 93
Ruby’s cube, 106
shady triangle, 316
side of pentagon, 284
smallest angle of triangle, 231
solving a triangle, 191, 276
spiral of triangles, 244
steering geometry, 81
surveying a quadrilateral, 292
surveying property, 274, 292
tangent circles, 124
telling time, 71–72
Texas star, 93–94, 110
Texas triangles, 110
three pulleys and a belt, 110
triangles and circles, 54
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I-2 Index of Applications

finding head angle, 175
flop factor, 82
flying, 283
gaining altitude, 303
ground speed of airplane, 308–311
minimizing time, 312, 313
motion of car, 218
motorcycle trail, 93
observing traffic, 274
passing in the night, 94
pistons, 316
price of car, 39
pushing a motorcycle, 315
rake and trail, 93, 174–175
rebuilt engine, 21
rotating cogs on bicycle, 64
sailing, 274
serpentine belt, 110
shortcut to Snyder, 92
smuggler’s blues, 285
steering geometry, 81
superlight, 311

area of wing, 291
bicycle velocity, 71
boating, 283
bore and stroke, 20, 21
cadence and speed, 64
canoeing, 311
capsize control, 20
clear sailing, 111
compression ratio, 21
course of a Cessna, 315
course of airplane, 274, 308–311
course of an ultralight, 315
course of helicopter, 311
crossing a river, 312
detecting speeders, 94
displacement of engine, 20
distance and rate, 312
distance between Los Angeles and 

New York City, 59–60
distance from Fairbanks to Fort 

Yukon,  271–272
distance to North Pole, 63

field goal kicking, 106
figure eight racing, 110
figure skating, 110
hiking, 283
javelin throwing, 105
margin of error in field goal, 63
motion of footballs, 206
packing billiard balls, 304
plastic pool rack, 93
rate of ascent, 95
shooting baskets, 359–360
swim meet, 340
target shooting, 109
wooden pool rack, 93

Statistics/Demographics

age at first marriage, 13
counting votes, 82
delegate handshakes, 263
disappearing dogs, 312
paper consumption, 20
unmarried couples, 13

Transportation

angle of inclination, 307
angular velocity of nail in tire, 70
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INDEX

A

Absolute value of complex numbers, 328, 329
Acute angles, 47, 85
Addition. See also Sums

of complex numbers, 321–322
scalar, 296–297

Adjacent side in right triangles, 85
Algebraic functions

converting compositions of functions to, 228–229
trigonometric functions combined with, 152–154

Ambiguous case (SSA), 268–271
Amplitude of sine waves, 116, 163
Angles, 46–58

acute, 47, 85
central, 46, 59–60
coterminal, 47–49, 58
defined, 46
degree measure of, 46–49
of depression, 87–90
of elevation, 87–90
finding given sine and cosine, 222–224
intercepted arc of, 46
minutes and, 49–51
obtuse, 47
quadrantal, 47, 49, 74–75
radian measure of, 55–58
reference, 100–102
right, 47
seconds and, 49–51
sides of, 46
standard position of, 46
straight, 47
between two vectors, 299–300
vertex of, 46

Angular velocity, 65–66, 68
Arc-length formula, 58
Arc length of circles, 58–60, 89–90, 183
Arcs, intercepted, 46
Area

of circles, 98
Heron’s formula for, 288–289
of quadrilaterals, 288
of sector of circles, 60
of triangles, 287–289, 293–294

Argument of modulus of complex numbers,  
329

Arm motion, modeling, 280–281

Asymptotes
of cosecant functions, 139
of cotangent functions, 147
of tangent functions, 143
vertical, 137–138

Axes
in complex plane, 328
polar, 341
x-axis, 2
y-axis, 2, 27–28

B

Baseball strategy, modeling, 259–260
Bearing, 271–272
Bifolium curve, 352
Binomials, multiplication of, 167

C

Cancellation of units, 50
Cartesian coordinate system, 2–10

circles in, 7–8
distance formula and, 5–6
lines in, 8–10
midpoint formula and, 6–7
ordered pairs in, 2
plotting points in, 2–3
Pythagorean theorem and, 3–4
square roots and, 4–5
xy-plane in, 2

Cartesian (rectangular) equations, 343
Center of circles, 7
Central angles, 46, 59–60
Chords, length of, 280
Circles

arc length of, 58–60, 89–90, 183
area of, 98
area of sector of, 60
in Cartesian coordinate system, 7–8
center of, 7
circumference of, 294
equation for, 7, 8
graphing, 7–8
radius of, 7
unit. See Unit circles

Circumference of circles, 294
Cissoid curve, 352
Cofunction identities, 187–189

I-3
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Cofunctions of trigonometric functions, 187
Combining trigonometric and algebraic functions, 152–154
Complex conjugates, 323, 332–333
Complex numbers, 320–335

absolute value or modulus of, 328, 329
addition of, 321–322
complex conjugates and, 323, 332–333
complex plane and, 328
defined, 320
division of, 322–324
equal, 320
graphing, 328
imaginary and real parts of, 320
multiplication of, 321–322
negative numbers, roots of, 324–325
powers of, 335–337
powers of i and, 322
products and quotients in trigonometric form, 330–332
roots of, 335, 337–339
as solutions to equations, 325
standard form of, 320–321, 330
subtraction of, 321–322
trigonometric form of, 328–333

Complex plane, 328
Component form of vectors, 298–299
Composition of functions

conditional equations involving, 244–249
converting to algebraic functions, 228–229
defined, 31, 32
evaluating, 32–33, 228
expressing, 33
finding inverses using, 36–37
given as formulas, 32
inverse, 227–229

Conchoid of Nichomedes, 352
Conditional trigonometric equations, 220–264

compositions and, 244–249
cosine equations, 232–235, 246
identities and, 247–248
inverses of general trigonometric functions and,  

241–242
inverse trigonometric functions and, 221–229
isolating trigonometric functions and, 239–240
of quadratic type, 252–256
secant equations, 247
sine equations, 235–238, 244–245
solving for variables using inverse functions, 240
tangent equations, 238–239, 245–246

Conjugates, complex, 323, 332–333
Conversions

degrees-minutes-seconds and decimal degrees, 49–50
radian and degree, 56–57

Coordinate plane, 2
Coordinates, defined, 2
Coordinate systems. See Cartesian coordinate system;  

Polar coordinate system

Cosecant function. See also Trigonometric functions
asymptotes of, 139
domain of, 139
graphing, 137, 139–140
inverse, 225–227
period of, 164
transformation of, 140

Cosine equations
basic, 232–235
with half angles, 246

Cosine function. See also Trigonometric functions
for common angles, 78
conditional equations for, 232–235, 246
of difference, 185–186
graphing, 117–118
illustration of, 131, 149
infinite series for, 82–83
inverse, 84, 223–224, 226
period of, 146, 164
of sum, 184–185
transformations of, 118–121

Cosines, law of. See Law of cosines
Cotangent function. See also Trigonometric functions

asymptotes of, 147
domain of, 147
graphing, 147–148
identities of, 166
inverse, 225–227
period of, 164
transformation of, 148

Coterminal angles, 47–49, 58
Curve fitting, sinusoidal, 132–133
Cycles, defined, 115

D

Decimal degrees, 49–51
Degree measure of angles, 46–49
Degrees

conversion between radians and, 56–57
decimal, 49–51

De Moivre, Abraham, 336
De Moivre’s theorem, 336
Denominators, rationalizing, 5
Dependent variables, 15
Depression, angle of, 87–90
Descartes, René, 2
Differences. See also Subtraction

cosine of, 185–186
expressing as products, 209
sine of, 191–192
tangent of, 192–193
of two trigonometric functions, 155
vectors as components of, 299

Directed length, 55
Directed line segments, 294
Direction of vectors, 294, 298–299

I-4 Index
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 Index I-5

Distance formula, 5–6
Division of complex numbers, 322–324
Domain of functions, 16, 139, 143, 147, 149
Dot product of two vectors, 299, 300
Double-angle identities, 197–198
Downward translation of functions, 25

E

Elevation, angle of, 87–90
Equal vectors, 295
Equations

for circles, 7, 8
complex number solutions to, 325
conditional. See Conditional trigonometric equations
cosine, 232–235, 246
linear in two variables, 9
parametric, 352–355
polar, 341–349
proving equations are not identities, 172–173
quadratic, 252–256
rectangular (Cartesian), 343, 347–348
secant, 247
sine, 235–238, 244–245
tangent, 238–239, 245–246

Equilibrium position of springs, 156
Euclid, 3
Even functions, 27–28, 170–172
Even identities, 170–172, 188–189

F

Factoring
for quadratic equations, 253–254
with trigonometric functions, 167–168

Families of functions, 21
First coordinate of ordered pair, 2
FOIL method, 167
Folium of Descartes, 352
Footballs, modeling motion of, 206
Force to move objects, 306
Formulas

arc-length, 58
area of triangles, 293
circumference of circles, 294
composition of functions given as, 32
distance, 5–6
45-45-90 triangles, 75
Heron’s, 288–289
midpoint, 6–7
quadratic, 254–255
reduction, 210–212

45-45-90 triangles, 75
Four-leaf rose graphs, 344–345
Fractions, trigonometric identities and, 177–179
Frequency of sine waves, 130–131

Functions, 14–37
algebraic, 152–154
composition of. See Composition of functions
concept of, 14–15
constructing, 15
cosecant. See Cosecant function
cosine. See Cosine function
cotangent. See Cotangent function
defined, 15
domain of, 16, 139, 143, 147, 149
even, 27–28, 170–172
families of, 21
graphing, 16–18
inverse. See Inverse trigonometric functions
invertible, 34–37
notation for, 18–19, 32–33
odd, 28, 170–172
one-to-one, 33–37
periodic, 115
period of, 115, 125–127, 145–146, 149, 163–164
in polar coordinates, 346–347
range of, 16, 149
secant. See Secant function
sine. See Sine function
switch-and-solve method for, 34–35
tangent. See Tangent function
transformation of, 21–28
trigonometric. See Trigonometric functions

Fundamental cycle of trigonometric functions, 115, 117,  
144, 149

Fundamental identity of trigonometry, 99

G

Garfield, James, 3
General sine wave, 125–133

frequency of, 130–131
graphing, 127–130
period of, 125–127
sinusoidal curve fitting and, 132–133
transformation of, 128–130

Graphs and graphing, 112–164
in Cartesian coordinate system, 2
circles, 7–8
of combined trigonometric and algebraic functions, 152–154
complex numbers, 328
constructing sine functions for, 120–121
cosine function, 117–118
cotangent function, 147–148
four-leaf rose, 344–345
functions, 16–18
general sine wave and, 125–133
horizontal translations, 22–23
inflection points on, 115
inverse functions, 36
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I-6 Index

lines, 9–10
motion of springs, 156
parametric equations, 353
by plotting ordered pairs, 16–18
polar equations, 343–346
reduction formula in, 211
reflection of, 23–24
secant and cosecant functions, 137–140
sine function, 114–116
spiral of Archimedes, 345–346
stretching and shrinking, 24–25
symmetric, 27–28
tangent function, 143–146
unit circles and, 113–121

Guitar note, modeling waveform of, 143

H

Half-angle cosine equations, 246
Half-angle identities, 199–203
Heron’s area formula, 288–289
Horizontal component of vectors, 297–298
Horizontal lines, graphing, 10
Horizontal translation of functions, 21–23, 119–120
Hypotenuse, 3, 85

I

Identities. See also Sum and difference identities; Trigonometric 
identities

cofunction, 187–189
equations involving, 247–248
odd and even, 170–172, 188–189
Pythagorean, 166–167
reciprocal, 73, 166–167

Imaginary axis in complex plane, 328
Imaginary number i, 320, 322
Imaginary part of complex numbers, 320
Inclined-plane problems, 305–307
Independent variables, 15
Inequality, triangle, 278
Infinite series for sine and cosine, 82–83
Inflection points, 115
Initial point of vectors, 295
Initial side of angles, 46
Intercepted arc of angles, 46
Inverse trigonometric functions, 221–229

compositions of functions and, 227–229
cosecant, 225–227
cosine, 84, 223–224, 226
cotangent, 225–227
evaluating, 84–85, 226–227
finding angle with, 83–84
of general trigonometric functions, 241–242

illustration of, 226
secant, 225–227
sine, 84, 221–223, 226, 241–242
solving for variables using, 240
tangent, 84, 224–226

Invertible functions, 34–37

K

Key points
for sine function graphs, 115
for tangent function graphs, 144

L

Law of cosines, 277–281
given three sides of triangle (SSS), 278
given two sides and an included angle (SAS), 279
length of chords and, 280
modeling arm motion and, 280–281
theorem and proof for, 277–278

Law of sines, 266–273
ambiguous case with (SSA), 268–271
bearing and, 271–272
for finding height of object from a distance, 272–273
given two angles and an included side (ASA), 268
theorem and proof for, 266–268

Left translation of functions, 21–22
Length

arc-length formula, 58
of chords, 280
directed, 55

Linear combinations of vectors, 300–301
Linear equation in two variables, 9
Linear velocity, 67–68
Lines

in Cartesian coordinate system, 8–10
graphing, 9–10
linear equations in two variables and, 9
ray on, 46

Line segments
directed, 294
parametric equations for, 354–355

Lituus curve, 352

M

Magnitude of vectors, 294, 298–299
Maximizing total profit, 215
Midpoint formula, 6–7
Minimizing total time, 313
Minutes (of degrees), 49–51
Modeling

baseball strategy, 259–260
best view in theater, 286–287
motion of footballs, 206

Graphs and graphing (continued)

ht
tp

s:/
/w

ww.ja
m

ar
an

a.
co

m

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s_

inf
o

ht
tp

s:/
/t.

m
e/

un
ive

rs
ita

rio
s

https://t.me/universitarios_info https://www.jamarana.com https://t.me/universitarios



 Index I-7

motion of projectiles, 176
motion of springs, 156, 212, 256–257
path of projectiles, 248–249
robotic arm motion, 280–281
with sine function, 103
waveform of guitar note, 143

Modulus of complex numbers, 328, 329
Multiple angle tangent equations, 245–246
Multiplication. See also Products

of binomials, 167
of complex numbers, 321–322
scalar, 295–296

N

Navigation problems, 308–310
Negative numbers, roots of, 324–325
Nephroid of Freeth, 352
Nonrigid transformations, 26
Notation for functions, 18–19, 32–33
Numbers

complex. See Complex numbers
imaginary number i, 320, 322
negative, roots of, 324–325

O

Oblique triangles
ambiguous case (SSA), 268–271
bearing and, 271–272
defined, 266
law of cosines for solving, 277–281
law of sines for solving, 266–273

Obtuse angles, 47
Odd functions, 28, 170–172
Odd identities, 170–172, 188–189
One-to-one correspondence, 33
One-to-one functions, 33–37
Opposite side in right triangles, 85
Opposites of vectors, 296–297
Ordered pairs, 2, 16–18
Origin

in Cartesian coordinate system, 2
symmetry about, 28

Orthogonal vectors, 299

P

Parabolas, 16, 21
Parallelogram law, 296
Parallel vectors, 299
Parameters, 353–354
Parametric equations, 352–355

eliminating parameters in, 353–354
experimenting with, 359
graphing, 353
overview, 352

polar equations converted to, 355
shooting baskets with, 359–360
writing, 354–355

Parentheses, as indicator of ordered pairs, 2
Pentagons, finding length of side of, 280
Periodic function, 115
Period of functions, 115, 125–127, 145–146, 149,  

163–164
Perpendicular vectors, 299
Phase shift, 118
Plotting points

in Cartesian coordinate system, 2–3
in polar coordinate system, 341–342

Points
in Cartesian coordinate system, 2
inflection, 115
initial, 295
terminal, 295

Points, in polar coordinate system, 341–342
Polar axis, 341
Polar coordinate system, 341–342, 346–347
Polar equations, 341–349

applications of, 348–349
converting between rectangular equations and,  

347–348
defined, 343
experimenting with, 358–359
graphing, 343–346
parametric equations converted from, 355
polar coordinates and, 341–342
polar–rectangular conversions and,  

342–343
Polar–rectangular conversions, 342–343
Poles, in polar coordinate system, 341
Polynomials, Taylor, 125
Position vectors, 297
Powers

of complex numbers, 335–337
of imaginary number i, 322

Principal square root, 324
Product rule for square roots, 4
Products. See also Multiplication

of complex conjugates, 323
dot, 299, 300
evaluating, 208
expressing as sums or differences,  

207, 209
scalar, 299
in trigonometric form, 330–332

Product-to-sum identities, 206–208
Profit, maximizing, 215
Projectiles, modeling motion of, 176
Projectiles, modeling path of, 248–249
Pythagorean identities, 166–167
Pythagorean theorem, 3–4, 87
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I-8 Index

Q

Quadrantal angles, 47, 49, 74–75
Quadrants, in Cartesian coordinate system, 2, 3
Quadratic equations, 252–256

factoring for solving, 253–254
quadratic formula for solving, 254–255
square-root property and, 252–253
squaring each side of, 255–256

Quadratic formula, 254–255
Quadrilaterals, area of, 288
Quotient rule for square roots, 4
Quotients, in trigonometric form, 330–332

R

Radian
conversion between degree and, 56–57
defined, 56
finding coterminal angles using, 58

Radian measure of angles, 55–58
Radicand, 4
Radius of circles, 7
Radius vectors, 297
Range of functions, 16, 149
Rationalizing the denominator, 5
Ratios, trigonometric, 73
Ray, defined, 46
Real axis in complex plane, 328
Real part of complex numbers, 320
Reciprocal identities, 73, 166–167
Rectangular coordinate system. See Cartesian coordinate system
Rectangular (Cartesian) equations, 343, 347–348
Reduction formula, 210–212
Reference angles, 100–102
Reflection of graphs, 23–24
Resultants, 296, 304–305
Right angles, 47
Right translation of functions, 21–22
Right triangles

hypotenuse of, 3, 85
Pythagorean theorem and, 3–4, 87
sides of, 85
solving, 86–87
trigonometric functions in, 85–86

Rigid transformations, 26
Robotic arm motion, modeling, 280–281
Roots. See also Square roots

of complex numbers, 335, 337–339
of negative numbers, 324–325

S

Scalar multiplication and addition, 295–297
Scalar product, 299
Scalar quantities, 294
Scalars, 294

Secant equations, 247
Secant function. See also Trigonometric functions

graphing, 137–139
inverse, 225–227
period of, 164
transformation of, 138–139

Second coordinate of ordered pair, 2
Seconds (of degrees), 49–51
Sector of circles, area of, 60
Separation of one fraction into two, 178
Shrinking graphs, 24–25
Simplification

of power of i, 322
of square roots, 4–5
with sum and difference identities, 186, 193
with trigonometric identities, 168–170

Sine equations
basic, 235–238
with double angle, 244–245

Sine function. See also Trigonometric functions
for common angles, 78
conditional equations for, 235–238, 244–245
constructing, 72
of difference, 191–192
graphing, 114–116
illustration of, 131, 149
infinite series for, 82–83
inverse, 84, 221–223, 226, 241–242
modeling with, 103
period of, 146, 163
of sum, 191–192, 246
transformation of, 118–121

Sines, law of. See Law of sines
Sine waves

amplitude of, 116, 163
defined, 115
general, 125–133
modeling guitar note and, 143

Sinusoidal curve fitting, 132–133
Sinusoidal waves/sinusoids. See Sine waves
Sixth roots of unity, 338–339
Solving right triangles, 86–87
Speed

finding, 308–310
in minimizing total time, 313

Spiral of Archimedes, 345–346
Springs

equilibrium position of, 156
modeling motion of, 156, 212, 256–257

Square-root property, 252–253
Square roots

of complex numbers, 335
of negative numbers, 324–325
principal, 324
simplifying, 4–5

Squaring each side of quadratic equations, 255–256
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 Index I-9

Standard form
of complex numbers, 320–321, 330
for equation of circles, 7

Standard position of angles, 46
Straight angles, 47
Stretching graphs, 24–25
Substitution, factoring using, 253–254
Subtraction. See also Differences

of complex numbers, 321–322
of fractions in identities, 178–179

Sum and difference identities
for cosine, 184–186
simplification with, 186, 193
for sine, 191–192
for tangent, 192–194

Sums. See also Addition
of circular and trigonometric functions, 154
cosine of, 184–185
evaluating, 209
expressing as products, 209
of linear and trigonometric functions, 153
parallelogram law and, 296
products expressed as, 207
of rational and trigonometric functions, 154
sine of, 191–192, 246
tangent of, 192–193
of two trigonometric functions, 154–155
vectors as components of, 296, 299

Sum-to-product identities, 208–209
Switch-and-solve method, 34–35
Symmetry, 27–28

T

Tangent equations
with angle multiples, 245–246
basic, 238–239

Tangent function. See also Trigonometric functions
asymptotes of, 143
conditional equations for, 238–239, 245–246
of difference, 185–186
domain of, 143
graphing, 143–146
identities of, 166
illustration of, 149
inverse, 84, 224–226
period of, 146, 164
of sum, 192–193
transformation of, 146

Taylor polynomials, 125
Terminal point of vectors, 295
Terminal side of angles, 46
30-60-90 triangles, 76
Tide, modeling with sine function, 103
Time, minimizing, 313
Total profit, maximizing, 215

Transformation of functions, 21–28
cosecant, 140
cotangent, 148
general sine wave, 128–130
horizontal translations, 21–23
multiple, 26–27
reflection, 23–24
rigid and nonrigid, 26
secant, 138–139
sine and cosine, 118–121
stretching and shrinking, 24–25
symmetry, 27–28
tangent, 146
vertical translations, 25

Translation of functions
horizontal, 21–23, 119–120
vertical, 25, 119–120

Triangle inequality, 278
Triangles

45-45-90 triangles, 75
angles of. See Angles
area of, 287–289, 293–294
oblique. See Oblique triangles
with polar coordinates, 349
right. See Right triangles
solving using bearing, 271–272
30-60-90 triangles, 76

Trigonometric binomials, 167
Trigonometric equations. See Conditional trigonometric 

equations
Trigonometric form of complex numbers, 328–333

complex conjugates, 332–333
complex plane and, 328
products and quotients, 330–332
writing, 329–330

Trigonometric functions, 73–79
algebraic functions combined with, 152–154
approximate values for, 79
cofunctions of, 187
combining, 154–155
cosecant. See Cosecant function
cosine. See Cosine function
cotangent. See Cotangent function
defined, 73–75, 113
evaluating, 73–79, 113–114
factoring with, 167–168
for finding value of functions, 169–170
fundamental cycle of, 115, 117, 144, 149
graphs of. See Graphs and graphing
inverse, 83–85, 221–229
isolating, 239–240
at multiples of 30°, 76–78
at multiples of 45°, 75–76
odd and even, 27–28, 170–172
reference angles and, 102
in right triangles, 85–86
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I-10 Index

secant. See Secant function
sine. See Sine function
tangent. See Tangent function
transformation of. See Transformation of functions
unit circle definitions of, 113
writing one function in terms of another, 169

Trigonometric identities, 165–219
cofunction, 187–189
cosine of sum and difference, 184–186
double-angle, 197–198
with equal fractions, 177–178
factoring and, 167–168
half-angle, 199–203
identifying, 172–173
multiplying binomials and, 167
odd and even, 170–172, 188–189
product-to-sum, 206–208
Pythagorean, 166–167
reciprocal, 73, 166–167
reduction formula and, 210–212
simplifying with, 168–170
sine of sum and difference, 191–192
sum-to-product, 208–209
tangent of sum and difference, 192–193
triple-angle, 198–199
verifying, 176–180, 187, 194–195, 202

Trigonometric ratios, 73
Trigonometry, fundamental identity of, 99
Triple-angle identities, 198–199

U

Unit circles, 113–121
cosine function graphing and, 117–118
defined, 7, 113
evaluating trigonometric functions with, 113–114
in radian measure of angles, 55
sine function graphing and, 114–116
transformation of sine and cosine and, 118–121

Units, cancellation of, 50
Unit vectors, 300–301
Upward translation of functions, 25

V

Variables
dependent and independent, 15
solving using inverse functions, 240

Vector quantities, 294
Vectors, 294–301

angle between, 299–300
component form of, 298–299

as components of sums, 296
definitions related to, 294–295
direction of, 294, 298–299
dot product of, 299, 300
equal, 295
horizontal and vertical components of, 297–298
inclined-plane problems and, 305–307
initial point of, 295
linear combinations of, 300–301
magnitude of, 294, 298–299
navigation problems and, 308–310
opposites of, 296–297
orthogonal, 299
parallel, 299
perpendicular, 299
position, 297
radius, 297
resultants and, 304–305
scalar multiplication and addition of, 295–297
terminal point of, 295
unit, 300–301
zero vector, 295

Velocity
angular, 65–66, 68
linear, 67–68

Vertex of angles, 46
Vertical asymptotes, 137–138
Vertical component of vectors, 297–298
Vertical lines, graphing, 10
Vertical translation of functions, 25, 119–120
Viewing angle in theater, 286–287
Vinci, Leonardo da, 3

W

Weight of objects, 306–307
Witch of Agnesi, 352

X

x-axis, in Cartesian coordinate system, 2
x-intercept, 9
xy-plane, in Cartesian coordinate system, 2

Y

y-axis
in Cartesian coordinate system, 2
symmetry about, 27–28

y-intercept, 9

Z

Zero vector, 295

Trigonometric functions (continued)
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 Function Gallery I-11
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THE SINE AND COSINE FUNCTIONS
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I-12 Function Gallery

TRIGONOMETRIC FUNCTIONS

FUNCTION 
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 Function Gallery I-13

SOME BASIC FUNCTIONS OF TRIGONOMETRY
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GALLERY
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INVERSE TRIGONOMETRIC FUNCTIONS
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GALLERY
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FUNCTIONS IN POLAR COORDINATES

FUNCTION 
GALLERY
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